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Abstract 

With their origin in thermodynamics and symbolic dynamics, Gibbs measures are 
crucial tools to study the ergodic theory of the geodesic flow on negatively curved 
manifolds. We develop a framework (through Patterson- Sullivan densities) allowing 
us to get rid of compactness assumptions on the manifold, and prove many existence, 
uniqueness and finiteness results of Gibbs measures. We give many applications to the 
variational principle, the counting and equidistribution of orbit points and periods, 
the unique ergodicity of the strong unstable foliation and the classification of Gibbs 
densities on some Riemannian covers. 1 

1 Introduction 

With their thermodynamic origin, Gibbs measures (or states) are very useful in symbolic 
dynamics over finite alphabets (see for instance [Rue3, Zin, Kel]). Sinai, Bowen and Ruelle 
introduced them in hyperbolic dynamics (which, via coding theory, has strong links to sym- 
bolic dynamics), in particular in order to study the weighted distribution of periodic orbits 
and the equilibrium states for given potentials (see for instance [Sin, Bow4, BoR, PaPo2]). 
For instance, this allows the dynamical analysis of the geodesic flow of negatively curved 
Riemannian manifolds, provided its nonwandering set is compact. As a first step to venture 
beyond the compact case, Gibbs measures in symbolic dynamics over countable alphabets 
have been developped by Sarig [Sari, Sar3]. But since no coding theory which does not 
lose geometric information is known for general noncompact manifolds, this methodology 
is not well adapted to the noncompact case. Note that a coding-free approach of transfer 
operators, in particular via improved spectral methods, was put in place by Dolgopyat, 
Liverani, Baladi, Gouezel and others (see for instance, restricting the references to the 
case of flows, [Dol, Live, BuL, Tsui, Tsu2, BaLi, GLP], as well as [AvG] for an example 
in a non locally homogeneous and noncompact situation). In this text, we construct and 
study geometrically Gibbs measures for the geodesic flow of negatively curved Riemannian 
manifolds, without compactness assumption. 

By considering the action on a universal Riemannian cover of its covering group, this 
study is strongly related to the (weighted) distribution of orbits of discrete groups of 
isometries of negatively curved simply connected Riemannian manifolds. After work of 
Huber and Selberg (in particular through his trace formula) in constant curvature, Margulis 
(see for instance [Marg]) made a breakthrough, albeit in the unweighted lattice case, to 



1 Keywords: geodesic flow, negative curvature, Gibbs state, periods, orbit counting, Patterson density, 
pressure, variational principle, strong unstable foliation. AMS codes: 37D35, 53D25, 37D40, 37A25, 
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give the precise asymptotic growth of the orbits. Patterson [Patt] and Sullivan [Sull], in 
the surface and constant curvature case respectively, have introduced a nice approach using 
measures at infinity, giving in particular a nice construction of the measure of maximal 
entropy in the cocompact case. The Patterson-Sullivan theory extends to variable curvature 
and non lattice case, and an optimal reference (in the unweighted case) is due to Roblin 
[Robl]. 

After preliminary work of Hamenstadt [Ham2] on Gibbs cocycles, of Ledrappier [Lcd2], 
Coudene [Cou2] and Schapira [Sch3] using a slightly different approach, and of Mohsen 
[Moh], the aim of this paper is to develop an optimal theory of Gibbs measures for the 
dynamical study of geodesic flows in general negatively curved Riemannian manifolds, and 
of weighted distribution of orbits of general discrete groups of isometries of negatively 
curved simply connected Riemannian manifolds. 

Let us give a glimpse of our results, starting by describing the players. Let M be 
a complete connected Riemannian manifold with pinched negative curvature. Let F : 
T l M ->lbea Holder-continuous map, called a potential, which is going to help us define 
the various weights. In order to simplify the exposition of this introduction, we assume 
here that F is bounded and invariant by the antipodal map v i— >■ —v (see the body of 
the text for complete statements). Let p : M — > M be a universal Riemannian covering 
map, with covering group T and sphere at infinity d^M, and let F = F o p. We make no 
compactness assumption on M: we only assume T to be non virtually nilpotent. (In the 
body of the text, we will also allow M to be a good orbifold, hence T to have torsion.) 
Let (f> = (<fit)teM. be the geodesic flow on T l M and (ft = (tfit)teR the one on T 1 M. For all 
x,y 6 M, define f%F = Jq F{<ptv) dt where v is the unit tangent vector at x to a 
geodesic from x through y. For every periodic orbit g of 4>, let ££ g be the Lebesgue measure 
along g and f F = Jz? g (F) the period of g for the potential F. 

We will study three numerical invariants of the weighted dynamics. 

• Let x, y £ M. The critical exponent of (r, F) is an exponential growth rate of the 
orbit points of V weighted by the potential F: 

5r f = lim —log e^e F . 

• For every t > 0, let ^er(t) be the set of periodic orbits of 4> with length at most t. 
Let W be a relatively compact open subset of T^M meeting the nonwandering set of (f>. 
The Gurevich pressure of (M, F) is an exponential growth rate of the closed geodesies of 
M weighted by the potential F: 

P Gur (M,F)= lim llog V eh F . 

t— >+oo t — 

• Let ^# be the set of ^-invariant probability measures on T l M and let h m {4>) be the 
(metric) entropy of the geodesic flow <fi with respect tome ..jK. The topological pressure 
of (<p, F) is the upper bound of the sum of the entropy and the averaged potential of all 
states: 

P top ((f>,F)= sup (h m ((f>)+ / Fdm) . 

mei' V JT X M J 
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When F = 0, the quantity <5r,F is the usual critical exponent <5p of T, and P top (<fi,F) 
is the topological entropy ht op ((j)) of 0. We prove in Subsection 4.2 and 4.3 that the above 
limits do exist and are independent of x, y, W, a result of Roblin [Rob2] when F = 0. We 
have not even assumed T to be finitely generated, so we prove in Subsection 4.4 that <5r, f 
is the upper bound of the critical exponents with potential F of the free finitely generated 
semigroups in V (of Schottky type), a result due to Mercat [Mer] if F = 0. For Markov 
shifts on countable alphabets, the Gurevich pressure has been introduced by Gurevich 
[Gurl, Gur2] when the potential is equal to 0, and by Sarig [Sari, Sar3, Sar2] in general. 
The Gurevich pressure had not been studied much in a non symbolic noncompact context 
before this work. 

Our first result, generalising in particular results of Manning [Mann] {5-p = ht op ((f))), 
Ruelle [Rue2] and Parry when M is compact, is the following one (see Subsection 4.3 and 
Chapter 6). 

Theorem 1.1 We have 

P G ur(M, F) =5t,F = Ptapifa F) . 



Let us now define the Gibbs measures (see Chapter 3). We use Mohsen's extension 
(whose compactness assumptions are not necessary) of the Patterson-Sullivan construction, 
see [Moh], which is more convenient than the one of [Led2, Cou2, Sch3]. The (normalised) 
Gibbs cocycle of (M, F) is the map C from 3 m M x M x M to 1 defined by 

(ti,x,y)^ Ct(x,y)= lim [\f-6t,f)- ^\f-S TjF ), 

where t \— > £ t is any geodesic ray converging to a given £ G d^M. When F = 0, we 
have C^(x,y) = 5rf3^(x,y) where /3 is the Busemann cocycle. A (normalised) Patterson 
density of (r, F) is a family of pairwise absolutely continuous finite positive nonzero Borel 
measures {^x) x pj^ on the sphere at infinity dooM such that, for all 7 G T, x,y £ M and 

£ G dooM, 

7*/^ = %* and d pL(i) = e - c ^. 

Mohsen has extended Patterson's construction of such a family, and Sullivan's shadow 
lemma. It would be interesting to know when these Patterson densities associated to 
potentials are harmonic measures for random walks on an orbit of T, see [CM] when M 
is compact. It would also be interesting to extend to the case with nonzero potential the 
study of the spectral theory of Patterson densities, as done by Patterson and Sullivan in 
constant curvature. 

Fix xq G M. For every v G T l M, let V-,Vo,v + be respectively the point at —00, the 
origin, the point at +00 of the geodesic line defined by v, and let t be the distance between 
and the closest point to xq on this line. Define a measure rhp on T*M by 

This measure on T l M is invariant under T and <f>, hence induces a measure on T l M 
invariant under (j), called the Gibbs measure (or Gibbs state) of the potential F. In symbolic 



3 



dynamics, the Gibbs measures are shift-invariant measures, which give to any cylinder a 
weight defined by the Birkhoff sum of the potential. Here, the analogs of the cylinders are 
the neighbourhoods of a (pointed) geodesic line, defined by small neighbourhoods of its two 
points at infinity, that we also weight according to the Birkhoff integral of the potential in 
order to define our Gibbs measures. In Subsection 3.8, we prove that our Gibbs measures 
indeed satisfy the Gibbs property on the dynamical balls. 

We have a huge choice of potential functions. For instance, define 
F su = - j t logJac (<h\w^{v)){ v ) > 

the opposite of the pointwise exponential growth rate of the jacobian of the geodesic flow 
restricted to the strong unstable manifold (see Chapter 7). When M has dimension n 
and constant curvature —1, then F su is constant, equal to — (n — 1). Some references 
use the opposite sign convention on the potential to define the topological pressure as 
sup, mg ^f (h m ((j)) — J T i M F dm), hence the unstable jacobian needs also to be defined with 
the opposite sign as the one above. 

When M is compact, we recover, up to a scalar multiple, for F = (the Patterson- 
Sullivan construction of) the Bowen-Margulis measure, and for F = F su the Liouville 
measure. Using Gibbs measures is a way of interpolating between these measures, and 
gives a wide range of applications. It would be interesting to study when our Gibbs 
measures are harmonic measures associated to elliptic second-order differential operators 
on M (see for instance [Ham3] when M is compact). 

We will prove (see Chapter 7) new results about when the Liouville measure is a Gibbs 
measure. We refer for instance [PoY, Chap. 16] and [AaN] (see also Chapter 7) for the 
definition of the multiple recurrence property introduced by Furstenberg in his proof of Sze- 
meredi's theorem, which is a reinforcement of the complete conservativity property. Note 
that there are many examples of noncompact (with infinite volume) Riemannian covers 
of compact Riemmanian manifolds with constant sectional curvature —1 and with ergodic 
(hence completely conservative) geodesic flow for the Liouville measure, see for instance 
[Ree] . It would be interesting to know when exactly the geodesic flow of a (non necessarily 
regular) Riemannian cover of a compact connected negatively curved Riemannian mani- 
fold is ergodic or 2-recurrent with respect to the Liouville measure, or to a given Gibbs 
measure. 

Theorem 1.2 If M is a Riemannian cover of a compact manifold, and if the geodesic flow 
(f) of M is 2-recurrent with respect to the Liouville measure, then the Liouville measure is, up 
to a scalar multiple, the Gibbs measure for the potential F su and Pc ltr (M, F su ) = 5r, F su = 
P top (4>,F su ) = 0. 

Let us now state (a simplified version of) the main results of our paper. An equilibrium 
state for the potential F is a (^-invariant probability measure m on T l M such that h m ((j)) + 
f T i M F dm is equal to the topological pressure Pt op ((j), F) (hence realizing the upper bound 
defining it). The first result (see Chapter 6) says that the equilibrium states are the Gibbs 
states (normalised to probability measures). 

Theorem 1.3 (Variational principle) If mp is finite, then is the unique equilib- 

rium state. Otherwise, there exists no equilibrium state. 
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When r is convex-co compact, this result is due to Bowen and Ruelle [BoR]. Their 
approach, using symbolic dynamics, called the thermodynamic formalism, is described in 
many references, and has produced many extensions for various situations (see for instance 
[Rue3, Zin, Kel]), under some compactness assumption (except for the work of Sarig already 
mentioned). For general T but when F = 0, the result is due to Otal and Peigne [OtP], 
and we will follow their proof. 

Up to translating F by a constant, which does not change the Patterson density nor 
the Gibbs measure, we assume, from now on in this introduction, that 5r, F > 0. The next 
result, of equidistribution of (ordered) pairs of Dirac masses on an orbit weighted by the 
potential towards the product of Patterson measures, is due to Roblin [Robl] when F = 0, 
and we will follow his proof (as well as for the next three results). We denote by 3> z the 
unit Dirac mass at a point z £ M. 

Theorem 1.4 (Two point orbital equidistribution) If mp is finite and mixing, then 
we have, as t goes to +oo, 

o~r,F \\m F \\ e~ Sr ' F 1 ^ e% F ® @ y -i x \i x <8> ^ y ■ 

76T : d(x,fy)<t 

Corollary 1.5 (Orbital counting) If mp is finite and mixing, then, as t goes to +oo, 

IKII 11/^11 

5r f \\ m F\ 



76T : d(x,^y)<t 

When M is compact and F = 0, this corollary is due to Margulis. When F = 0, it 
is due to Roblin in this generality. Theorem 1.4 also gives counting asymptotics of orbit 
points 7x0 staying, as well as their reciprocal 7 _1 xo, in given cones, see Subsection 9.2 
(improving, under stronger hypotheses, the logarithmic growth result of Subsection 4.2). 

The next two results are due to Bowen [Bow2] when M is compact (or even T convex- 
cocompact), see also [PaPol, Par2]. But our proof is very different even under this compact- 
ness assumption, in particular we avoid any coding theory, hence any symbolic dynamics, 
and any zeta function or transfer operator. They are due to Roblin [Robl] when F = 
under this generality. 

Theorem 1.6 (Equidistribution of periodic orbits) Ifmp is finite and mixing, then, 
as t goes to +00, 

gG,Z?cr(t) 



Corollary 1.7 (Counting of periodic orbits) If F is geometrically finite and if mp is 
finite and mixing, then, as t goes to +00, 



\- f f e*^ F 



t Sr F 

g£0>er(t) 

Let us now describe additional results. Consider the Poincare series of (T, F) 

Qr,F, x , v (s) = Y: e^~ F ~ s \ 
7er 

5 



which, independently of x, y £ M, converges if s > S^.f anci diverges if s < 5r t F- m 
Chapter 5, extending works of Hopf, Tsuji, Sullivan, Roblin when F = and following 
the proofs of [Robl], we give criteria for the ergodicity and non ergodicity of the geodesic 
flow on T l M endowed with a Gibbs measure. It would be interesting to know when the 
geodesic flow on T l M is multiply recurrent with respect to the Gibbs measure associated 
to a given potential. 

Theorem 1.8 The following conditions are equivalent 
(i) The Poincare series of (r, F) diverges at s = 5t,f- 
(ii) The conical limit set ofT has positive measure with respect to fi x . 
(Hi) The dynamical system (c^M x dooM ,T, \x x % fi x ) is ergodic and completely conser- 



(iv) The dynamical system (T 1 M, (ft, nip) is ergodic and completely conservative. 

We discuss several applications in Subsection 5.3. In particular, if the Poincare series 
diverges at s = 5r, f, then the normalised Patterson density has no atom and is unique up 
to a scalar multiple, and the Gibbs measure on T l M is unique up to a scalar multiple and 
ergodic when finite. 

In view of (iii), it would be interesting to study if (dooM , fi x ) is a (weak) T-boundary 
in the sense of Burger-Mozes [BuM] or Bader-Furman [BaF, BaFS]. 

In Subsection 8.2, we give a criterion for the finiteness of thf when M is geometrically 
finite, extending the one in [DaOP] when F = 0, as in Coudene [Cou2]. The results 1.4 to 
1.7 require mp to be finite and mixing. But given the finiteness assumption, the mixing 
one is mild. Indeed, by Babillot's result [Bab2, Theo. 1], since Gibbs measures are quasi- 
product measures, if mp is finite, then mp is mixing if and only if the geodesic flow <ft is 
topologically mixing on T l M, a purely topological condition which is seemingly easier to 
check and is conjecturally always satisfied. 

It is indeed another interesting feature of Gibbs measures, that they have strong ergodic 
properties. As soon as they are finite, they are ergodic and even mixing as just said (when 
<ft is topologically mixing on T M). If in addition Pt op {<ft,F) > supi 7 (for example if 
sup-F — inf F < htop{<ft))i then the entropy of the Gibbs measure mp is positive. These 
properties are natural, since the geodesic flow in negative curvature is a hyperbolic flow, 
and therefore should have strong stochastic properties. However, generically (in Baire's 
sense), Coudene-Schapira [CS] have announced that the invariant probability measures for 
(ft are ergodic, but not mixing and of entropy zero. Therefore, contrarily to the generic 
case, the Gibbs measures provide an explicit family of good measures reflecting the strong 
stochastic properties of the geodesic flow. 

Consider the cocycle cp defined on the (ordered) pairs of vectors v,w £ T l M in the 
same leaf of the strong unstable foliation W su of the geodesic flow (ft in T l M by 



A nonzero family {vt)t of locally finite (positive Borel) measures on the transversals T to 
W su ', stable by restrictions, is cp -quasi-invariant if for every holonomy map / : T — > T' 



votive. 



cp : (w, v) i y lim 
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along the leaves of W su between two transversals T, T' to W su , we have 



d f* u T ( , t ^ _ a c F (f(x),x) 



duj" 

We will prove in Chapter 10, as in [Robl, Chap. 6] when F = and in [Schl, Chap. 8.2.2] 
(unpublished), the following unique ergodicity result. 

Theorem 1.9 If mp is finite and mixing, then there exists, up to a scalar multiple, one 
and only one cp- quasi-invariant family of transverse measures {[It)t f or W su such that 
fj,T gives full measure to the set of elements of T which are negatively recurrent under the 
geodesic flow (ft in T l M . 

We give an explicit construction of (^t)t in terms of the above Patterson densities, 
and we deduce from Theorem 1.9, when M is geometrically finite, the classification of the 
ergodic cp-quasi-invariant families of transverse measures. This generalises works when 
F = of Furstenberg, Dani, Dani-Smillie, Ratner for M a surface, and of Roblin for 
general M. 

The main tool, which follows from Babillot's work, is the following equidistribution 
result in T l M of the strong unstable leaves towards the Gibbs measure mp: for every 
v G T 1 M, let W su (v) be its strong unstable leaf for (ft and let {nw^M^veT^M be the 
family of conditional measures on the strong unstable leaves of the Gibbs measure mp 
associated to the potential F; then for every relatively compact Borel subset K of W su (v) 
(containing a positively recurrent vector in its interior), for every ift S < ^ 7 C (T 1 M;M), we 
have 

lim - — 1 — / ifto(ft t {w) e Cp{w ' v) d^ W3 s {v) (w) = f ift dm F . 

JK e { ' djJL W su {v) (w) J K \\m F \\ J T i M 

We also prove and use the subexponential growth of the mass of strong unstable balls for 
the conditional measures on the strong unstable leaves (we may no longer have polynomial 
growth as when F = 0). 

In the final chapter 11, we extend the work of Babillot-Ledrappier [BaL], Hamenstadt 
[Ham4] and Roblin [Rob3] when F = to study the Gibbs states on Galois Riemannian 
covers of M. 

Let x : r — 7- ]R be a (real) character of T. For all x, y £ M, define the (twisted) Poincare 
series of (T, F, x) as 

The (twisted) critical exponent of (T,F,x) is the element d~r,F,x i n [— oo,+oo] defined by 
<5r, F, x = lim sup — log e x{i)+S x ^_ 

7ST, n—Kd(x,-yy)<n 

When F = and M is compact, since H 1 (M;W) ~ Hom(r,lR), we recover the Poincare 
series associated with a cohomology class of M introduced in [Babl], and the critical 
exponent of (r, F, x) is then called the cohomological pressure. 
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A (twisted) Patterson density of dimension a G R for (r,F, %) is a family of finite 
nonzero (positive Borel) measures {^x) x( z]^ on d^M such that, for every 7 G T, for all 
x, y G M, for every £ G c^M, we have 

r )*l^x — 6 ^(7) ^j,^ 5 

d ^ rc\ = e lim^ H - 00 /e*(J : -<T)-;«*(F- ff ) 

where i 1— >• ^ is any geodesic ray converging to £. 

Using the above-mentioned extension of the Hopf-Tsuji-Sullivan-Roblin theorem (Theo- 
rem 1.8), as well as (an immediate extension to the case with potential of) the Fatou-Roblin 
radial convergence theorem for the ratio of the total masses of two Patterson densities (see 
[Rob3, Theo. 1.2.2]), we prove in Chapter 11, amongst other results, that the topological 
pressure is unchanged by taking an amenable cover of M, and we give a classification result 
of the Patterson densities on nilpotent covers of M, for instance when M is compact. 

Theorem 1.10 Let T' be a normal subgroup of T, and F' : F'\T M — > M be the map 

induced by F. 

(1) If the quotient group V /V is amenable, then 5r, F = 5r',F'- 

(2) Let x '■ r — > K be a character ofT. If o~r,F,\ < +°° an< ^ Qr,F,x,%,y( s ) diverges 
at s = 5r,F,x (f or i ns t ance i/T is convex- cocompact), then there exists a unique (up to a 
scalar multiple) twisted Patterson density fJ,r,F,x = {nr,F.x, x ) x eM °f dimension 6r, f, x f or 

(r,F, x ). 

(3) If r is convex- cocompact and T/V is nilpotent, then the set of ergodic Patterson 
densities for (T',F') is the set of multiples of fJ,r,F, x f or ^ e characters \ °f T vanishing 
on T' . 
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2 Background on negatively curved manifolds 



In this text, the triple (M,T,F) will denote the following data. 

Let M be a complete simply connected Riemannian manifold, with dimension at least 
2 and pinched sectional curvature — b 2 < K < —1, where b > 1. Let F be a nonelementary 
(see the definition of nonelementary below) discrete group of isometries of M. Let F : 
T l M — > R be a Holder-continuous T-invariant map, called a potential (see the definition 
of the Holder-continuity we will use in Subsection 2.1). 

We refer for instance to [BaGS, BrH] for general background on negatively curved 
manifolds. We only recall in this chapter the notation and results about them that we will 
use in this text. 

General notation. Here is some general notation that will be used in this text. 

Let A be a subset of a set E. We denote by 1a '■ E — > {0, 1} the characteristic function 
of A: 1a(x) = 1 if x G A, and 1a(x) = otherwise. We denote by C A = E — A the 
complementary subset of A in E. 

We denote by log the natural logarithm (with log(e) = 1). 

For every real number x, we denote by [x\ the integral part of x, that is the largest 
integer not greater that x. 

For every smooth map / : N — )■ N' between smooth manifolds, we denote by Tf : 
TN — > TN' its tangent map. 

We denote by \\fj,\\ the total mass of a finite positive measure fx. 

If (X, &/) and (Y, 88) are measurable spaces, / : X — > Y a measurable map, and fx is a 
measure on X, we denote by f^fi the image measure of fi by /, with f*/j,(A) = fi(f~ 1 (A)) 
for every A £ g/. 

For every integer n > 2, we denote by (any model of) the real hyperbolic space of 
dimension n (its sectional curvature is constant with value —1). 

Given a topological space X, we denote by ^(X; R) the vector space of continuous 
maps / : X — > R with compact support. 

2.1 Uniform local Holder-continuity 

Recall that two distances d and d! on a set E are (uniformly locally) Holder-equivalent if 
there exist c, e > and a G ]0, 1] such that for all x, y £ E with d(x, y) < 1, we have 

- d(x,y)« < d'(x,y) < cd(x,y) a . 
c 

This relation is an equivalence relation on the set of distances on E, and a Holder structure 
on E is the choice of such an equivalence class. A metric space will be endowed with the 
Holder structure of its distance. A map / : E — )■ E' between sets endowed with Holder 
structures is Holder- continuous if for any distances d and d' in the Holder structures of E 
and E 1 , there exist c, e > and a E ]0, 1] such that for all x,y G E with d(x,y) < e, we 
have 

<t(m,f(y))<cd(x,y) a . 

We will call c, e and a the Holder constants of /, even though they are not unique and 
depend on the choices of the distances d and d' in their equivalence class. 



11 



A Holder structure on a set E is natural under a group of bijections G of E if any 
element of G is Holder-continuous. 

Remarks. Note that this condition is a global one, and that some other texts only require 
the above inequality to hold, for some given c, a and for every x, only if y is close enough 
to x (that is, in some ball of center x whose radius might be smaller than 1 and might 
depend on x). When the topology on E defined by d is compact, these two definitions 
coincide, but we are trying to avoid any compactness assumption in this text. For instance 
in symbolic dynamics, the potentials may be only required to have this second property 
(or even less, see for instance [Kcl]): since two sequences in the same strong stable leaf 
are eventually equal, the Gibbs cocycle is then well-defined. But the fact that the Gibbs 
cocycle in our case is well defined will use this global Holder-continuity (see Subsection 
3.3). 

Let / : X — > Y be a map between metric spaces. If X is geodesic, then the definition of 
the Holder-continuity of / may be strengthened as follows: / is Holder- continuous if and 
only if there exists c > and a E ]0, 1] such that for all x,y E E with d(x, y) < 1, we have 

d(f(x)J(y))<cd(x,yr . 

We will use this definition throughout this text. 

Another consequence of the global Holder-continuous property of / is that / then has 
at most linear growth: if X is a geodesic space, the above condition implies that for all 
x,y in X with d(x,y) > 1, we have d(f(x),f(y)) < 3cd(x,y). This will turn out to be 
useful in particular in Subsection 10.3. 

2.2 Boundary at infinity, isometries and the Busemann cocycle 

We denote by d or dj^ the Riemannian distance on M. We denote by dooM the boundary 

at infinity of M. We endow M U dooM with the cone topology, homeomorphic to the 
closed unit ball of M. n , where n is the dimension of M. For every x E M, recall that the 
Gromov-Bourdon visual distance d x on OoqM seen from x (see [Bou]) is defined by 

dM,r))= lim e 5W^)-rf(x,? t )-rf(x,r,0) m 

t— >+oo 

where t >— > £t, r/t are any geodesic rays ending at £, r\ respectively. By the triangle inequality, 
for all x,y £ M and £, r\ E d^M, we have 

e -d(x, y ) < d x (£,ri) ^ ^ x>y) ^ ^ 

We endow d^M with the Holder structure which is the equivalence class of any visual 
distance. It is natural under the isometry group of M and its induced topology on d^M 
coincides with the cone topology. 

For the following definitions, let r > 0, x E MUd^M, A C M and Bjl d^M. We 
denote by G X A the shadow of A seen from x, that is, the subset of dooM consisting of 
the endpoints of the geodesic rays (if x E M) or lines (if x E dooM) starting from x and 
meeting A. Note that G stands for "ombre". We denote by ^ X B the cone on B with vertex 
x in M, that is, the union of the geodesic rays or lines starting from x and ending at B. 
We denote by jV r A the open r-neighbourhood of A, that is, 

jV r A = {x EM : d(x, A) < r} . 
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We denote by .jY t A the open r -interior of A, that is, 

jV~ A = {x e M : d(x, C A) > r} , 

which is contained in A. 

For every isometry 7 of M, we denote by 

£(7)= in£^d(x, 7x) 

the translation length of 7 on M. Recall that 7 is elliptic if it has a fixed point in M, 
parabolic if non elliptic and ^(7) = 0, and hyperbolic otherwise. In this last case, we denote 

Ace 7 = {x G M : d(x,jx) = £(7)} 

the translation axis of 7, which is isometric to M. 

The isometry group Isom(M) of M is endowed with the compact-open topology. Let 
r' be a discrete group of isometries of M. Its limit set, which is the set of accumulation 
points in dooM of any orbit of V in M, will be denoted by AT', and the convex hull in 
M of this limit set by ffAT'. Recall that V is nonelementary if Card(Ar') > 3. Since 
M has pinched negative curvature, the following assertions are equivalent (see for instance 
[Bowd]): 

• r' is nonelementary, 

• r' contains a free subgroup of rank 2, 

• r' is not virtually solvable, 

• r' is not virtually nilpotent. 

Also recall that T' is convex- cocompact if T' is nonelementary and r'\^Ar' is compact. 

If r' is nonelementary, then Ar' is the closure of the set of fixed points of hyperbolic 
elements of V, and it is the smallest nonempty, closed, T'-invariant subset of d^M. In 
particular, if T" is an infinite normal subgroup of V, then 

Ar" = Ar' . 

The conical (or radial) limit set A C T' of V is the set of points £ £ OoqM such that there 
exists a sequence of orbit points of x under T' converging to £ while staying at bounded 
distance from a geodesic ray ending at £. We have A c r' = Ar' if V is convex-co compact. 
If r" is nonelementary, the conical limit set A c r' of V is dense in its limit set Ar', and the 
point at infinity of a geodesic ray p in M belongs to A c r' if and only if the image of p in 
M comes back in some compact subset at times tending to +00. 

A point £ in dooM is a Myrberg point of T' (see for instance [Tuk]) if for all r] ^ rj' in 
dooM and x £ M, there exists a sequence (7 n ) n gN in T' such that lim n _ s>00 j n x = rj and 
lirrin^oo 7„,£ = rj' . We will denote by AMyiT' the set of Myrberg points of V . It is clearly 
a subset of A c r', and even a proper subset of A c r', since the fixed points of the hyperbolic 
elements of V are conical limit points but not Myrberg points. 

In this text, we are not assuming T to be torsion free. 

Note that the action of T on Ar is not necessarily faithful (viewing the real hyperbolic 
plane Hj| as the intersection with the horizontal plane of the ball model of the real hy- 
perbolic space Hjjj, consider the subgroup generated by a nonelementary discrete isometry 
group of Hj| and the hyperbolic reflexion of Hi with fixed point set Hi,). But the pointwise 
stabiliser Fixr(Ar) of Ar in T is a finite normal subgroup of T. 
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Lemma 2.1 The set of fixed points in AT of any element 7 o/T- Fixp(Ar) is a closed 
subset with empty interior in Ar. 

Proof. This is well known, but difficult to locate in a reference. We may assume 7 to 
be elliptic. If 7 fixes a fixed point of a hyperbolic element a, then 7 pointwise fixes its 
translation axis Axe a : otherwise, (a~ n ^a n ) ne ^ is a sequence of pairwise distinct elements 
of r mapping any given point in Axe a at bounded distance from itself, which contradicts 
the discreteness of T. Since the set of pairs of endpoints of the translation axes of hyperbolic 
elements of T is dense in Ar x Ar, if 7 pointwise fixes an open subset of Ar, then 7 is the 
identity on Ar. □ 

In particular, by Baire's theorem, the union of the sets of fixed points in Ar of the 
elements of T — Fixr(Ar) is a T- invariant Borel subset, whose complement is a dense 
G^-set. 

The Busemann cocycle is the map /3 : dooM x M x M — > R, defined by 
(£, x, y) H> /%(ar, y) = lim d(x, &) - d(y, &) , 

where 1 1— >■ £t is any geodesic ray ending at £. For every £ 6 d^M, the horospheres centered 
at £ are the level sets of the map y 1— > /3^(y,XQ) from M to R, and the (closed) horoballs 
centered at £ are its sublevel sets, for any xo E M. 

2.3 The geometry of the unit tangent bundle 

We denote by ir : T l M — > M the unit tangent bundle of M, and we endow T l M with 
Sasaki's Riemannian metric (see below). We denote by 1 : T l M -> T^M the flip map 
v I—)- —v. 

Consider the Riemannian orbifold M = T\M and let us denote by T l M and TT^M 
the quotient Riemannian orbifolds T\T 1 M and T\TT 1 M. We denote by : T l M — > IR 
and again by l:T M —¥T M and ir : T^M — > M the quotient maps of F, i and ir. 

For every v E T l M, we denote by w_ and t; + the points at —00 and +00 of the geodesic 
line i v : R — >• M with ^(0) = u; we have (if )± = f=p. 

We denote by QF (respectively £l c r) the closed (respectively Borel) T-invariant set of 
elements v E T 1 M such that V- and v + both belong to Ar (respectively A c r), and by QT 
and O c r their images by the canonical projection T X M — > T 1 M. The union of the sets of 
fixed points in £IT of the elements of T — Fixp(Ar) is properly contained in $1T. 

For every x E M, let i x : d^M — > dooM be the antipodal map with respect to x, that 
is the involutive map £ 1— > w_ where u is the unique element of T 1 M such that 7r(u) = x 
and = £. Note that for every isometry 7 of M and for every x in M, we have 

hx = 7° h> 7" 1 • 

Let us now recall a parametrisation of T^M in terms of the boundary at infinity of M. 
Let d^M = (dcoM x dooM) — A, where A is the diagonal in x dooM. For every 

base point xq in M, the space T l M may be identified with d^M x R, by the map which 
maps a unit tangent vector v to the triple (v-,v+,t) where t is the algebraic distance 
on £y(R) (oriented from v_ to v + ) between £ v (0) and the closest point of ^(R) to xq. 
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This parametrisation (called the Hopf parametrisation defined by xq) differs from the one 
defined by another base point x' Q only by an additive term on the third factor (independent 
of the time t) . 

We end this subsection by giving some information on the Sasaki metric on TM (see 
for instance [Bal, Chap. IV]). Recall that it has the following defining properties: The 
vector bundle TTM — > TM has a Whitney sum decomposition TTM = V © H such that, 
for every v G TM, the direct sum decomposition of the fibers 

T V TM = V v © H v 

is orthogonal for Sasaki's scalar product, and if ir : TM — > M also denotes the full tangent 
bundle oof M, 

• Ttt\jj v : H v — > T n ( v jM is an isometric linear isomorphism, 

• V v = KerT v n = T V {T^^M) = T V ^M (equality as Euclidean spaces), 

• if V is the Levi-Civita connection of M, if py '■ TTM — > V is the bundle map which 
is the linear projection from T V TM on V v parallel to H v for every v G TM, then for every 
vector field X : M -)■ TM on M, with TX : TM -)■ TTM its tangent map, we have 

\7 V X =p v ° TX(v) . 

The map tt : T l M — > M is a Riemannian submersion with totally geodesic fibers, and 
if 7 is an isometry of M, then its tangent map, still denoted by 7, is an isometry of T 1 M. 
The flip map l is also an isometry of the Sasaki metric. The Riemannian distance ds 
induced by the Sasaki metric satisfies (see [Sol] for generalisations) 

d s (v , w) = inf v^(a) 2 + II ( v \\aw) II , (3) 

a 

where the lower bound is taken on the smooth paths a : [0, 1] — >■ M of length £(a) from 
tt{w) to n(v) and \\ a is the parallel transport along a. Note that for all v,w G T 1 M 

ds(v,w) > d(7r(v),ir(w)) . (4) 

We will endow T X M with its quite usual distance d = d Tl j^, defined as follows: for all 
v,v' G T l M, 

d{v,v') = ^= [ d(Tr(<p t v),ir(frv'))e- t2 dt . (5) 
V 71 " Jr 

Note that for all v £ T l M and i £ 1, we have 

d(v,<j) t v) = \t\ , 
and for all v, v' G T l M and 7 G Isom(M), we have 

d(j v, 7 v') = d(v, v 1 ) and d(iv, iv') = d(v,v ) . (6) 

We will sometimes consider another distance d' = d' ~ on T l M, defined by (using the 

T 1 M 

convexity of the distance in M to obtain the second equality) 

V v,w G T^M, d' ~(u,w)= max d^^i^v), tt((/) s w)) (7) 

J M s6[-l,0] 

= max{(i J ^(7r(t;),7r('u;)),(i J ^(7r(^„iv),7r(0„i^))} . 
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The distance d! is (Lipschitz-)equivalent to the Riemannian distance d$ induced by the 
Sasaki metric on T l M, since M has pinched negative sectional curvature (see for instance 
[Bal, page 70]). Note that the flip map t, which is an isometry of the Sasaki metric, is 
hence Lipschitz for this metric, with Lipschitz constant depending only on the bounds on 
the sectional curvature. 

The following result should be well known, but we provide a proof in the absence of a 
precise reference. 

Lemma 2.2 The distance d on T l M is Holder-equivalent to the Riemannian distance ds 
induced by Sasaki's Riemannian metric. 

In particular, when we will consider Holder-continuous functions F : T M — > R, we 
may use any one of the three distances ds, d = d Tl jj and d' = d' T1 ~, remembering that 
the Holder constants depend on this distance. 

Proof. It is sufficient to prove that the distances d and d! on T X M are Holder-equivalent. 

Let v, w G T X M. Define Xt = Tr{4>tv) and " + 

yt = ir((f)tw) for every t £ R, as well as eo = 
d(xo,yo) and e_i = Let t i->- z% be 

the geodesic ray parametrised by [—1, +oo[ from 
X-\ to the point at infinity w+. 

By the definition of d', for every t 6 [—1,0], we have 

d{x t ,y t ) < d'(v,w) = max{e ,e_i} . 

By convexity, for every t > —1, we have d(zt,yt) < Since M has a finite lower 

bound on its curvature, there exists a constant c\ > such that for every t > 0, we have 
d(x t , Zt) < d(xo, zq) e Cl 1 . Hence, by the triangle inequality, for every t > 0, we have 




d(x t ,y t ) < e_i + e e 



ci t 



Similarly, considering the geodesic ray from xq to u>_, for every t < — 1, we have d(xt, j/t) < 
6q + e_i e Cl Therefore ypH d(v, w) is bounded from above by 



-i 



(e + e_i e 



ci(l-t) 



2 f° 2 Z" 4 ^ 00 

) e~* dt + J maxjeo, e_i} e~ dt + J (e_i + eo e 



e"* 2 dt, 



and there exists a constant C2 > such that d(v,w) < C2 (e~i + eo) < 2c2 d'(v,w). 
Conversely, assume that d'(v,w) < 1. Then eo,ei < 1 and 



7r d(f , w) > 



eo/4 



> 



eo/4 







.eo eo 1 

> — X — X — 

~4 2 e 



d(xt, yt) e * dt + 

(e - 2t) e"' 2 (it + 

e-i e_i 



-l+c-i/4 



d(x t ,y t ) e * (it 



1 



-l+e-i/4 



(e_x - 2(t + 1)) e"' dt 



X X - > 

4 2 e ~ 16 e 



(eo + e_i) 2 >— 



16 e 



This proves the result. 



□ 
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2.4 Geodesic flow, (un) stable foliations and the Hamenstadt distances 

We denote by (d>t '■ T 1 M — > T 1 M)t e R the geodesic flow of M, which satisfies Locj) t = rf>_ t oL. 
In the Hopf parametrisation, the geodesic flow is the action of R by translation on the third 
factor. We denote again by (j)t ■ T^M — >• T l M the quotient map of cftf 

Given x 7^ y in M, the unit tangent vector at x pointing towards y is the unique element 
v £ T^M such that there exists t > with 7r(^f ) = y. 

By [Ebc, Coro. 3.8], the closed subset QT defined in the previous subsection is the 
(topological) nonwandering set of the geodesic flow in T 1 M, that is, the set of points 
v £ T l M such that, for every neighbourhood U of v, there exists a sequence (tn)n£N in R 
converging to +00 such that, for every n £ N, the intersection U Ci(j)t n U is nonempty. The 
support of any Borel probability measure on T l M which is invariant under the geodesic 
flow is contained in QT. Note that £l c T is dense in QT, and is the two-sided recurrent set 
of the geodesic flow in T l M, that is, the set of unit tangent vectors whose geodesic line 
comes back in some compact subset of M at times tending to +00 and to —00. 

We now recall the definitions and properties of the dynamical foliations associated to 
the geodesic flow on T^M. For every v £ T M , we define the strong stable leaf of v, strong 
unstable leaf of v, (weak or central) stable leaf of v and (weak or central) unstable leaf of v 
respectively as 

W ss (v) = {w £ T l M : lim d(<j> t v, <j> t w) = 0} , 

t— >+oo 

W su (v) ={w £ T X M : lim dU t v, <j> t w) = 0} , 

t— >— 00 

WHv) = {w £ T l M : 3s £ R, lim dU t+s v, <p t w) = 0} , 

t— >+oo 

W u {v) = {w £ T X M : 3s £ R, lim ^to) = 0} . 

t— 00 

These four families define continuous foliations of T^M with smooth leaves, denoted by 
W ss , ^ su , and called the strong stable, strong unstable, stable, unstable foliations 

of the geodesic flow (4>t)t€M. on ^M. 

The smooth submanifolds tt(W ss (v)) and tt(W su (v)) of M are the horospheres passing 
through tt(v) with centers respectively v+ and u_, and conversely W ss (v) and are 
the subsets of T X M consisting respectively of the inner and outer unit normal vectors to 
these two horospheres. Note that W s {v) and W u {v) are invariant under the geodesic flow 
(4>t)te'R- Furthermore, for every v £ T 1 M, the map w 1— > w+ from W su (v) to OoqM — {v-} 
is a homeomorphism, and the map w *— > W- from W ss (v) to dooM — {v + } is also a 
homeomorphism. 

For every v £ T 1 M, denote again by W ss (v) (respectively W su (v), W s (v), W u (v)) the 
image by the canonical projection T l M — > T X M of V^ ss (?;) (respectively VF s,u (i;), W^ s (t>), 
iy u (^)), where u is any lift of v to T l M. Note that W ss (ii;) = i(W^ su (v)), W su (lv) = 
i(W ss (v)), W s (lv) = l(W u (v)), W u (lv) = l(W s (v)) for every v £ T l M or u £ ^M. The 
sets W ss (v) (respectively W su (v), W s (v), W u {v)) define a partition of T X M, denoted by 
W ss (respectively ~W SU , W s , W u ), which is a foliation outside the image in T X M of the set 
of fixed points of elements of T — {id} in T l M. 

Let us also recall a natural family of distances on the strong stable leaves of T l M 
(see for instance [HcPl, Appendix], slightly modifying the definition of [Haml], as well as 
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[HeP2, §2.2] for a generalisation when a horosphere is replaced by the boundary of any 
nonempty closed convex subset). For every w £ T l M, let g?vf su («j) be the Hamenstadt 
distance on the strong unstable leaf of w, defined as follows: for all v,v' £ W su (w), 



d W su( w )(v,v') 



lim e l d ( 7r (** 1 ')' »r(0t«'))-* 

t— >+oo 



This limit exists, and the Hamenstadt distance is a distance inducing the original topology 
on W sn (w). For all v, v' £ W su (w) and for every isometry 7 of M, we have 

d W su( Jw) (~/v,jv') = d W su( w) (v,v') . 

For all w £ T l M, s £ M and v, v' £ W su (u>), we have 

dw™(<j> 3 w) {4>sV, 4> s v') = e s d WS u( w) (v, v') . (8) 

The following lemma compares the Hamenstadt distance dy^Bu( w \ with the distance d on 
M and the distance d on T l M. 

Lemma 2.3 There exists c > such that, for all w £ T^M and v,v' £ W su (w), we have 

max{ - c d(v,v'), d(ir(v),ir(v')) } < d w ^ {w) {v,v') < e 2^W^(«')) . (9) 

Proof. We give proofs only for the sake of completeness. The inequality on the right hand 
side follows from the triangle inequality. 

The inequality d(v,v') < c dyysa( w )(v,v') for some universal constant c > is due to 
[PaP2, Lem. 3], as follows. 

We may assume that v 7^ v' . Let xt = 7r(4>tv) 
and x' t = 7r(0ji/). By the convexity properties of 
the distance in M, the map from 1 to 1 defined by 
t 1— > d(xt,x' t ) is increasing, with image ]0, +00 [. Let 
SsRbe such that d(xs,x' s ) = 1. For every t > S, 
let p and p' be the closest point projections of xs 
and x' s respectively on the geodesic segment [a;*, rcj]. 

In the hyperbolic upper halfplane Hj|, the points i, 1 — 2i and 1 + 2i are pairwise at 

distance 2 log < 1. Hence by convexity, if x,y are the points of EIj| with horizontal 

coordinates 1,-1 respectively, with same vertical coordinate and at hyperbolic distance 
1, then the distance from x to the geodesic line with endpoints 1,-1 is at most 1. By 
comparison, we therefore have d(p, xs), d{p' , x' s ) < 1. Hence, by convexity and the triangle 
inequality, 

d{x t ,x' t ) > d(x t ,p) +d(p',x' t ) 

> d(x t ,x s ) - 1 + d(x' t ,x' s ) - 1 = 2(t - S - 1) . 

Thus by the definition of the Hamenstadt distance d^w^), we have 




(10) 
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By the triangle inequality, if t > S, then 

d(x t ,x' t ) < d(x t , x s ) + d(xs, x' s ) + d(x' s , x' t ) = 2(t - S) + 1 . 
Since M is CAT(— 1), if t < S, we have by comparison 



d(x t ,x' t ) < e* s d(x 5 f,x' s ) 



Therefore, by the definition of the distance d on T l M (see Equation (5)), we have 



d(v,v') < 



e l ~ s e- tZ 



dt 



r+oo 

+ / (2(t-S) + l)e 
Js 



dt = 0(e~ s ) . 



The result hence follows from Equation (10). 

The last inequality d(ir(v),ir(v')) < d\^snf w \(v, v') is due to [PaP4, §2], as follows. 
Let x = ir(v), x' = ir(v') and p = 
dw BU (w)( v 7 v ')- Consider the ideal triangle A 
with vertices v+ , v', and V- = v'_. Let p G 
]t>_,iL|_[, p' G ]v'_,v' + [ and q G be the 

pairwise tangency points of horospheres centered 
at the vertices of A: f3 v _ (p,p') = 0, /3 V+ (p, q) = 
and f3 v ' + (p',q) = 0. By definition of the Hamen- 
stadt distance, the algebraic distance from x to 
p on the geodesic line v+[ (oriented from V- 
to v + ) is — log p. 

Consider the ideal triangle A in the hyperbolic up- 
per halfplane Hj|, with vertices — \ an d 00 • Let 
p = (—2) 1)) p' — (f; 1) an d Q = (0) ^) be the pairwise 
tangency points of horospheres centered at the vertices 
of A. Let x and x' be the point at algebraic (hyper- 
bolic) distance — log/7 from p and p' , respectively, on 
the upwards oriented vertical line through them. By 
comparison, we have d(x,x') < d(x,x') < l/e~ logp = 
p. □ 

We define analogously the Hamenstddt distance d\y BB ^ on the strong stable leaf of 
w G T l M by 

d wss(w) {v,v')= lim e W*-*«W*-t«'))-* . 

It satisfies analogous properties, in particular that for all w G T l M, s G K and u' G 
VF ss (w), we have 

dw^O^OMi^O = e~ s d W ss( w )(v,v') . (11) 

The Hamenstadt distances on the strong stable and strong unstable leaves are related as 
follows: for all w G T l M and v,v' G W su (w), we have 




(12) 
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2.5 Some exercises in hyperbolic geometry 



We end this chapter by the following (well known, see for instance [PaPl]) exercises in 
hyperbolic geometry. 

Lemma 2.4 (i) For all x, y,z in M such that d(x, z) = d(y, z), for every t 6 [0, d(x, z)\, if 
Xt (respectively yt) is the point on [x, z] (respectively [y, z\) at distance t from x (respectively 
y), then 

d(x t ,y t ) < e~* smhd(x,y) . 

(ii) For every a > 0, there exists f3 > (depending only on a and the bounds on the 
sectional curvature of M) such that for all x,y,z in M such that d(x,z) = d(y,z) > 1 and 
d(x,y) < a, for every t £ [0,d(x,z)], with xt and yt defined as above, 

d(x t ,y t ) < (3 d(x 1 ,y 1 ) e~* . 

Proof, (i) We may assume that x ^ y, otherwise xt = yt and the result is trivially true. 
Since the sectional curvature of M is at most —1, and by comparison, we may assume that 
M is the hyperbolic upper halfspace Hj|. Let m be the orthogonal projection of z on the 
geodesic line through x and y, which is the midpoint of [x, y] by symmetry. 

Replacing z by the point at infinity of the geodesic ray starting from m and passing 
through z (any one perpendicular to [x, y] if m = z) increases d(xt, yt) and does not change 
d{x, y). Hence we may assume that z is the point at infinity in H^, and that x and y lie 
on the (Euclidean) circle of center and radius 1, have same (Euclidean) height, with the 
real part of x positive, the real part of y negative. 

Let pt be the intersection point of [xt,yt] with the 
vertical axis, which is by symmetry the midpoint of 
[xt , yt] ■ If a is the (Euclidean) angle at between 
the horizontal axis and the (Euclidean) line from 
passing through x, then an easy computation in hy- 
perbolic geometry (see also [Bea], page 145) gives 
smhd(x,po) = cos a/ sin a. 
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Similarly, sinh d(xt,pt) = cos a/ (e sin a). So that 



d{xt, yt) = 2 d(xt,pt) < 2 sinh d(xt,pt) = 2 e * smhd(x,po) = 2e 1 sinh 



d{x,y) 



which proves the first result, as 2 sinh | < sinhi if t > 0. 

(ii) Observe first that for all a > and s E [0, a], we have s < sinhs < s smha . 



By 



we only have to prove that there exists a constant c > such that d(x\, y±) > cd(x, y). By 
comparison, we may assume that M is the real hyperbolic plane with constant curvature 



—b 2 . The above computations give sinh 
from the preliminary remark. 



2 



sinh 



d{x,y) 



hence the result follows 
□ 



Corollary 2.5 (i) For every T £ [0, +oo[, for all v and w in T l M such that tt(4>tv) 
Tr(cpTw), for every t G [0, T], 



dl 



b t v , 4>tw) < e 1 sinh (2 + d(ir(v), n(w))j . 
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(ii) For every a' > 0, there exists f3' > (depending only on a' and the bounds on the 
sectional curvature of M) such that for every T £ [1, +oo[, for all v and w in T l M such 
that tt(4>tv) = tt(4>tw) and d(7r(v),ir(w)) < a' , for every t 6 [0, T], 

d' T1 ~(4> t v,(f) t w) < ^' d{ir(v),iT{w))e' i . 

Proof, (i) By the definition of the distance d' ~ (see above Lemma 2.2), this follows from 
Lemma 2.4 (i), applied to x = n{4>-iv), y = ir((j)^iw) and z = 7r(0rv), since d(x,y) < 
d(Tr(v),ir(w)) + 2. 

(ii) This follows similarly from Lemma 2.4 (ii), with a = a' + 2. □ 

Also recall without proof the following well known results in complete simply connected 
Riemannian manifolds with sectional curvature at most —1 (variants of Anosov's closing 
lemma) . 

Lemma 2.6 For all £, e, 8 > 0, there exists 9q = 9q(£, > such that for every piecewise 
geodesic path u = Uo<i<7V i x ii ^ n M with N E NU{+oo}, if its exterior angle at Xi is 
at most 6o for < i < N — 1 and if the length of each segment [xi,Xi + \] is at least i, then 

• uj is contained in the e -neighbourhood of the geodesic segment u)' = \xq,xn\, if N is 
finite, or of the geodesic ray uj' = [xo,£] where £ £ dooM is the point at infinity to which 
the sequence (xj)j 6 pj converges, if N is infinite; 

• the angles between oj and uj' at the finite endpoints of uj' are at most 9. 




Lemma 2.7 For all £,e' > 0, there exists e = e(£,e') £ ]0, 1] with linv^o 6 = such 
that for every isometry 7 of any proper geodesic CAT( — l)-space X , for every xq in X, if 
d{xQ,~fXo) > £ and d^xo, [xo,j 2 Xo]) < e, then 7 is hyperbolic and d(xQ, Axe~ ( ) < e' where 
Axe-y is the translation axis of 7 in X. 

2.6 Pushing measures by branched covers 

In this text, we will often construct measures on T^M starting from T-invariant measures 
on T X M. Given a Galois covering / : X — > Y of topological spaces, and a (positive Borel) 
measure m on X invariant under the covering group, it is well known that there exists a 
unique measure on Y (which is not the pushforward measure /*m) such that the map / 
locally preserves the measure. In the case of ramified covers, the analogous construction is 
not so well known (see for instance [PaP4, §2.4]). The fact that we are not assuming T to 
be torsion free requires it. 
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Let X be a locally compact metrisable space, endowed with a proper (but not necessar- 
ily free) action of a discrete group G. Let p : X — > X = G\X be the canonical projection. 
Let Jibe a locally finite G-invariant measure. 

Note that the map N from X to N — {0} sending a point x 6 X to the order of its 
stabiliser in G is upper semi continuous. In particular, for every n > 1, the G-invariant 
subset X n = iV _1 ({ra}) is locally closed, hence locally compact metrisable. With X n = 
p(X n ), the restriction p,^ '■ X n — > X n is a local homeomorphism. Since Jl is G-invariant, 
there exists a unique measure p n on X n such that the map p,^ locally preserves the 
measure. Now, considering a measure on X n as a measure on X with support in X n , 
define 



which is a locally finite measure on X, called the measure induced by Jl on X. 

Note that if Jl gives measure to the set iV _1 ([2, +oo[) of fixed points of non-trivial 
elements of G, then p = p\, and the above construction is not really needed. 

If X' is another locally compact metrisable space, endowed with a proper action of a 
discrete group G', if Jl' is a locally finite G'-invariant measure on X' , with induced measure 
p! on G'\X' , then the measure on the product of the quotient spaces G\X x G'\X', 
induced by the product measure Jl <g> Jl', is the product p (g) p! of the induced measures. 

It is easy to check that the map /jt i — >- /i from the space of locally finite measures on X 
to the space of locally finite measures on X, both endowed with their weak star topologies, 
is continuous. 

3 A Patterson- Sullivan theory for Gibbs states 

Let (M, r, F) be as in the beginning of Chapter 2: M is a complete simply connected 
Riemannian manifold, with dimension at least 2 and pinched sectional curvature at most 
— 1; r is a nonelementary discrete group of isometries of M; and F : T l M — > R is a 
Holder-continuous T-invariant map. 

We recall in this chapter the construction of the Gibbs measure on the unit tangent 
bundle of a negatively curved manifold associated with a given potential, due to O. Mohsen 
[Moh]. More precisely, the subsections 3.4, 3.5, 3.7, 3.8, 3.9 are new (except from the strong 
influence of [Ham2]), the others are extracted (up to an adaptation to the noncocompact 
case) from [Moh]. We refer to [Ham2, Led2, Cou2, Sch3] for different approaches. The 
Gibbs cocycles used in these four references are the same up to signs as the one we define 
in Subsection 3.3. Note that the last three references use X^er e ' ' ^ ' F f° r their Poincare 

series, whereas we use X^er e^ V ^ F ~ s \ This additive instead of multiplicative approach 
greatly simplifies the techniques. 

3.1 Potential functions and their periods 

For all x, y in M, define 




n>l 




where v is a unit tangent vector such that ir(v) = x and it 



{^d{x, y ) v ) = V (unique ify^x). 
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Remark. A general extension of the techniques of this work when M is any complete 
locally compact CAT(— 1) metric space as in [Robl] (even assuming that its geodesic 
segments are extendible to geodesic lines) seems difficult at this point. The correct analog 
of the unit tangent bundle for such an extension is probably not the usual one of the 
space of all geodesic lines. Indeed, there could be many geodesic lines containing a given 
segment [x, y\. Hence defining f y F would require a choice of one of these geodesic lines, 
or restrictions on F or some averaging process, hence appropriate additional information 
in order not to lose the invariance under the group T. A better analog would be the space 
of germs of geodesic segments, but the geodesic flow then does not extend. See the case of 
trees in [BrPP]. 

Note that 

p"yy ^ py ^ px ^ py 

V 7 er, / F= IF and / F= Fol. (13) 

J 'yx J x J y J x 

For every hyperbolic element 7 in T, the period of 7 for the potential F is 

/•■yx ____ 

Per F ( 7 )= / F 

J X 

for any point x on the translation axis of 7 in M. Note that, for all n £ N— {0} and a £ T, 
we have 

Perp(a7a -1 ) = Perp^), Per^(7 n ) = n Per^(7) and Perp(7 _1 ) = Per^ ot (7) . (14) 

Let F* : T M — > R be another Holder-continuous T-invariant map. Say that F* is 
cohomologous to F (see for instance [Livs]) if there exists a Holder-continuous T-invariant 
map G : T 1 M M, differentiable along every flow line, such that 

F*(v)-F(v) = ± Gfav). 

dt\t=o 

We will say that F* is cohomologous to F via G when we want to emphasise G. Two 
cohomologous potentials have the same periods: if F* is cohomologous to F, then, denoting 
by F* the map induced on T X M by F*, for every hyperbolic element 7 G T, we have 

Perp( 7 ) = Perp.(7) . 

Remark 3.1 Let F,F* : T l M — > M be Holder- continuous Y -invariant maps such that 
PerF(j) = PerF*(j) for every hyperbolic element 7 £ T. Then F* is cohomologous to F 
in restriction to QT. 

Proof. Since the diagonal action of T on Ar x AT is topologically transitive, the action 
of the geodesic flow on the (topological) nonwandering set £IT is topologically transitive. 
The validity of Anosov's closing lemma (see Lemma 2.6) does not require any compactness 
assumption on M. The proof of Livsic's theorem in [KaH, Theo. 19.2.4] then extends. □ 

Note that if F* and F are cohomologous via the map G, then F* o 1 and Fol are 
cohomologous via the map — Got (beware the sign). We will say that F (or F) is reversible 
if F is cohomologous to Fol. 

We end this subsection by the following technical lemma on potential functions (see 
also [Cou2, Lem. 3] with the multiplicative approach). 
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Lemma 3.2 For every tq > 0, there exist two constants c\ > and C2 £ ]0, 1] (depend- 
ing, besides tq for c\, only on the Holder constants of F and the bounds on the sectional 
curvature of M) such that for all x,y,z in M, we have 



F 



F 



< Cl e d{x ' y) +d(x,y) max |F| 

' n-i(B(x,d(x,y))) 



and if furthermore d(x,y) < ro, then 



F 



F 



< a d(x,y) C2 +d(x,y) 



max \F\ . 

— 1 (B(x,d(x,y))) 




Proof. By symmetry, we may assume that d(x,z) > d(y,z). The result is true if y = z, 
hence we assume that y ^ z. 

Let x' be the point on [x, z] at distance d(y, z) from 
z. Let v (respectively w) be the unit tangent vector 
at x' (respectively y) pointing towards z. 

The closest point p of y on [x,z] lies in [x',z] by convexity. Hence d(x,x') < d(x,p) < 

d(x, y), since closest point maps do not increase distances. Since the distance function from 

a given point to a point varying on a geodesic line is convex, we have d(x',y) < d(x,y). 

Let c > and a £ 10, ll be the Holder constants of F for the distance d' = d' ~ on 
1,1 _ _ THd 

T l M defined in Equation (7), that is \F(u) - F(u')\ < cd'(u, u') a for all u, u' in T l M with 
d'(u,u') < 1. By Corollary 2.5 (i), there exists a universal constant d > (for instance 
d = %f) such that for every t £ [0, d(y, z)], we have d'(<f)tv, 4>tw) < de d ( x \ 
Let t £ [0,d(y,z)]. If d! (4> t v , faw) < 1, then 

\F{4>tv)-F{4>tw)\ < cd'((f)tv,(f)tw) a <c(c'e^ x ''^- t ) a . 

If d' (<j>tv , 4>tw) > 1) then by the remark at the end of Subsection 2.1, we have 

\F{<hv) -F{(j> t w)\ < 3cd'(<f)tv,<f>tw) < 3cd e d( - x '' y) ^ . 



Hence, 



F 



< 



d(y,z) _ fd(y,z) _ 

F((f> t v)dt- / F((/) t w)dt 

-d(x,x') Jo 
„ fd(y,z) _ 

\F{<t) t v)\dt+ \F^ t v)-F^ t w)\dt 

-d(x,x') JO 



<d(x,x) max |F| + 

7T- 1 (B{x,d(x,x'))) 



c(d e^'^Y + 3cd e^'.f)-* dt 



<d(x,y) max \F\ + (3 cc' + 

ir^{B{x,d{x,y))) 



c(c') a 



a 



d{x,y) 



The first result follows. The second may be proved similarly, using Corollary 2.5 (ii). □ 

Remarks. (1) When x,y,z £ 'WAT, we may replace, in each assertion of the above 
lemma, max^-ifB^^j,))) \F\ by max 7T - 1 (B(x,d(x,y))n<ifAT) 

(2) Using the equality £ F - F = ( F - F) + ( /* F o t - JJ F o t ) and 
the fact that t is Lipschitz with constants depending only on the bounds the sectional 
curvature of M, we have a similar control on | f x F — f y F | for all x,x',y,y' in M, in 
terms of m&x{d(x,y),d(x' ,y')}. 
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3.2 The Poincare series and the critical exponent of (T,F) 

Let us fix x,y G M. The Poincare series of (T,F) is the map Qt,f = Qr,F,x,y '■ R — > 
[0, +00] defined by 

The critical exponent of (T,F) is the element St,f in [—00, +00] defined by 
5r, F = hmsup — log e^ ^ . 

7SI , n—l<d(x, / yy)<.n 

When F = 0, the Poincare series Qt = Qr,x,y of (r,0) is the usual Poincare series of T, 
and the critical exponent St,o is the critical exponent St of T (which belongs to ]0, +00 [ 
since T is nonelementary and M has pinched negative curvature, see for instance [Robl]). 

We will prove in the following Lemma 3.3 (v) that 5r,F > —00. If 5r,F < +00, we say 
that (r, F) is of divergence type if the series Qr,F($r,F) diverges, and of convergence type 
otherwise. 

If 6t,f < +00, the normalised potential is the Holder-continuous map F — 5r,F on T l M 
(or its induced map F — 5y,f on T l M). Some references use the normalised potential with 
the opposite sign. 

Since F is Holder-continuous (see Remark (2) at the end of the previous Subsection 
3.1), the critical exponent St f of (T, F) does not depend on x, y, and satisfies the following 
elementary properties. 

Lemma 3.3 (i) The Poincare series of (T,F) converges if s > St,f and diverges if s < 
St,f- The Poincare series of (T, F) diverges at St,f if and only if the Poincare series of 
(r, F + k) diverges at St,f+k> for every k£R, and in particular 

,F+k = St,f + n ■ (15) 

(ii) We have 

V s G R, Qt,Fol,x,v{s) = Qv,F, y ,x{s) and St, Foe = St, f ■ (16) 

(Hi) IfV is a nonelementary subgroup of'F, denoting by F' : T / \T 1 M — > R the map induced 
by F, we have 

St' f' — St f ■ 

(iv) We have the upper and lower bounds 

St + inf F < St f < e>r + sup F . 

(v) We have St,f > —00. 

(vi) The map F 1— > St,f is convex, subadditive and 1-Lipschitz for the uniform norm on the 
vector space of real continuous maps on 7r~ 1 ('^'Ar) ; that is, if F* : T l M — > R is another 
Holder- continuous T -invariant map, inducing F* : T\T 1 M — > R ; if St, f, St, f* < +00, 
then 

I St,f* — St, f I < sup I F*(v) — F(v) \ , 
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and, for every t S [0, 1], 



^r, f+f* — $r, f + <^r, f* , 



<5r, < * St, f + (1 — t) St, f* ■ 

(vii) We have 

5r t F = limsup — log F . (17) 

n— >+oo 1- _ ,, . , 

7GI , a(a;, jy)<n 

We will prove in Subsection 4.2 that the upper limit in Equation (17) is in fact a limit. 

An interesting problem is to study whether or not the critical exponent St, F of (T, F) is 
equal to the upper bound of the critical exponents 5r ,F where To ranges over the convex- 
cocompact subgroups of T and Fo : To\T 1 M — > R is the map induced by F. Replacing 
subgroups by subsemigroups, we answer this positively in Subsection 4.4. 

Proof. The verifications of (i), (ii) and (iii) are elementary. For instance, Equation (16) 
follows from both parts of Equation (13) and the change of variable 7 1— > 7 -1 in the 
Poincare series. 

To prove Assertion (iv), note that if x is a point in the convex hull of the limit set 
^Ar, then, for every 7 G T, the geodesic segment between x and 7X is contained in ^KT. 
Hence 

d(x,~/x) ( inf F — s) < / (F — s) < d(x, jx) ( sup F — 
V^-i(^Ar) / J x V_i (<rAr) 

This proves Assertion (iv) for instance by taking the exponential, summing over 7 € T and 
using the first assertion of (i). 

To prove Assertion (v), let F' be a nonelementary convex-cocompact subgroup of T (for 
instance a Schottky subgroup of T). Denote by F' : r^T^M — > R the map induced by F. 
Since \F\ is P-invariant and bounded on compact subsets of M, by Assertion (iv), we have 
St',F' > —00. Assertion (v) then follows from Assertion (iii). 

To prove Assertion (vi), let c = sup^-i^yyp) \F — F*\ and x € ^AP We have 



/ 

J x 



■yx ^ rjx fyx ^ 

(F-(s + c))< / (F*-s)< / (F-(s-c)) 

Jx Jx 



and the first claim follows. To prove the two remaining claims of (vi), for all s > St.f an d 
s* > <5r, f* j we have 

Qv,F,x,y{s)Qv, F*,x,y{s*) > Qt, F+F*, x, y (s + S*) 

and, by the convexity of the exponential, 

Qr,tF+(i-t)F*,x, y (ts + (1 - t)s*) < tQr,F,x,y(s) + (1 - t)Qr,F*,x,y(s*) ■ 

Hence s + s* > 5r, f+f* and 6? tF+(i-t)F* < is + (1 — t)s* by the first assertion of (i). The 
result follows by letting s and s* converge respectively to St,f an d St f* • 
Finally, to prove Assertion (vii), for every s € R, let 

a n , s = Yl e^-)€[0,+oo[, 

76r, n— Kd(x,-yy)<n 
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a n ,s = Ylk=o a k,s, $s_= limsup n ^ +00 iloga„ jS and 5 S _= lim sup n _>. +0O \ log a n> s . Since 
a-a, s > ttn.si we have 5 S > 5 S = <5r,F — s. In particular 5q > <5r,F and if Sr,F = +00, then 
Assertion (vii) is true. 

Assume now that <5r,F < +00. Since Jp, F > —00 by Assertion (v), let us fix s < Sr,F, 
so that 5 S > 0. Let p s (respectively ~p s ) be the radius of convergence of the power series 

ttn,s z n (respectively ^ a„ iS z n ). Since these power series have nonnegative coefficients, 
we have 5 S = log — and 5 S = log =-. For every z G ]0, p s [ , the series ^ a n s z n converges, 

Ps Ps 

and z < 1 since p s = e~ Ss < 1. Hence, by Fubini's theorem for series with nonnegative 
coefficients, the series 

n +00 _. 



n£N neNfc=0 fceNn=fc 



converges. Since a n s > for every n E N, we have p s > z, hence ~p s > p s and <5 S < 5 S = 
<^r,F — s - Since <5 S > <5o — s > we therefore have 5q < 8 S + s < <5r,F- As we had proved that 
So > <^r,F) we have Sq = <5r,F> which gives Equation (17). □ 

Here are a few immediate consequences. The convergence or divergence of the Poincare 
series Qp p(s) is independent of the points x and y. The Poincare series Qr,Fot( s ) con- 
verges if and only if Qr f(s) does. The critical exponent St,f of (T,F) is positive if 
m.f T1 j^F > —5r- For instance, <5r,F > if F is a small pertubation of zero (more precisely 
if H-Flloo = sup Tl ^ \F\ < <5r), or if F > 0, since T is nonelementary and therefore <5r > 0). 
Recall that 5r < +00 since M has pinched curvature. Hence if F is bounded from above, 
then Sr,F < +00. 

When 6r f < +00, the additive convention for the Poincare series and the fact that its 
interesting behaviour occurs at s = St f suggest it is meaningful to consider the normalised 
potential F — 5r, f- By Equation (15), the critical exponent of the normalised potential is 0. 
Moreover, adding a large enough constant to F does not change the normalised potential 
and allows the critical exponent of (r, F) to be positive (this will be a standing assumption 
in most of the results of the chapters 9 and 10). 

The relationship between St, f and St, S F f° r s > seems unclear in general. 

Remark. Let F' : T 1 M — > M be another Holder-continuous T-invariant map, which is 
cohomologous to F via G. Let F' be the map induced on T X M = -y\T l M by F' . Note 
that for all x,y G M and 7 G T, by T-invariance of G, 



F — I F' 



I G{<l> d{xny) v) - G(v)\ < 2 sup JG(w)\, 

weT^MUT^M 

where v is a unit tangent vector such that ir(v) = x and ^(4 > d(x,-yy) v ) = IV- Hence F and 
F' have the same critical exponent: 

S-p p/ = St f ■ 

Furthermore, (r, F') is of divergence type if and only if (r, F) is of divergence type. 
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3.3 The Gibbs cocycle of (T, F) 

By the Holder-continuity of F and the properties of asymptotic geodesic rays in M, there 
exists a well-defined map C F : d^M x M x M — > R, called the Gibbs cocycle for the 
potential F, defined by 



^ C F ^(x,y) = lim F- F 



for 1 1— > t^t any geodesic ray ending at £. Do note the apparent order reversal of x and y in 
this formula, which allows us to have the required sign in front of the Busemann cocycle 
in Equation (20). We will compare our cocycle with the one introduced by Hamenstadt in 
[Ham2] at the end of Subsection 3.5. 

If x belongs to the geodesic ray from y to £, then 

C F ^(x,y) = f F . (18) 
Jy 

In particular, for every w E T 1 M, for all x and y on the image of the geodesic line defined 
by w, with W-,x,y,w + in this order, we have 

r x ~ rv ~ 

C Foi ,,w-(x,y) = Fol= F = C F , w+ (y,x) = -C F , w+ (x,y) ■ (19) 

J y J x 

Note that when F = — 1, the Gibbs cocycle equals the Busemann cocycle (defined at the 
end of Subsection 2.2) 

Pd x iV) = d{ x ^t) - d{y,it) 

with i i— )■ £i as above. Hence, for every s£R, 

C F - S ,z(x,y) = C F: z(x,y) + s /%(x,y) . (20) 

The Gibbs cocycle satisfies the following cocycle property: for all £ in dooM and x, y, z 
in M, 

Ci^O^) = CF,t(x,y) + C F ^(y,z) and C F ^(x, y) = - C F ^(y, x) , (21) 

and the following invariance property: for all 7 in T, £ in fl^M and x, y in M, 

c F,rt{lx^y) = C F) t(x,y) . (22) 

Remarks. (1) If F* : T l M — > K is a Holder-continuous T-invariant map, which is 
cohomologous to i 7 , then the cocycle C F *—C F is a coboundary. Indeed, and more precisely, 
for all x,y G M, for every £ G dooM, if i* 1 * is cohomologous to via the map G : T M — > M, 
if v z £ is the tangent vector at the origin of the geodesic ray from a point z £ M to £, then 

CF*,^{x,y) - Cp^(x,y) = G(v x {) - G{v yi ) . (23) 

In particular, C F * — C F is bounded on dooM X M x M if G is bounded. 

(2) Note that the Gibbs cocycle C F entirely determines the potential function F, since 
for every v E T M, we have 

F(v) = lim -Cp„ + (7r(w),7r(0tu)) . 
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(3) For every xq E M, the map (£,7) •->■ Cjp^(xq, JXq) from Ar x T to R determines, 
up to a cohomologous potential, the restriction of F to Or. 

Indeed, let yo be the closest point to xq on the translation axis of a hyperbolic element 
7 £ r. Let 7+ be the attractive fixed point of 7. By the equations (21), (22) and (18), we 
have 



f 

C Fi7 +(x ,7^o) = C F ^+{x ,y ) + C Fi7+ (yo, 72/o) + Cf, 7 +(72/o,7^o) = / 



72/0 _ 

yo 



Hence 

Per F (7) = C Fn +(x ,~/x ) , 
The result now follows from Remark 3.1. 

Lemma 3.4 For every ro > 0, there exist c±, 02,03,04 > with 02,04 < 1 (depending only 
on ro, the Holder constants of F and the bounds on the sectional curvature of M) such 
that the following assertions hold. 

(1) For all x,y <E M and £ E d^M , 

I C F ,i(x,y) I < Cl e d(x ' y) + d(x,y) max \F\ , 

7r- 1 (B(a;,d(a;,y))) 

and if furthermore d(x,y) < ro, then 

I C F ,t{x,y) I < cid(x,y) C2 + d(x,y) max |F| . 

7r 1 (S(aB,d(a!,y))) 

For every r G [0, ro], /or a// x, y' m M, /or every £ m £/ie shadow £? x B(y' ', r) of the 
ball B(y',r) seen from x, we have 



C F ,z(x,y')+ r F 

J X 



< 03 r C4 + 2r max \F\ . 

n-i(B(y>,r)) 



Proof. (1) This follows from Lemma 3.2 by letting z tend to £ along a geodesic ray. 

(2) Let t *— > £t be the geodesic ray starting from x and ending at £, and let p be the 
closest point on it to y' , which satisfies d(y' ,p) < r. Since 1 is Lipschitz for d' T1M (see the 
paragraph before Lemma 2.2) with constant depending only on the bounds of the sectional 
curvature, the assertion (2) follows from the second assertion of Lemma 3.2, using 

'ft ~ /•& ~ rv' ~ / r x ~ r x ~ \ / /•£< _ /•£< 



Remark. By Remark (1) at the end of Subsection 3.1, when x,y G ^AT and £ £ Ar, we 
may replace max^-i^ d (x, y ))) \ F \ h Y m aXn-i(B(x,d(x,y))nVAT) \F\ in Assertion (1) of the 
above lemma. 

Proposition 3.5 Assume that F is bounded. Then the map C F : dooM x M x M — > R 
is locally Holder- continuous. Furthermore, the maps £ 1— > C F ^(x,y) for all x,y E M and 
(x,y) 1— ?• C F ^(x,y) for every £ G d^M are Holder-continuous. 
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In particular, the Busemann cocycle (obtained by taking F = — 1) is locally Holder- 
continuous. 

If we assume only that F is bounded on 'if AT, then the same proof gives that the 
restriction of Cp to Ar xMxM->Kis locally Holder-continuous. 

Proof. Let x, y, x' , y' E M and £, £' G d^M. 

Let us first prove that there exist constants c > and a € ]0, 1[ (depending only on 
d(x,y), on the Holder constants of F, on the upper bound of \F\ and on the bounds on 
the sectional curvature of M) such that if cfc (£,£') < e~ d<yX,v ^~ 2 , then 

\C Ft e(x,y) - C Ft6 (x,y)\ <cd x (£,t') a . 







a 

V 














Let [p, q] be the shortest arc between [x,y] and ]£,£'[ , with p £ [x,2/]. Let m be the 
midpoint of \p,q] and s = d(p,m) = d(m,q) = ^d(p,q). Let a,b,c,d be the closest points 
to m on respectively [x,f[, [x,g[, [y,£[, 

Since g is the closest point to p on ]£,£'[, and by comparison, the distance from q 
to [p, £[ and to [p, £'[ is at most log(l + \/2). Hence by the triangle inequality and the 
definition of the visual distance (see Equation (1)), we have 



e~ 2s <dp(£,0 <e 



-2s+2 log(l+%/2) 



By the properties of the visual distances (see Equation (2)), we have 



0>S/) < e ~d(x,p) < 



< pd{x,p) < d(x,y) 



In particular, 



s > 



~logdp(f,0 > ^(-log4(e,0 -d(x,y)) > 1 • 



By comparison, since the angle at q between p and £ is ^, and since, if p 7^ x, the angle 
at p between q and x is at least ^ (and exactly 5 if p 7^ y), the distance from m to a is at 
most the distance I in the real hyperbolic plane Hj| between the midpoint m of a segment 
[p, q] of length 2s to a geodesic line between £, cc £ dooHlj^ where the angle at g between 
p and £ and the angle at p between g and x are exactly ^. By a well known formula in 



hyperbolic geometry (see for instance [Bea, page 157]), we have smh£ 



for all s > 1, we have sinhs > Hence 



1 

sinh s ' 



Note that 



d(a, m) < £ < sinh J 



sinh s 



Since the computations are unchanged by permuting x and y, as well as £ and we have 

d(x, y) . 1 

max{ <i(a, m), m), d(c, m), d(d, m)} < 4 e 2 £ ) 5 • 
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Hence by the triangle inequality, 



max{d(a,6), d(b,c), d(c,d), d(d,a)} < 8 e ! i V) d x (£,0^ < 8 e a" 



Now, using respectively 

• the cocycle property (21), 

• Equation (18), 

• the triangle inequality, 

• Lemma 3.2 and Lemma 3.4 with tq 



(24) 



d(x, y) 

e 2 . 



for some constants c\ > and 
C2 G ]0, 1[ (depending only on ro, the Holder constants of F, and the bounds on the 
sectional curvature of M) and k = sup^j \ F\, 

• Equation (24), 
we have 

\Cf^'(x,v) - C F ^(x,y)\ 
= \C F ^r(x,c) + C F ,£>(c,d) + C F ,£'(d,y) - C F ^(x,a) - C F ^(a,b) - C F ^{b,y)\ 



F + C F) ^(c,d) + F+ F-C F ^(a,b) 



F 



< 



F 



F 



+ \C Ft ?(c,d)\ + \C Ft t(a,b)\ + 



F 



F 



< ci d(a, c) C2 + k d(a, c) + c\ d(c, d) C2 + k d(c, d) 

+ ci d(a, b) C2 + k d(a, b) + c x d(b, d) C2 + k d(b, d) 

< 8 1+C2 max{c,K} d x (Z,g)* . 

This proves the claim made at the beginning of this proof, as well as the second claim 
in the statement of Proposition 3.5. 
Now, by Equation (21), we have 

\C F ^'(x',y') - C F>i (x,y)\ < \C F) ^(x,y) - C F ^{x,y)\ + \C F ^>(x,x')\ + \C F ^i(y,y')\ . 
Using the initial claim and again Lemma 3.4 (1), the result follows. □ 

3.4 The potential gap of (r, F) 

For all x 6 M and (£, rj) G d^M, define the F-gap seen from x between £ and rj by 



Df,x^v) = exp- lim 

Z \ t— >+oo 



m 



F 



F + 



6 



F 



6 



where i i— )■ £t, 1 1-> rjt are any geodesic rays ending at £ and 77 respectively (see the left hand 
picture below). By the Holder-continuity of F and the properties of asymptotic geodesic 
rays in M, the limit does exist and is independent of the choices. We denote by 

D F : M x dljvl ^ R 

the map defined by (x,^,rj) 1— > Dp x (£,r]), that we will call the gap map of the potential 
F. We will compare our map Dp with the analogous one introduced by Hamenstadt in 
[Ham2] at the end of Subsection 3.5. When F is the constant function with value —1, then 
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The gap map Dp satisfies the following elementary properties. 
Lemma 3.6 (1) For any point u on the geodesic line between £ and r/, we have 

D F ,x(Z,v) = e -^ CF ^ {x ' u)+CF ^^ x ' u)) . (25) 

For every 7 G Y , 

DF^xil&JV) = D F,x(£,v) and D F , x (r],£) = D FoL:X (^,rj) . (26) 

(2) If F is bounded, the gap map Dp : M x d^M — > R is locally Holder- continuous. 

Proof. (1) This is immediate, using Equation (13) and the naturality under isometries of 
the construction. 

(2) Let us first prove that there exists c > such that for all (£, rf), (£', 7/) G d^M and 
for every point u on the geodesic line (£77) between £ and 77, if d u (^,^'),d u (r],r]') < e -2 , 
then there exists v! on the geodesic line (£'?/) such that 



d(u,u) < c max{4(^,('),(f u (r|,r|')} . 




Define 

s = min{-log ( i u (^^),-log(i u (r ? ,7 ? / )}-log(l + v / 2) > 1 . 

Let p be the closest point to £' on the geodesic ray [u, £[, which by comparison is at 
distance at most log(l + \/2) from the geodesic line (££'). By the triangle inequality and 
the definition of the visual distance (see Equation (1)), we have d(u,p) > — log d u (£, £') — 
log(l + y/2). Similarly, the closest point q to rf on [u, rj[ satisfies d(u, q) > — log d u (rj, rf) — 
log(l + y/2). By convexity, the point u_ at distance s from u on [u, £[ and the point u + 
at distance s from u on [ii,r/[ are the orthogonal projections of points on the extended 
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geodesic line [£',7/]. By comparison (as in the proof of Proposition 3.5 using the formulae 
of [Bca, page 157]), the point u is at distance at most 4e~ s from the geodesic line (£'77'). 
The initial claim follows. 

Now, for all x,x' £ M and (£,77), (£',77') £ d^M, fix it on the geodesic line (£77), and 
let u' be the point defined above. By Equation (25), we have 

\D FtX (£,rj) -D FtX >(£',r/)\ = | e ~ I _ e -|(CF,v(« / ,« / )-H?Fo t ,e'(*.« / ))| . 

Assertion (2) of Lemma 3.6 then follows from Proposition 3.5. □ 

Remarks. (1) Let F' : T l M — > R be a Holder-continuous T-invariant map, which is 
cohomologous to F via the map G : T l M -> R. Then for every a; £ M, for all £, 17 £ d^M, 
it follows from the equations (25) and (23), and from the fact that the potentials F' o 1 
and F o 1 are cohomologous via the map —Got, that 

D F , tX (ti,r,) = D Fx (£, v ) e 3( e («-e)- e °^)) . (27) 

In particular, if F and Fot are cohomologous, then by Equation (26), the ratio 

is uniformly bounded in (77, £), and also in (x, 77, £) if the function G such that F and Fot 
are cohomologous via G is bounded. 

(2) By Equation (25), by the cocycle property of C F and by Lemma 3.4 (1), for all x, y 
in M, there exists a constant c x<y > such that, for all £,77 £ dooM, we have 

J_ ^ ^,.(£,77) < ^ 

Cx,y Df, j, (£,»?) X,1/ 

(3) By the thin triangles property of CAT( — 1) spaces, if p is the closest point to x on 
the geodesic line between £ and 77 and r = log(l + y/2), we have 77, £ £ €? x B(p, r). Hence by 
Lemma 3.4 (2), if F is bounded, there exists a constant C5 > 1 (depending only on ||-F||oo 
and on the Holder constants of F) such that, for all x £ M and £, 77 £ d^M, we have 

1 £>f,x(£,t?) , , oe x 

^ - SoPwfK) £ C5 ' (28) 

These inequalities are still satisfied, when 77 is only assumed to be bounded on 7r~ 1 ( < rfAT), 
if x £ <TAr and £, 77 £ AI\ 

(4) Let us prove in this remark that, under some assumptions on the potential, a minor 
modification of the gap map D F yields a distance on Ar (see also [Schl, Section 2.6]). 

Lemma 3.7 Let x £ 'tfAF. Assume that F is bounded on 7r~ 1 ( < ^ : 'Ar), and that either F is 
reversible or there exists a constant c > such that, for all y,z £ ffAT such that y £ [x, z], 
we have 

F <c+ F . (29) 



Then for every e > small enough, there exist a distance d FyX)<i on AT and c e > such 
that for all £, 77 £ Ar, we have 

- D Fx (C,vT < d F ,x, e (M < c t D F)X (£,T}) e . (30) 
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We will give, in the proof of Proposition 3.12, conditions on (T,F) implying that the 
hypothesis (29) is satisfied when F is a normalised potential. Note that the hypothesis 
(29) does hold when F < (for any T), as for instance when F = F su (see Chapter 7). 

Proof. By the techniques of approximation by trees in CAT(— l)-spaces (see for instance 
GdlH, §2.2]), there exists a universal constant d > such that for all x £ M and £i, £21 £3 £ 
OoqM such that £1 7^ £2, if P is the closest point to x on the geodesic line between £1 and 
£2, then at least one of the two following cases holds: 



the geodesic line between £3 and one of £1,^2 is at most 
j 



• or the distance between the closest point q to £3 on the 
segment [x,p] and the closest point to x on the geodesic 
line between £3 and £1 is at most d . 







X , 


p £2 

1 



fa 



6 



Note that p, as well as q in the second case, is contained in ffAT if £i,£2> £3 £ AT. 
Note that in the second case, if i* 1 and F o t are cohomologous via G, with v„ „ a unit 



tangent vector at p to the geodesic segment \p,q] (unique if p 7^ q, with Vq tP 
p = q), we have, for every 7 € T, and by the T-invariance of G, 



J p,q 



if 



7.1: 



7.1: 



7 :c 



(F-Fol) = \G(-v^ XjX ) - G(v xnx )\ < 2 max_ 



G| . (31) 



Note that Formula (28) is also valid, up to enlarging C5, if p is replaced by any point p' at 
distance less than d from p. Indeed, with F' = F or F' = Foi, by Lemma 3.2, the quantity 
I F' — F'\ is bounded by a constant depending only on d and k = sup^^^T) I ^ I- 
Furthermore, k is finite since | F \ is bounded on ^Ar) and has at most linear growth by 
the remark at the end of Subsection 2.1. 

Hence, by Equation (28), considering the two above cases (the first one being easier) 
and using in the second case either Formula (31) or Formula (29), we see that there exists 
a constant cq such that for all £1,^2, £3 £ Ar, 



The constant cq depends on sup„ 



eTr-^SfAT) 



on max 



\F(v)\, on the Holder constants of F and either 
G I if F and Fol are assumed to be cohomologous via G or on the constant 
c appearing in Equation (29). Note that, also by Formula (28), 

£>F, <C 5 2 D F , x (C2,Cl) ■ 

These weak ultrametric triangle inequality and weak symmetry imply (see for instance 
GdlH, §7.3]) that there exists C7 G ]0, 1] (depending only on c^,cq) such that for every 
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e G ]0, C7], there exist a distance dp x e on Ar and a constant c e > (depending only on 
e ; c 5 5 c &) such that for all £, 7/ G Ar, we have 

- 77) e < d F ^,ri) < c e D FtX ^, v y . 

This proves Lemma 3.7. □ 

By the above Remark (2), for all x,y G ^Ar, the distances d F)X ^ e and d F) y^ t are 
equivalent. Note that if i 7 is constant, equal to —1, then we may take cj = 1 and d FtXt€ = 
d x e , where d x is the visual distance on dooM (see for instance [Bou]). 

Note that if in the assumptions of Lemma 3.7, we replace "^Ar by M, then we get a 
distance dp tX ,e on the full boundary dooM instead of just Ar, that satisfies Equation (30). 

3.5 The crossratio of (r, F) 

Let d^M be the space of pairwise distinct quadruples of points in dooM. The crossratio 
of the potential F is the map from d^M to R defined by 

[a,6,c,d] F = exp - lim / F — F+ F- F 
2 t^+oo v 7 at j bt j bt j at 

where t 1— > at,t 1— > 1— >• Q,t 1— > (it are geodesic rays converging to a,b,c,d respectively 
(see the figure above Lemma 3.6 on the right hand side). The limit does exist and is 
independent of the choices of these geodesic rays, again by the Holder-continuity of F and 
the properties of asymptotic geodesic rays in M. An easy cancellation argument shows 
that, for every x G M, 

r a a\ DF,x(a,c)D F , x (b, d) 

[a, b, c, d F = — j—r . (32) 

D FtX (a,d)D F:X (b, c) 

In particular, the right hand side of this equation does not depend on x. We summarise 
the elementary properties of the crossratio of F in the next statement. 

Lemma 3.8 (i) The crossratio of F is a positive map from d^M to M such that, for every 
(a,b,c,d)Ed$ M, 

(1) (r-invariance) for every 7 G T, we have [70,76,70,76?]^ = [a,b, c, d] F ; 

(2) [a,b, c, d] F = [b, a, d, c] F ; 

(3) [a,b,c,d] F = [a,b,d, c] F ~ l ; 

(4) [a, 6, c, d] FoL = [c, d, a, b] F ; ^ 

(5) [a,b,c,d] F = [a, b,c,£\ F [a,b,£,d] F for every £ G d^M - {a,b,c,d}. 

(ii) If the potential F is bounded, then its crossratio is locally Holder- continuous. 

(Hi) If F' : T 1 M — > M is a Holder- continuous T-invariant map, cohomologous to F, then 
their associated crossratios coincide: 

[a, b, c, d] F = [a, b, c, d] F i . 

(iv) For every hyperbolic element 7 in V , with attractive and repulsive fixed points 7_ and 
7 + respectively on dooM, we have 

lim ilog[7_,7 n £,£,7+] F = i(Per F 7 + Per F (7 -1 )) , 

uniformly for £ in a compact subset of dooM — {7-, 7+}- 
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Assertion (5) is a multiplicative cocycle property in the last two variables of the cross- 
ratio of F. Using (4) and (5), it follows that the crossratio of F is also a multiplicative 
cocycle in the first two variables, that is 

[a, b, c, d] F = [a, f , c, d] F [£, b, c, d) F 

for every £ G dooM — {a, 6, c, d}. 

Proof. The assertions (2), (3) and (4) follow easily from the definition of the crossratio 
of F. The equations (32) and (26) imply the assertions (1) and (5). Assertion (ii) follows 
from Equation (32) and Lemma 3.6 (2). The equations (32) and (27) imply Assertion (iii). 




^7+ 



p + 7 p 



To prove the last assertion, define p to be the closest point to £ on the translation axis 
Axe^ of 7. Note that ^y n p is then the closest point to 7™£ on Axe-y. By hyperbolicity, the 
four geodesic lines along which one integrates F to define the crossratio are at bounded 
distance from the union of Axe^ and of the geodesic rays ]£,p] and ]7 n £, 7 n p]- Furthermore, 
the segment between p and ^ n p stays very close to the geodesic line between £ and 7 n £ 
except for a segment of bounded length near each of its endpoints. By definition of the 
periods, 

n n p _ f p ~ n~ n v ~ 

I F = nPeiF7 and / F= I F = nPer^(7 _1 ) 

After dividing by n, the other contributions vanishes as n goes to +00, by Lemma 3.4 (1) 
and since F is bounded on the log(l + \/2)-iieighbourhood of Axe^. The result follows. □ 

Remarks. (1) Let us compare our maps C F ,£, Dp^ x , [■,-,•, -]f with those introduced in 
Hamenstadt's paper [Ham2] (which assumes that T is torsion free, M = T\M is compact 
and F and F o 1 are cohomologous, requirements we do not assume in this paper). Let 
C : T X M x R -)■ K be the map defined by 

CM) = I F(<j) s v)ds . 
J 

This map is locally Holder-continuous, invariant under V (acting trivially on R) and satisfies 
C(v,s + t) = ((v,s) + (((f) s (v),t). Then Hamenstadt's map : MxMxd^M -)■ R defined 
in Lemma 1.1 in loc. cit. has the opposite sign to our Gibbs cocycle: for all x,y € M and 
£ E dooM, we have 

k{(x,y,Q = -C Fj £(x,y) . (33) 

Let 

DTM = {(v,w) G T l M x T l M : tt(v) = ir(w) and v / w} . 

Hamenstadt constructs (just above Lemma 1.2 in loc. cit.) a locally Holder-continuous 
T-invariant map : DTM — > R, and it may be proved using the equations (25) and (33) 
that when (v,w) G DTM (see the middle picture above Lemma 3.6), 

a{(v,w) -logD Fj i r (v)(v+,w+) 
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is uniformly bounded (and even equal to if F o i = F). 

(2) Assume in this remark that F and F o l are cohomologous. It follows from the 
assertions (4), (iii) and (iv) of the above Lemma 3.8 and from the last equality in Equation 
(14) that the crossratio of F then satisfies the extra symmetry 

[a, b, c, d\p = [c, d, a, b]p for every (a, b, c, d) G d^M , 

and that 

lim - log py_ , 7 n £, £, -y + ] F = Per F 7 . 

n->+oo n 

In particular, the crossratio of F then determines the periods of F. By Remark 3.1, the 
crossratio of the potential function F determines the cohomology class of the restriction of 
F to the (topological) nonwandering set £IT. When T is torsion-free and cocompact, this 
reproves one inclusion in [Ham2, Theo. A]. 

3.6 The Patterson densities of (F, F) 

Let a G R. A Patterson density of dimension a for (r, F) is a family of finite nonzero 
(positive Borel) measures {^x) x ^j on dooM in the same measure class, such that, for 
every 7 G T, for all x, y G M, for every £ G d^M, we have 

7*Mz = ^72 , (34) 

^£(£) = e -^- CT , 5 (^) . (35) 

Note that a Patterson density of dimension a for (r, i* 1 ) is also a Patterson density of 
dimension a + s for (r, F + s), for every s G R. If i 7 = 0, then we get the usual notion of 
a Patterson density for the group T, see for instance [Patt, Sull, Nic, Bou, Robl]. 

Proposition 3.5 implies that the map x 1— >■ fj, x from M to the space of finite measures 
on dooM, endowed with the weak star topology, is continuous. 

The support of the measure [i x is independent of x G M by Equation (35). It is a 
closed nonempty T-invariant subset of d^M by Equation (34). Hence it contains the limit 
set Ar of r. We will be mostly interested in the case when the support of fi x is equal to 
Ar, as this is the case when a = 6r f < +°o and (r, F) is of divergence type, by Corollary 
5.12. We will prove in Corollary 5.13 that there exists a Patterson density of dimension a 
for (T,F) whose support contains strictly Ar if and only if Ar 7^ dooM and the Poincare 
series X^er <yF ~ a ^ converges. The basic existence result is the following one. 

Proposition 3.9 (Patterson) If 5y,f < °°; then there exists at least one Patterson den- 
sity of dimension 6r,F for (T,F), with support exactly equal to AT. 

Proof. This is proved in [Moh] (see also [Ham2]), following Patterson's construction. 
Since we will need the construction, we recall it here. 

Fix a point y in M. For every z G M, let S) z be the unit Dirac mass at z. Let 
h : [0, +oo[ — > ]0, +oo[ be a nondecreasing map such that 

• for every e > 0, there exists r e > such that hit + r) < e et h(r) for all t > and 
r > r e ; 
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• if Q x ^ y (s) = J2-yer e^ V ^ F ~ s ^ h(d(x,jy)), then Q x ^ y (s) diverges if and only if 
If (r, F) is of divergence type, we may take h = 1 constant. Define the measure 

on M. It is proved in [Moh] that such a map h exists, and that there exists a sequence 
(sfc)fcgN hi ]^r,F;+co[ converging to <5r,F such that for every x G M, the sequence of 
measures (/is, s fe )fceN weak star converges to a measure \i x on the compact space MUdooM , 
such that {^x) x< z.m is a Patterson density of dimension <5r,F f° r (r, F). Since Qy,y{&T,F) — 

+00 and since the support of [i XtS in M U dooM is equal to Ty U Ar, the support of jjl x is 
contained in Ar, hence equal to AI\ □ 

We will often denote by (^F,x) xe j^ a density as in Proposition 3.9. We will prove in 
Subsection 5.3 that if (r, F) is of divergence type, then (hf,x) x£ ]^ is unique up to a scalar 
multiple. Note that the definition of this density involves only the normalised potential 
F — Sr t F- Hence the assumption that St,f is positive is harmless, by Equation (15), and 
we will often make it in Chapter 9 and Chapter 10. 

The main basic tool concerning Patterson densities is the following lemma, proved in 
[Moh] (see also [Cou2, Lem. 4] with the multiplicative rather than additive convention) 
along the lines of Sullivan's shadow lemma (see [Robl, p. 10]), will be very useful. We will 
prove a more general result in Proposition 11.1 in Subsection 11.1, hence we only refer to 
[Moh] for a proof of the following result. 

Lemma 3.10 (Mohsen's shadow lemma) Let a G R, let {^x) x& j^ be a Patterson den- 
sity of dimension a for (T,F), and let K be a compact subset of M. If R is large enough, 
there exists C > such that for all 7 G T and x,y G K, 

± < M^(jy,R)) < C eCt^) . 



The following corollary of Mohsen's shadow lemma shows the inexistence of a Patterson 
density of dimension less than the critical exponent of (T,F). Its proof is similar to the 
one given by Sullivan [Sull] in the case F = and constant curvature (see also [Rob2, page 
147]). 

Corollary 3.11 Let a G R and (l J 'x) x£ M be a Patterson density of dimension a for (r, F). 

(1) For all x, y G M, there exists c > such that for every n G N, we have 

]r e r (^) < c . 

7ST : n— l<d(x,'yy)<n 

(2) We have a >5 r ,F- 

We will describe in Proposition 5.11 the exact set of elements a G R for which there 
exists a Patterson density of dimension a for (r, F) with support equal to Ar. 
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Proof. Let x,y G M. Let R and C be as in Mohsen's shadow lemma 3.10 for (l J 'x) x£ ^j : 
and K = {x, y}. Let n = Card{7 G Y : d(y,~fy) < 1 + 3i?}, which is finite by discreteness. 
For every n G N, let T n = {7 G T : n — 1 < d(x,"fy) < n}. 

If 7 G r ra and £ G ff x B(jy, R), if p 7 is the closest point to jy on the geodesic ray from 
x to £, then n — R < d(x,p 7 ) < n + 1 by the triangle inequality. Hence, for all 7,7' G T n , 
if £ G 6 x B(^y, R) n & x B{^'y, R), then, again by the triangle inequality, 

d{l'yr(y) < d(j'y,p 7 >) + \d(x,py) - d(x,p 7 )\ + d(p 7 ,7y) < 1 + 3.R . 

Thus, for every n G N, a point £ G d^M belongs to at most k subsets ff x B{^y,R) as 7 
ranges over T n . Therefore 

£ 



fi x {0 x B(jy,R)) <k/^( (J ff x B(jy,R)j . 

7Gr n 



Now, by the lower bound in Lemma 3.10, and since /x^ is a finite measure, 



■yeT n 



7£r„ 



7er„ 



< C/t \\fJ, x \\ e 



a{n+l) 



(36) 



The first assertion follows. By taking the logarithm, dividing by n and taking the upper 
limit as n goes to +00, the second assertion then follows, by the definition of the critical 
exponent of (T,F). □ 

Here is another consequence of Mohsen's shadow lemma 3.10, concerning the closeness 
of the gap map defined in Subsection 3.4 to an actual distance. 

Proposition 3.12 Assume that 5 = <5p, f < +00. Let x G Either if F is reversible 

and F is bounded on 7T _1 ('^ , Ar), or if F is convex- cocompact, then for every e > small 
enough, there exist a distance d F _s,x,e on AT and c e > such that for all £, 77 G Ar, we 
have 

— D F -8,x(€,Vy < d F -S,x,e(£,v) < °e D F s,x{LvY ■ 
Furthermore, i/sup Tl jy F < a, then d F ^s,x,e induces the original topology on AT. 

Proof. The case F is reversible and F is bounded on 7r _1 (^ 7 Ar) follows from Lemma 3.7. 
Assume that T is convex-cocompact. Then F is bounded on 7r _1 ( < ^ 7 Ar), say by k > 0. 
Let k' be the diameter of r\^Ar. For all x,y,z G ^Ar such that y G [x,z], let a, (3 G T 
be such that d(y,ax),d(z, fix) < k'. Then by Lemma 3.2 with ro = k' , there exists c > 
(depending only on k, k' , the Holder constants of F and the bounds on the sectional 
curvature) such that, with F' = F — 5, 



F' 



< 



< 



F'+ I F' 

fix 

F'+ I F' + 



F' 



F' 



+ 



F' 



ri.r 



F' 



F' + 



Or 



F' + c <_ 



F' + sup 

76r Jx 



JX 



F' + c. 
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The existence of a Patterson density of dimension a = d^ p < +00, its finiteness, and the 
lower bound in Mohsen's shadow lemma imply that for all x, y £ M, 

nv ~ 

sup / (F — S) < +00 . 

7er Jx 

This proves that Equation (29) holds for the normalised potential F — 5. Hence, the first 
claim of Proposition 3.12 follows by Lemma 3.7. 

Let us now prove the final claim of Proposition 3.12. The function F — 5 is bounded 
from below and from above by a negative constant. Hence by Equation (28), there exist 
c, d > such that d x < D F _s,x < d x c ' on Ar x Ar. on ^(^Ar). The claim that the 
distance d F s,x,e on AT induces its topology therefore follows from the fact that the visual 
distance d x induces the topology on dooM. □ 

Remark. Let F* : T 1 M — > M. be a Holder-continuous T-invariant map, which is coho- 
mologous to F via the map G : T M — > K. Let a € R and let (f I x) xe j^ be a Patterson 
density of dimension a for (r, F). Then the family of measures (aO^m defined by setting, 
for all x £ M and ^ G c^M, 

where v x ^ is the tangent vector at x of the geodesic ray from x to £, is also a Patterson 
density of dimension a for (r, F*). Indeed, the invariance property (34) for (/J- x ) x£ m follows 
from the one for (A i a;) 3 , g ^ an d the invariance of G. And the absolutely continuous property 
(35) for (/J- x ) x£ m follows from the one for {^x) x& jj and Equation (23). 

3.7 The Gibbs states of (T,F) 

Let a £ M, let {n x ) x& ^ be a Patterson density of dimension a for (T, Fol), and let {^x) x& j^ 
be a Patterson density of the same dimension a for (r, F). Using the Hopf parametrisation 
with respect to any base point xq of M, we define the Gibbs measure on T 1 M associated 
with the pair of Patterson densities {{n x ) x& ^i (A t x) a , 6 jj) (of dimension a) as the measure 
m onT l M given by 

dm{v) 



dfi L X0 (v-) dn xo (v+) dt 



Using Equation (25), the following expression of this measure, again in the Hopf parametri- 
sation v I— > (v-,v+,t) with respect to the base point xq, will be useful 

dm{v) = e c '°>-*,v-( x °Mv))-&r-*,» + (*oMv)) dn X0 (v-)dfi X0 (v + )dt . (37) 

The measure rh on T l M is independent of xq by the equations (37), (35) and (21), 
hence is invariant under the action of T by the equations (34) and (26). It is invariant under 
the geodesic flow. Hence (see Subsection 2.6) it defines a measure m on T 1 M = r\T x M 
which is invariant under the quotient geodesic flow. We call m the Gibbs measure on T^M 
associated with the pair of Patterson densities {{^ x ) x &M^^ x \&hi)- ^ e wm J us *lfy ^ ne 
terminology in Subsection 3.8. 
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The (Borel positive) measure 



^F-^x^W 

on c^qM, which is locally finite and invariant under the diagonal action of F on d^M, is 
a geodesic current for the action of T on the Gromov-hyperbolic proper metric space M in 
the sense of Ruelle-Sullivan-Bonahon (see for instance [Bon] and references therein). 

When 5r t F < oo, we will denote by mp, and call the Gibbs measure on T M with 
potential F, the Gibbs measure on T M associated with any given pair of densities 
((HFol,x) xG m, (Mf.iI^m) (which have the same dimension 5r,F by Equation (16)). Its 
induced measure on T M will be denoted by mp and called the Gibbs measure on T M 
with potential F. By the uniqueness statement in Subsection 5.3, if (r, F) is of divergence 
type (and for instance if tuf is finite), then ffiF and m_p are uniquely defined, up to a 
scalar multiple. 

Since the supports of the Patterson densities {^Fol,x) x ^ and {^F,x) x ^j are equal to 
Ar, the support of mp is the set QT of tangent vectors to the geodesic lines in M whose 
endpoints both lie in Ar. Using the Hopf parametrisation, this support corresponds to 
((d^M) n (Ar x Ar)) x R. Hence the support of tuf is the (topological) nonwandering 
set J7r of the geodesic flow in T 1 M. 

Since only the normalised potential F — <5r,F is involved in the definition of and 
rap, the assumption that <5p f is positive is harmless, by Equation (15). We will often 
make this assumption in Chapter 9 and Chapter 10. 

Remark (1) Since drh(v) = -^7- — ^ v\' 2 ^ v Equation (26), the measure t*m 
is the Gibbs measure on T 1 M associated with the switched pair of Patterson densities 
((fe),.6M' (^) i€ m) for r ) and ( F ° L > r ) respectively (and similarly on T X M). 

Remark (2) Another parametrisation of T^M (used for instance in Subsection 3.9) also 
depending on the choice of a base point xq in M, is the map from T M to d^M x R 
sending v to (v-,v + , s) where V- and v + are as above and s = f3 v _ (tt(v),xq) (we may also 
use the different time parameter s = /3 v+ (xq,tt(v))). 

For every (jj, £) in d^M, let /^X^ s 

be the closest point to xq on the r'"""""""' # » o 

geodesic line between 77 and £. w ~ Pv-,v+j""--j-'" ^+ 

For every t> € T M, with the original the Hopf parametrisation, since 

s-t = P v _(ir(v),x ) - f3 v _ (ir(v),p v _ tV+ ) = /3 v _(p v _ 7V+ ,x ) 

depends only on v- and v + , the measures dfj, L x (v-) d/j, XQ (v+) dt and d/j, x (v-) d/j, XQ (v+) ds 
are equal. We hence may (and will in the proof of Proposition 3.17) use the second one to 
define the Gibbs measure associated with the above pair of densities. 

Remark (3) It is sometimes useful (see for instance the proof of Theorem 10.4) to 
consider the following more general construction. Let xq,x' q G M and o~ L ,o~ £ R with 
possibly a L ^ a. Let (fJ>x) x eM ^ e a Patterson density of dimension a L for (T,F o l), and let 
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(l-t'xlx&M ^ e a Peterson density of dimension a for (r, F). Using the Hopf parametrisation 
with respect to xo (the original one or the one defined in the previous Remark (2)), we 
define the Gibbs measure associated with the pair of densities ((n x ) x& ^j, (/ i x) I . g jf) as the 
measure fh on T l M given by 

dm{v) = e G *°^,*-&oMv))+Cr-„, v+ (x ,*(v)) dfi L x , o {v.) dfi xo (v + ) dt . (39) 

It is again independent of xq,x' by the equations (35) and (21), hence is invariant under 
the action of T by the equations (34) and (22), and defines a measure m on T M, by 
Subsection 2.6. But it is no longer invariant under the geodesic flow, as it now satisfies, 
for all t 6 R and v G T l M, 

d{4> t )*m{v) = e c F o^, v _(Av),^-tv))+c F ^ v+ (n(v),^. t v)) _ 
When F is constant, this simplifies as 

d((j) t )*m{v) = e (CT '- a)i dm(v) . 

When F = 0, these measures have been considered for instance by Burger [Bur] and 
Knieper [Kni] in particular cases, and by Roblin [Robl, page 12] in general, and are 
sometimes called Burger-Roblin measures, see [OhS, Kim]. When F is nonconstant, see for 
instance [Schl]. 

Remark (4) The Gibbs measure mp is invariant if we replace F by a cohomologous po- 
tential. Indeed, let F* : T l M -flbea Holder-continuous T-invariant map cohomologous 
to F via the map G : T 1 M — > R. We have <5p p* = Sr f by the remark at the end of 
Subsection 3.2. Choose the Patterson densities of the remark at the end of Subsection 3.6 
to construct fhp* (such a choice is not important when (T,F) is of divergence type, see 
Subsection 5.3). By Equation (37), by the remark at the end of Subsection 3.6 and by 
Equation (23), we then have 

fhp* = fhp . 

3.8 The Gibbs property of Gibbs states 

Let us indicate why our terminology of Gibbs measures (introduced in Subsection 3.7) 
is appropriate, by explicitly making an analogy with the symbolic dynamics case and by 
proving they satisfy the Gibbs property on the dynamical balls of the geodesic flow (see 
Remark (3) in the beginning of Chapter 10 for other explanations). 

Gibbs measures were first introduced in statistical mechanics, and are naturally asso- 
ciated, via the thermodynamic formalism (see for instance [Rue3, Kel, Zin]), to symbolic 
dynamics. Let us recall the definitions of the pressure of a potential in a general dynamical 
system, and its equilibrium states, adapting them to the noncompact case, as in [Sari ] for 
the countable Markov shift case. 

If <j>' = (<j)' t )t£Z or = (</4)teR is a discrete-time or continuous-time one-parameter 
group of homeomorphisms of a metric space X' and if F' : X' — > R is a continuous map, 
define the pressure P(F') of the potential F' as the upper bound of h m > ((/)') + f T i M F' dm', 
on all (//-invariant probability measures m! on X' such that the negative part max{0, —F'} 
of F' is m'-integrable, where h m i((j)') = h m '(<j)'i) is the (metric) entropy of the one-parameter 
group of homeomorphisms <j)' with respect to ml '. Define an equilibrium state of F' as any 
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such m' realising this upper bound. When (j)' = (p is the geodesic flow on X' = T l M, we 
will come back to these definitions in Chapter 6. 

Let us now recall what is a Gibbs measure in symbolic dynamics. Let A be a countable 
set, called an alphabet (see [Sari, Sar3, Sar2] for the infinite case), endowed with the discrete 
distance d(a, a') = 1 if a 7^ a' , and d(a, a') = otherwise. Let £ be the product topological 
space which is compact if A is finite. Let us endow it with the distance (inducing its 
topology) 

Let a : T, — > X be the (full) shift map, which is the homeomorphism of £ defined by 
(%i)iez l— )■ {Ui)i&z where y^ = Xi + \ for every i 6 Z. Note that if ir' : £ — > A is the map 
{xi)i^i h-> xo, then for all x,x' G £, we have 

d(x,x') = d{'K\a i x)y{a i x')) eT^ 

(compare with Equation (5)). For all n, n' £ N and a_ n /, . . . , a n in A, let 

[a_ n /, . ..,a n ] = {(xi)i £ z : Xi = a { for - n' < i < n} , 

which is called a cylinder in S. Recall that given (xj)j 6 z £ S, the set of cylinders 
{[x_ n /, . . . , x n ] : n,n' G N} is a (natural) neighbourhood basis of (xj)jgz (even if we 
take n' = n). Finally, let F : T, — > M. be a Holder-continuous map. For instance when 
A = {— 1,+1}, the energy map F : E — > R defined by (xj)iez ^ ^0(^1 + X-\) describes 
the one-dimensional Ising model (see for instance [Kel, page 96]). 

The Gibbs measures are then shift-invariant measures, whose mass of a cylinder is a 
weight defined by integrating the normalised potential along the corresponding piece of 
orbit. More precisely (compare for instance with [Kel, page 100]), a Gibbs measure of 
potential F is a cr-invariant measure m! on £ such that there exists c'(F) G R such that, 
for every finite subset A 1 of A, there exists c > 1 such that for all (xj)j 6 z £ £ and n, n' € N 
with x_ n r,x n £ A', we have 

I < m'([x- n ,,...,x n ]) 

C " e J27=-n' F{aix)-{n+n'+l)d{F) - ° " ^ 

In this symbolic framework, when the alphabet ^4 is finite, with (j)' = (o~' l )i£z, X' = £ 
and F' = F, it is well-known (see for instance [Bow4, Rue3, Kel, Zin] as well as [HaR]) 
that a probability Gibbs measure of F exists (with constant c'(F) equal to the pressure 
of F), is unique, and is the unique equilibrium state of F (see [Sari, Sar3, Sar2] for what 
remains true in the countable alphabet case). 

The analogy between the geodesic flow <p = ((pt)tes. an d the full shift (u J )j g z proceeds 
as follows. For all v G T l M and r > 0, T, T' G R, define 

B(v;T,T' ,r) = {w G T X M : sup d(ir(^) t v), %((f>tw)) < r} , 

te[-T',T\ 

called a dynamical (or Bowen) ball around v. They satisfy the following invariance prop- 
erties: for all s G R and 7 G T, 

s B(v;T,T',r) = B{(j) s v;T - s,T' + s,r) and jB(v;T,T' ,r) = B(jv;T,T' ,r) . 



43 



Note the following inclusion properties of the dynamical balls: if r < s, T > S, T' > S' , 
then B(v;T,T' , r) is contained in B(v;S,S',s). 

Lemma 3.13 (1 ) For all r' >r > 0, there exists T r y > such that for all T, V G R, the 
dynamical ball B(v; T + T r r >,T' + T r r ',r') is contained in B(v; T, T' , r). 

(2) If B(v;T,T' ,r) meets B(u; S, S' ,r) and T > S, T' > S' , then v belongs to the 
dynamical ball B{u; S, S', 2r). 

Proof. (1) This follows by the properties of long geodesic segments with endpoints at 
bounded distance in a CAT(— 1) space (see for instance [BrH]). 

(2) Let z G B(v;T,T' , r) n B(u;S,S',r). By the triangle inequality and since T > S, 
T' > S' , we have 

max d(ir(d>tv),iT((f)tu)) < max d(ir((j)tv), ir(d)tz)) + max d(ir((j)tz), n((b+u\) < 2r . 
te[-s\s] te[-T',T] te[-S',s] 

Hence v G B(u; S,S', 2r). □ 

It is easy to see that for every fixed r > 0, the set {B(v;T,T f ,r) : T,T' > 0} is a 
(natural) neighbourhood basis of v G T l M (even if we take T' = T), analogous to the 
set of cylindrical neighbourhoods of a sequence in S. We will see in Lemma 3.16 below 
that these (small) neighbourhoods of v are defined by (small) neighbourhoods of the two 
points at infinity v_,v + of the geodesic line defined by v, that were mentioned in the 
introduction. For every v G T 1 M, define B(v;T,T' ,r') as the image by the canonical 
projection T X M ->■ T l M = r\T 1 M of B(v; T, T' , r'), for any preimage v of v in T X M. 

Adapting the definition of [KaH] to the noncompact case, we want to consider the mea- 
sures on T 1 M invariant under the geodesic flow, whose masses of appropriate dynamical 
balls are weights defined by integrating the normalised potential along the corresponding 
pieces of orbits, as follows. 

Definition 3.14 A (^-invariant measure m! on T l M satisfies the Gibbs property for the 
potential F with constant c(F) G M if for every compact subset K ofT^M, there exist 
r > and CK, r > 1 such that for all large enough T,T' > 0, for every v G T l M with 
(f)-T'V,(f)TV G K, we have 

1 m'(B(v;T,r,r)) 

S t S C-K r ■ 

CK,r e fi T i(F(4>tv)-c(F))dt 

The constant c(F) is then uniquely defined. When F is bounded, up to changing the 
constant cx, r , this property does not depend on the constant r > 0, by Lemma 3.13. 

The following result shows that our terminology of Gibbs measures is indeed appropri- 
ate. 

Proposition 3.15 Assume that the potential F is bounded. Let m be the Gibbs measure 
on T^M associated with a pair of Patterson densities {(l^x)^^, (i j >x) X £m) °f dimension 
o~r,F f or {F tjT) and (F,T) respectively. Then m satisfies the Gibbs property for the 
potential F, with constant c(F) = 5r t F- 



44 



In Chapter 6, we will prove that if the potential F is bounded, then the critical exponent 
5t f is equal to the pressure P(T, F), so that c(F) = P(T, F) in accordance to the case of 
symbolic dynamics over a finite alphabet. 

Proof. We start with the following lemma, which describes the dynamical balls in term 
of points at infinity. 

Lemma 3.16 For all r,T,T' > 0, for every v G T l M, using the Hopf parametrisation 
with base point x = ir(v) and setting vt = 7t(0t«) and V-t' = ^((p—T'v); we have 

B(v;T,T',r) C x B(v- T ,,2r) x x B(yr, 2r) x ] - r, r[ . 

Conversely, for every r > 0, if T,T' > are large enough, then for every v G T l M, using 
the Hopf parametrisation with base point x = ir(v) and taking v_x> and vt as above, we 
have 

x B(v- T >,r) x ff x B(vr,r)x] - 1,1[ C B(v;T,T' ,2r + 2) . 

Proof. To prove the first claim, for every w G B(v;T,T' ,r), let p be the closest point to 
x on the geodesic line defined by w and let be the point at distance T from x on the 
geodesic ray . 



v _ o- 



7r((j)Tw) 





( V-T' \ 


l! 


1 • »- — 


r*yr \ 


) 




X V 


K yv T ) — c 



v + 



Since the closest point maps do not increase the distances, we have 

d(p, n(w)) < d(n(v),iv(w)) < r . 

By the triangle inequality and by convexity, we have 

d{yT, vt) < d(y T , ir((j) T w)) + d(ir((f> T w), tt^tv)) < d(x, ir(w)) + r < 2r , 

hence u> + belongs to & x B(vT,2r). With a similar argument for W-, this proves the first 
claim. 

To prove the second claim, let 7] G G x B[v-T' , r) and let £ G x B(vt,t), which is 
different from rj if T and T" are larger than a constant depending only on r. Let p be the 
closest point to x on the geodesic line ]rj, £[. Since the height of a vertex of a geodesic 
triangle in a CAT(— 1) space whose comparison angle is close to tt is small, if T and T 1 are 
larger than a constant depending only on r, we have d(x,p) < 1. Let it; G T X M be such 
that d(p,ir(w)) < 1 and w_ = rj, w+ = £. 



rj = W- 



V- o 
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Let us prove that w G B(v; T, T', 2r + 2), which yields the second claim. By convexity, 
we only have to prove that d(ir((f)_Tiw), V —T') < 2r + 2 and d(ir((j)Tw),VT) < 2r + 2. Since 
the argument for the first inequality is similar, we only prove the second inequality. 

Let z be the closest point to vt on the geodesic ray [x,£[, which satisfies d{z,Vx) < r. 
Note that d(x, z) > d(x, vt) — d(vx, z) > T — r by the inverse triangle inequality. Let yx 
be the point at distance T from x on the geodesic ray [x, w+[, which satisfies 

d{Ti{4>Tw),yT) < d(-n{w),x) < d(n(w),p) + d(p, x) < 2 

by convexity. By the convexity of balls, we have z £ [x, yx]- Then 

d(ir((p T w),v T ) < d(ir((j) T w),y T ) + d(y T , v T ) < 2 + d(y T , z) + d(z, u T ) 

< 2 + (% T , x) - d(a?, z)) + r < 2 + r + T - (T - r) = 2r + 2 . □ 

Now, let m be the Gibbs measure on T^M associated with a pair of Patterson densities 
{(.^a^xPMi (^^xgm) °^ dimension 5 = 5r,F f° r (Fol,T) and (F,T) respectively. Note that 
5r,F < +oo by Lemma 3.3 (iv), since F is bounded. 

Let K be a compact subset of T^M. Let Ro,C > be such that the conclusion of 
Mohsen's shadow lemma 3.10 holds true for R = Rq and R = 4i?o + 4, for the Patterson 
densities {^x) x ^ and {^x) x< ^ an d for all x,y in the compact subset tt(K) of M. Let 
r = 2Rq + 2. Let us prove that there exists d > such that for all T,T' > large enough 
and for every v 6 T X M such that t;^ = it(4>t v ) £ -K" and = ir{4>—T' v ) £ TET, we have 

1 < m(j?(^;T,r,r)) < ^ 

Note that <p_T'B(v;T,T' , r) is contained in a compact subset of T M (depending only on 
K and r). Hence the multiplicity of the restriction to 4>-T'B(v;T,T' ,r) of the canonical 
projection T X M — > T l M is bounded, by the discreteness of F. Since fh is (^-invariant, 
Equation (41) hence implies Proposition 3.15. 

By Lemma 3.4 (1) with tq = r, there exists a constant c\ > such that for all v € T l M, 
T,T' > and w £ B(v;T,T' , r), since d(x,ir(w)) < r where x = n(v), we have 

max{ | C F ot-8,w-(x,n(w)) |, | C F -8, w+ (x,tt(w)) | } 

< di = C\e r + r max \F — S\ . 

Note that d 1 is finite since F is bounded. We use the Hopf parametrisation with respect 
to the base point x. By Equation (37) and the first claim in Lemma 3.16, we hence have 

m(B(v:T,r,r)) < 2re 2 < iS x (0 x B(v- T >, 2r)) ii x {0 x B{vr,2r)). 

Since 2r = 4i?o + 4 and vt,V-t> & TK, Mohsen's shadow lemma 3.10 and Equation (13) 
imply that 

m(B(v;T,T',r)) < 2re 2c i C 2 e^' ^ *> 

= 2re 2c i C 2 e f-T'(H<t>tv)-5)dt _ 
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The proof of the lower bound in Equation (41) is similar, using the second claim in Lemma 
3.16. This proves Proposition 3.15. □ 

Remark. A more usual definition of the dynamical balls is the following one. For every 
T > 0, consider the T-invariant distance d!, T on T l M defined by 

Vw,ro6 T l M, d' 6T (v,w) = max d'(<ptv, <j)tw) , 
v ' te[o,T] 

where d' = d' T1 ~ is the distance on T^M defined in Equation (7). For all e > and T > 0, 
let 

B'(v;e,T) = {w G T X M : max d'ffav, faw) < e} 

te[o,T] 

be the open ball with center v € T X M and radius e for this distance d'^ T . By the definition 
of d' , we have 

B'(v;e,T)=B'(v;T,-l,e) . 

Note that if d' = d! t ~ is replaced by any Holder-equivalent distance d" (for instance the 
Riemannian distance ag induced by the Sasaki metric, or the distance d = d Tl j^ defined 
in Equation (5)), and if B"(v; e, T) are the corresponding dynamical balls, then there exist 
eo, c > and a £ ]0, 1] such that, for all e E ]0, eo] and T > 0, 

B'(u;-e=,T) C B"(v;e,T) C B\v;ce a ,T) . 
c 

Since M has pinched negative curvature and by the divergence properties of the geodesic 
lines, for all r > 0, there exists e r , a r ,b r , c c , T r > such that for all e S ]0, e r ] and T > T r , 

B(v;T — a r loge + c c ,—a r loge + c c ,r) C B'(v;e,T) C B(v ; T — b r log e — c c , — b r log e — c c , r) . 

When M has constant curvature —1, we may take a r = b r = 1. But in general variable 
curvature, using the dynamical balls B'(v; e, T) instead of the ones we are using would give 
a less precise control. 



3.9 Conditional measures of Gibbs states on strong (un)stable leaves 

The aim of this subsection is to describe the conditional measures of the Gibbs measures 
constructed in Subsection 3.7 on the leaves of the strong unstable and strong stable fo- 
liations. We refer for instance to [DeM, Chap. 3, §70] for general information on the 
disintegration of measures. 

We start by describing the family of measures on the strong unstable and strong stable 
leaves which will allow us to determine the conditional measures of the Gibbs measures. 

Let a G R. A Patterson density (f 1 x) x£ ]^ of dimension a for (T, F) defines a family of 
measures (nw su (v)) v£ Ti~]\j on the strong unstable leaves, in the following way. Recall that 
for every v € T 1 M, the map w i— >■ w+ from W su (v ) to d^M — {i>-} is a homeomorphism. 
This allows us to define a measure fi^sur^ on W su (v) by 

dv W s Hv) H = e CF ~- »+ (xo ' ^ w)) dfX XQ (w + ) , (42) 
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where x$ is any point of M. This measure is nonzero, since T being nonelementary, the 
support of fj, xo is not reduced to {i>-}. By the absolute continuity property (35) of (// x )xeK 
and by the cocycle property (21) of the Gibbs cocycle Cp-<j, the measure fi W sur v \ does 
not depend on the choice of Xq. By the invariance properties (34) and (22), the family of 
measures (fJ-w au (v)) v& rpi^j is T-equivariant: for all v G T 1 M and 7 G T, 

(43) 

Note that = /ijy SU (y) if v and v' are in the same strong unstable leaf. If the support 

of n x is Ar, the support of Hw su {v) ls 



Supp^^) = {w G W su (v) : w + G Ar} . 



(44) 



We will also consider the measure fXyysuM on W su {y) as a measure on T M with support 
contained in W su {v ). The map v 1— > fJ,^suf v \ is continuous for the weak star topology on the 

space of measures on T l M. The family of measures {^W su (v)) v ctim uniG i uer y determines 
the Patterson density (f^x) xe ]^, by Equation (42). The geodesic flow (cj)t)teR preserves the 
measure class of these measures: for all t G M and w G W su (v), we have 



Cf- 



.(n{<t> t w),n(w)) = ft(F(cj> a w)-a)ds 



(45) 



rir(<t>tll)) (p_ a .\ _ r"(») (F—cr) 

(which is equal to e 5 ^^) K ' if t > and to e •M*t*O v otherwise, by Equation (18)). 



For all i>, u ' G T M such that w_ 7^ v'_, let u v / be 
the unique element of W su (v) such that (?v)+ = 
The map s " = ^ : W su (v) - {v v <} -> W su (u') - 
{t^} sending io to the unique element 9 su (w) such 
that 6 su (w)+ = w+, is a homeomorphism. An easy 
computation using Equation (42) and Equation (21) 
shows that for every w G W su (v) — {v v >}, we have 




V- 



Conversely, a family of nonzero measures {/J'W su (v)) ve x 1 M 011 T constant on the 
strong unstable leaves, with /j^ s »(„) supported in W su (v), satisfying the properties (43), 
(45) and (46) defines a unique Patterson density (Hx) x£ j~f of dimension a for (r, F) satis- 
fying Equation (42). 

By the equivariance property (43), the family (lJ<W 3V (v)) V £T 1 M mcmces 011 F^M a weak 
star continuous family of measures, that we will denote by (fJ-w su (v))veT 1 M: constant on 
the strong unstable leaves, with (j, W sur v \ supported in W su (v) for every v G F l M. 

A Patterson density (fJ>x) x& ]^ of dimension a for (T, F) also defines a family of measures 

(/J'W u (v)) ve 'p 1 M 011 ^ e uns t a ble leaves, in the following way. Let xq G M and v G T^M. 
We have a homeomorphism from W su (v) X R to W u (v), defined by (w,t) 1— > w' = 4>t w : 
whose inverse is the map 

w ' ^ (w = 4>^ v _ {7T{v): n( w <))w', * = Pv- {k{w'), ir(v))) . 
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For every 7 G T, the following diagram commutes : 



W su (v) x I 

7Xid ^ 

W su {-/v) x 



W u (v) 

I 7 



Using this homeomorphism, as well as the homeomorphism from the unstable leaf W u (v) 
to (dooM - x R defined by 

we may define a nonzero (positive Borel) measure Hw u (v) on W u (v), by 



(7r(u>), n(4>tw)) 



dfj, 



W au (v) 



(w)dt 



e + d/j, X0 {w + )dt 



(47) 



In particular, the second formula is independent of the choice of xq. Note that when F = 0, 
the first equality simplifies as 

G^iy"^)^') = e _<jt d^w au (v){w)dt . 
By the invariance property (22) of the Gibbs cocycle and by Equation (43), the family 
of measures {nw u (v)) ^t^m ls ec L urvar i an t under V: for all v G T 1 M and 7 G T, 

7*Mw u (u) = ^VK"(7«) ■ (48) 

Note that Hw u (v) = f J -W u (v') if v an d v ' are 111 ^ ne same unstable leaf, by Equation (47) and 
since the parametrisation of W s {v) by (c^M — {f-}) x R is only changed, when passing 
from v to u', by adding a constant to the parameter t, as the Lebesgue measure dt is 
invariant under translations. If the support of /i x is Ar, the support of n^u^ is 

Supp(^H/») = {w G : w + G Ar} . (49) 

The map v 1— >■ /iw('u) i s continuous for the weak star topology on the space of measures on 
T l M. The family of measures {nw u (v)) V £j> 1 M umc l uer y determines the family of measures 
(^"(djLtiJi hence the Patterson density (Ma;) xg ^- The geodesic flow (<pt)t£R preserves 
the measure class of these measures: for all t G R and w; G l^"(o), we have 

d {4>t)*Hw u {v) 



(50) 



For all v,v' G T X M, the map U = 0$ : 
G W u {v) : w + =v'_} -^W u {v')-{w' G 
VF M (t/) : = V-} sending w to the unique element 
vJ = 6 u (w) in W ss (w) such that w'_ = v'_ is a homeo- 
morphism. An easy computation using Equation (46) 
shows that for every w G W u (v) with w+ 7^ ?/_, we 
have 



dp>w u (v') 



. (*((!>"(«,)), *(«,)) 




(51) 
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Similarly, given a b G R and a Patterson density (fJ-' x ) x£ j^ of dimension a L for (T, F o i), 
we define weak star continuous families (A i tv ss (i)))«6T 1 M an< ^ ^V'fDj^eT 1 ^ °^ nonzero 
measures on T^M, constant on respectively the strong stable leaves and stable leaves, 
equi variant under T, as follows: 

• using the homeomorphism from W ss (v) to dooM — {f+} defined by w i— >• we set 

^(„)H = e '~-*.--^<«» d/4>-) , (52) 

which is independent of xq G M, 

• using the homeomorphism from W ss (v) x R to W s (t>), defined by (w, t) i-> w' = (j>tw, 
and the homeomorphism from W s (v) to (d^M — {v + }) x R defined by vJ i— > (w'_,t = 
/3 V+ (tt(v ), 7r(i(/))) , we set 

= e - d^ xo {w_)dt . (53) 

As above, for all v G T 1 M and 7 G T, we have 

(54) 

As above, if the support of fj, x is Ar, then the support of l^se( v -\ ^ s i w ^ W^ ss (^) : w_ G 
Ar}, and, for every t G R, 

V «, G W*%v), ^^"M faw) = e fo(^ sW )^) d s 

V w g l^k!M(^) = e/o'fM^)- 1 )^ . 

For all u,?/ G T^M, the map 6 s : {w e W s (v) : W- + v' + } -»• {«/ G W s (v') : u/_ / v+} 
sending w to the unique element w' in Ty su (zu) n W s (v'), is a homeomorphism. For every 
w in the domain of 8 s , we have 



Now, before determining the conditional measures of the Gibbs measures, we describe 
the local product structures of T l M defined by the strong unstable and strong stable 
foliations, giving the local fibrations allowing to disintegrate the Gibbs measures. 

Fix w G T l M, and let 

U w = T l M- (W s {-w) U W u {-w)) = {d£ T l M : v + ^ ^ w + } 

be the open neighbourhood of w in T^M consisting of the unit tangent vectors that belong 
neither to the stable nor to the unstable leaf of —w. Note that U w is dense T X M. For 
every v G U w , 
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• let v su be the intersection point of W su (w) and W s (v), which is the unique point 
v su of W su {w) such that (v su )+ = v + , 

• let v ss be the intersection point of W ss (w) and W u {v ), which is the unique point v ss 
of W ss (w) such that (v ss )- = V-, 

• and let t su £ R be the unique real number such that (fit au ( v su) £ VF ss (v). 

Then the map v \— > (v ss ,v su ,t su ) from U w to W ss {w) x VF sn (u>) x R is a homeomorphism. 
Note that, when V- and v+ are fixed, so is (v su )+, and the difference of the time parameters 
t — t su between the Hopf parametrisation and this one is constant. 




The image by this homeomorphism of the Gibbs measures are absolutely continuous 
with respect to product measures. Indeed, let a £ R and let m be the Gibbs measure on 
T l M associated with a pair of Patterson densities (/i^ ^ and (fJ>x) xe j^ of dimension a 
for (T, F o t) and (T, F) respectively. Fix x £ M. By definition of the measures on the 
strong unstable and stable leaf, we have 

d» WS u iw) (v su ) = e ^-., (.„)+(*, *(««.)) df i x ((v su ) + ) 

and 

d^ W ss (w) {v ss ) = e G ro*-^„)-(*M«..)) d M *(( w „)_) . 
By Equation (37) and the cocycle property, for all v € U w , we hence have 

dm(v) = e ^oi-.,«_Wt,„) lW («))+cr J ,_ <r ,„ + W«„), w («)) rf^^^jd^^^)^ . 

(56) 

This quasi-product property, either on the form of Equation (37) or of Equation (56), is 
crucial in our paper. In particular, if a measurable subset A of W su (w) has measure for 
Hw su (w)i then the measurable set IJ^eA W s (v) has measure for in. 

A slightly different way of understanding this property is as follows. Let us fix v £ T l M. 
Let us define U v _ = {w G T l M : u> + ^ V—}, which is an open and dense subset of I^M, 
invariant under the geodesic flow. If fi x ({v-}) = (this does not depend on x £ M), for 
instance if the measure \i x has no atom, then U v _ has full measure with respect to m. We 
have U-y V _ = jU v _ for every isometry 7 of M, and in particular U v _ is invariant under the 
isometries of M fixing u_. 

The map ip\v u (v) from U v _ to W u (v), sending w £ U v _ to the unique element w' in 
W ss (w) n W u (v), is a continuous fibration over the unstable leaf W u (v), whose fiber over 
w' £ W u (v) is precisely the strong stable leaf W ss (w') of w' (see the left hand picture 
below). This map depends only on the unstable leaf of v. For every isometry 7 of M, we 
have ipw u (r/v) 07 = 70 ip W v( v y For every t £ R, we have ipw*(y) 4>t = <fa 4>w u {v)'- ^ e 
fibration ipw u {v) commutes with the geodesic flow. 
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Similarly, for every v G T 1 M, the map V>w su (i;) from U v _ to W su (v), sending w G U v _ to 
the unique element w 1 in W s (w;)nW' m ('i;), is a continuous fibration over the strong unstable 
leaf W su {v), whose fiber over w' G VK sn (t>) is precisely the stable leaf W s (w') of w' (see the 
left hand picture below). For every isometry 7 of M, we have ipyy B u^ v ^ 07 = 70 ^ppw^. 
For every t G R, we have ^suy o cj) t = tp W su( v y. the fibration is invariant under 

the geodesic flow. 

The aforementioned desintegration result of the Gibbs measures on the strong unstable 
foliation is the following one. 

Proposition 3.17 Let m be the Gibbs measure on T 1 M associated with a pair of Pat- 
terson densities (jJ>x) x eM an< ^ (^LeM °$ dimensions o~ L and a for (T,F o l) and (T,F), 
respectively. Let v G T l M . 

(1) The restriction to U v _ of the measure m disintegrates by the fibration ip\y u (v) over 
the measure Hyyu^, with conditional measure on the fiber W ss (w') of w' the measure 

e F ' w +^ ^ ' ( ) d(j,yy aa , w ,\(w): for every w G T l M such that w+ 7^ i>_, we have 

dm(w)= I e + d^ W3 s (wr) {w) d^ W u {v) {w) . 

Jw'ew u (v) 

(2) The restriction to U v _ of the measure fh disintegrates by the fibration Tj)yy sn / V \ over 
the measure n^sui v -\ } with conditional measure on the fiber W s (w') of w' the measure 

e F ' w +^ )' ( )) d/j,^y s , (w): for every w G T X M such that u>+ 7^ V-, we have 

dm(w) = / e + dn ws(wf) (w) dfi W 3u^(w ) . 

Jw'ew su (v) 

We leave to the reader the analogous statements obtained by exchanging the stable 
and unstable foliations. When F = and (ut) ^t, = (u T ) ^77, we recover the well-known 
fact, due to Margulis when M is compact, that n^sui v -\ and fj, wss ^ are the conditional 

measures of rh along the leaves of the foliations W su and W ss , respectively. 

Proof. Fix v G T l M. For every continuous map ip G c € c ilJ v _ ; R) with compact support 
in the domain U v _ of i^w u (v)i ^ 

Itp = ^p{ w ) dfh(w) = / ^{w) drh(w) . 

Jwe^M Jw£U v _ 
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Using the Hopf parametrisation w i— > (w_, w + , s = / 9 lu+ (a;o ) 7r(u;))) as in Remark (2) of 
Subsection 3.7, and Equation (39) with x' = x fixed in M, we have 



w+e docM—{v-} J ui_e dcx>M—{w+} J sG 



(xo, 7r(io))+C F _ CTi „, , (xo,7r(iu)) 



duLiw-) d/i X0 (w + ) ds . 



For every w G I7„_, let u/ = -f/jjy^^^) be the unique point in W ss (w) n W u (v). By the 
cocycle property of the Gibbs cocycle, and since tt(w) and ir(w') are in the same horosphere 
centered at w+ = w' + , we have 

C F -<r,w + (xo,ir(w)) - C f _^ w > + (x ,tt{w')) = C F _ a)W i + (Tr(w'),Tr(w)) 

= C F w > (ir(w'),n(w)) . 



When w + = w' + is fixed, the time parameter 
s = (3 w+ (xo,tt(w)) = /3 w+ (xQ,Tr(w')) differs from 
the time parameter t = f3 v _(ir(w'),ir(v)) by a 
constant (equal to /3 V _ (ir(v), x' Q ) where x' Q is the 
intersection point of the geodesic line ]v-,w+[ 
and the horosphere centered at w+ through xq, 
by an easy computation), hence ds = dt. 



V- 




By Equation (52) and Equation (47), we therefore have 

T f f ( v Cf, W > (TK),TH) 

h = / / ¥W e + 

This is the first claim of Proposition 3.17. The second one is proven similarly. 



□ 



4 Critical exponent and Gurevich pressure 

Let (M, T, F) be as in the beginning of Chapter 2: M is a complete simply connected 
Riemannian manifold, with dimension at least 2 and pinched sectional curvature at most 
— 1; r is a nonelementary discrete group of isometries of M; and F : T l M — > R is a 
Holder-continuous T-invariant map. The aim of this chapter is to prove results on the 
critical exponent <5r f which are valid under these general hypotheses (in particular, T is 
only assumed to be nonelementary). 



4.1 Counting orbit points and periodic geodesies 

One way to study the repartition of an orbit of T in M is to count the number of its 
elements in relatively compact subsets of M. We will count them with weights given by 
the potential F. 

For every s > 0, for all x,y 6 M and for all open subsets U and V of dooM, let 

^r,F,x,y,U,v{t) = e 
7£r : d(x,-yy)<t, -yyeV x U , y~ 1 xeV y V 
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The map s t— > Gr,F,x,y,u,v( s ) W1U be called the bisectorial orbital counting function of 
(r, F, U, V). When V = d^M, we denote it by s i— >■ Gr,F,x,y,u( s ) an d call it the sectorial 
orbital counting function of (Y,F,U). When U = V = OoqM, we denote it by s t— > 
Gr,F,x,y(s) and call it the orbital counting function of (Y,F). When F = 0, we recover 
the usual orbital counting functions of T, see for instance [Marg, Robl] and [Bab3] as well 
as its references. 

Other interesting counting functions are the ones counting periodic orbits of the geode- 
sic flow on T M, again with weights given by the potential. 

For every periodic (not necessarily primitive) orbit g of length £{g) of the geodesic flow 
(4>t)teR on T 1 M, let ££ g be the Lebesgue measure along g, that is, the measure on T l M 
with support g, such that, for every continuous map / : T M — > R and for any v 6 g, 

f<3) 

^g(f) = / /(<M dt . 
Jo 

The period of g for the potential F is (for any v £ g) 

t<9) 

F = J? g (F)= / F(<f> t v)dt. 
Jo 

One needs to be careful with the terminology and not confuse the length £(g) = J£ g (l) of 
g and its period J F = Jf g (F) (which depends on F). 

For every s > 0, we denote by ^er(s) = ^er r i M -(s) the set of periodic orbits of the 
geodesic flow in T l M with length at most s; we allow nonprimitive ones, and, since T l M 
is an orbifold, we consider them with multiplicity (the cardinal of the stabiliser in Y of 
any v £ T l M mapping to an element of g by the canonical map T^M — > T l M). Note 
that only primitive periodic orbits are considered in [Robl, §5], but when the potential is 
nonconstant, such a restriction would make our study more difficult. 

For every relatively compact open subset W of T X M, define the period counting function 
of (r, F, W) as 

s i y Zr, f, w {s) = e-'s F . 

Since M is not assumed to be compact, it is important to assume that W is relatively 
compact in T l M, since for instance when M is an infinite Riemannian cover of a compact 
negatively curved Riemannian manifold, then T*M contains infinitely many periodic orbits 
of the same period and of length at most s, for every s large enough. Conversely, if Y is 
geometrically finite (see the definition of geometrically finite discrete groups of isometries 
in the Subsection 8.2), there exists an open relatively compact subset of T 1 M meeting 
every periodic orbit. Note that Zr,F,w( s ) 1S nonzero for s large enough if and only if W 
meets the (topological) nonwandering set QY of the geodesic flow in T l M. 
We define the Gurevich pressure of (r, F) as 

P Gm .(r, F) =limsup - log Z v ,f,w{s) , 

s— >+oo S 

where W is any relatively compact open subset of T l M meeting QY. We will prove in 
Subsection 4.3 that the Gurevich pressure does not depend on W and that the above 
upper limit is a limit. 
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The Gurevich pressure is a (logarithmic) asymptotic growth rate of the periodic orbits 
of the geodesic flow, weighted by the potential. For Markov shifts on countable alphabets, 
it has been introduced by Gurevich [Gurl, Gur2] when the potential vanishes, and by 
Sarig [Sari, Sar3, Sar2] in general. These last two works have motivated our study. To 
our knowledge, the Gurevich pressure had not been studied in a non symbolic noncompact 
context. 

We will give in Chapter 9 precise asymptotic results as t goes to +00 of these counting 
functions, under stronger hypotheses on (M,T,F). In the next subsection, we will only 
give weaker (logarithmic) asymptotic results, valid in general. 

For instance, the following (very weak) result is an easy consequence of Mohsen's 
shadow lemma 3.10. 

Corollary 4.1 If 5t.f > 0, we have Gj',F,x,y,U,v(t) = 0(e tSr - F ) as t goes to +00. 

Proof. Since Gr, f, x, y, u, V < Gr,F,x,y, we may assume that U = V = dooM. We may 
also assume that <5r,F < +00. Let (^x) xe ^[ be a Patterson density of dimension a = <5r, f 
(see Proposition 3.9) for (T,F). Then the result follows from Corollary 3.11 (1). □ 

4.2 Logarithmic growth of the orbital counting functions 

In this subsection, we give logarithmic counting results which, though less precise than the 
results in Subsection 9.2, are valid in a much greater generality (they only require T to be 
nonelementary) . 

The first result shows that the upper limit defining the critical exponent 8r f of (r, F) is 
in fact a limit. Its proof follows closely the proof of the main result of [Rob2] (corresponding 
to the case F = 0). 

Theorem 4.2 Let M be a complete simply connected Riemannian manifold, with dimen- 
sion at least 2 and pinched sectional curvature at most —1, and x,y € M. Let V be 
a nonelementary discrete group of isometries of M. Let F : T l M — > R be a Holder- 
continuous Y -invariant map. Then 

5r f = km — log eJ x F . 

' n— >+oc n *■ — ' 

7Sr, d(x,yy)<n 

With the previous notation, this can be written as 

lim -log Gr,F,x,y(s) =5 t ,f , 

s— >+oo s 

that is, the orbital counting function grows logarithmically as s 1— > e 5r - FS . We will prove 
in Corollary 4.3 that the sectorial and bisectorial counting functions grow similarly (under 
obvious conditions). 

Proof. Let 5 = 5r t F > —00 (by Lemma 3.3 (v)). For every x' £ M, with a n = 
S 7 er, d{x>,~fy)<n e^' V F , we have seen in Equation (17) that 5 = limsup n ^ +00 \ loga n . 
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For a contradiction, assume that limmf^^+oo iloga„ < 5. Note that this lower limit 
does not depend on x' . Hence there exist a sequence (rik)keN of positive integers and 
a G ] — oo, 6[ such that for every x' G M, for every k G N big enough, 

a nk < e ank ■ (57) 

Let us construct a Patterson density of dimension a for (T, F), which contradicts Corollary 
3.11 (2) since a < S. 

Let Ql z be the (unit) Dirac mass at a point z G M. For all t G [0, +oo[ and x' G M, let 

2^ 7 er, d(x',-yy)<t e "^72/ 
Z/V / = — . 

2^ 7 er, d(y,-yy)<t e 

By compactness, for every r > 0, there exists a sequence (&i(?*))j gN of positive integers 
such that the probability measures Vy,n k .( r )-r wea k star converge to a probability measure 

/i^r' Since the Poincare series X} 7 er ^ F ~°^ diverges (as er < 5), the support of the 
measure fj,y r is Ar. For every x' G M, define 

and let us prove that v x ' ,n k .i r ^-r weak star converges to fj, x ',r as i -> +oo if r > d(x',y). 

Note that if r > d(x',y), for every k G N large enough, by the triangle inequality and 
Equation (57), we have 



7 er, d(x' ,iy)<n k -r 7 er, d(y,-yy)<n k -r 

7 er, n fe -r-d(a: / ,y)<d(a: / , 7 j/)<n fc -r+(i(a;',j/) 

Since the denominator of £V,n fc .( r) -r tends to +oo as i — > +oo and since 



/ (F-a)- (F-a)-C F . a ^(x',y) 

J x' J y 



is arbitrarily small if 7y is close enough to £ 6 OoqM, we have the convergence we looked 
for. 

Now, for all 7 G r, i > and x' G M, we clearly have 7*iv,t = v yx\t- Hence if 
r > max{d(x', y), d("yx' , y)}, then J*fJ, x > r = A i 7 x',r by taking limits. By compactness, there 
exists a sequence (rj)j^ in [0, +oo[ converging to +oo such that the probability measures 
Vy,n weak star converge to a probability measure [i y . If (/^x') x ' g M i s the family of measures 
on dooM defined by 

d» xl (0 = e CF -*' dx '' v) <W0, 

the sequence {fJ> x ', r j)jeN weak star converges to fi x i, and hence (av^'fm is a Patterson 
density of dimension a for (r,.F), a contradiction. □ 

Remark. Here is a short proof of this result, using the subadditivity ideas of [DaPS]. 
This paper proves that 
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• there exist a finite subset P of T and c > such that for all a,/3 E T, there 
exists 7 E P such that the Hausdorff distance between the geodesic segment [x, a?7/3y] and 
[x, ay] U [ay, 072;] U [a-yx, a^fty} is at most c; 

• let (&n)neN he a sequence of nonnegative real numbers such that there exist c > 
and N E N such that for all ?i, m E N, we have 



A 1 



i=-JV 

then, with a n = X^fc=o the limit of a« as ?i — > +00 exists. 

The first point implies that there exists d > (depending on x, y) such that for all 
a, /3 E r, there exists 7 E P satisfying 

I (f(x, aj(3y) — d(x, ay) — d(x, j5y) | < c' 
and, since P is Holder-continuous and bounded on compact subsets of M, 



P- / P- / P 



Hence the sequence [b n = X^ 7 er n<d(x yy)<n+i e ^ ' ^ satisfies the assumptions of the 
second point, and Theorem 4.2 follows. 

Corollary 4.3 With the assumptions of Theorem 4-2, 

(1) if U is an open subset of dooM meeting AT, then mm : _ 5 ._|_ 00 j logGr,F, x,y, u(t) = 

o~t,f; 

(2) if U and V are any two open subsets of dooM meeting the limit set AT, then 
lim^ +oc \ log G r ,F,x,y,u,v(t) = 5 r ,F- 

Proof. We adapt the proof of [Rob2, Coro. 1] which corresponds to the case P = 0. The 
validity of these statements for all open sets U and V is independent of x and y, since 
for all z,z' E M andjdl open subsets W,W' of dooM such that W C W, there exists a 
compact subset K of M such that C KVJ^^W' , and since the intersection of K with 

any orbit of V is a finite. Recall that the convex hull ^AT of Ar is T-invariant. We may 
assume that y E ffAT, hence that the orbit of y is contained in ^ AT . 

(1) For every t E [0, +oo[ , for every open subset U' of M U dooM and for every z E M, 

let 

76T : d(z,jy)<t , ~{y£U' 

Note that for every 7 E T, by Equation (13) and a change of variable in this sum, we have 

a t,U',z = 0't,'yU l ,fz ■ (58) 

When U' is the open set ^ X U — {x}, the difference Gr f,x y,uif) ~ a t,U',x is equal to 1 if 
x belongs to the T-orbit of y, and otherwise. Since Gr,F,x,y,u(t) < Gr,F,x,y{t) and by 
Theorem 4.2, we have 

limsup-logG r ,F,x,s/,[/(£) < o~r,F ■ 

t— >+oo t 
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Hence to prove the first assertion of Corollary 4.3, we only have to prove that 

lim inf - log a t n'x>$r,F 

t— >+oo t 

for every open subset U' of M U dooM meeting AI\ 

Let U' be such an open subset. Since T is nonelementary, every orbit in Ar is dense. 
Hence by compactness of Ar, there exist 71, . . . ,7^ in T such that Ar C Ui=i ■ In 
particular ^AT — Uf=i7i^' i s compact. Hence there exists c' x > such that for every 
t S [0, +00 [ , we have 

k 

Gr,F,x, y {t) < 4 + y~] at,-riU',x ■ (59) 

i=l 

Let r = maxi<j<fc d(x,"fix) and t E [r, +00 [. Note that for all i £ {l,...,k} and 
7 & r, if d( r y~ 1 x,~fy) <t — r, then d(x,jy) < t. Furthermore, by Lemma 3.2, there exists 
C2 > such that for all i G {1, . . . , k} and 7 € T, we have 



F - F 



c 2 



Hence, for all z G {1, . . . , k} and i £ [r, +00 [ , we have, using Equation (58), 

a t-r,-y t U',x = a t-r,U',~f- 1 x — ^ a t,U',x ■ 

Therefore, by Equation (59), we have 

<H,U' x > ——r{Gr,F, x, y(t-r) - dA . (60) 
k e 2 

By taking the logarithm, dividing by t and taking the lower limit as t — > +00, the result 
then follows from Theorem 4.2. 

(2) The proof of the second assertion reduces to the first one, using a similar approach 
as the reduction from the first one to Theorem 4.2. For every t 6 [0, +00 [, for all open 
subsets U' , V of M U d^M and for all z,w G M, we now introduce 

h,U',V',z,w = ^2 F , (61) 

76T : d(z, -)w)<t , -yw^U 1 ', 7 _1 zeV 

which satisfies b% u',V',z,w = bt,U',aV',z,aw f° r every a £ T. As above, we only have to 
prove that 

liminf -logb tt u',V',x, y > Sr.F (62) 

t-S>+00 t 

for all open subsets U',V of M U d^M meeting Ar. 

Let U', V be two such open subsets. As above, there exist at\,. . . ,oti in T such that 
Ar C Ui=i an d hence there exists C3 > such that for every t € [0, +00 [ , we have 



a>t,u',x < Ci + ^2 b t ,u',aiV 
i=i 
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a:, 3/ • 

i=l 



Let now r = maxi<j<g d{y,aiy). For all i E {!,...,£}, t E [r, +oo[ and 7 £ T, if 
d{x,^faj y) <t — r, then d(x, r yy) < t. Furthermore, by Equation (13) and by Lemma 3.2, 
there exists C4 > such that for all i £ {1, . . . ,£} and 7 £ T, we have 



F- / F 



s/ Ja i 1 y 



Fol- / Fot 



Hence, for all i £ {1, . . . , k} and t £ [r, +00 [ , we have 

b t -r,U', ai V',x,y = \- r ,V> ,V> ,x,oC7 x y ^ e ° 4 K V, V, x, y ■ 

Therefore 

&t, [/', V, x, y > -—J- (dt-r, U'x — 4) j 

£ e 4 

and we conclude, using Assertion (1), as in the end of the proof of this assertion. □ 

4.3 Equality between critical exponent and Gurevich pressure 

The aim of this subsection is stated in its title: we now prove that the logarithmic growth 
rate of the periodic geodesies (weighted by the potential) is equal to the logarithmic growth 
rate of the orbit points (weighted by the potential). 

Theorem 4.4 Let M be a complete simply connected Riemannian manifold, with dimen- 
sion at least 2 and pinched sectional curvature at most —1, and x,y £ M. Let T be 
a nonelementary discrete group of isometries of M. Let F : T l M — > R be a Holder- 
continuous V -invariant map. Let W be a relatively compact open subset ofT^M meeting 
the (topological) nonwandering set £IT. Then 

P Gu r(T,F) = lim - log Z r ,F,w(s) = d~r,F ■ 

s— >+oo s 

This proves in particular that the Gurevich pressure does not depend on W and that 
the upper limit defining it is a limit. 

Proof. Let pr : T 1 M — > T l M = T\T l M be the canonical projection. 
Let us first prove that 

lim sup - log Zr, f, w ( s ) < #r, f ■ 

s— >+oo S 

Since W is relatively compact, there exists a compact subset K of M such that pr(7r -1 (ET)) 
contains W. Let r be the diameter of K, and fix x £ K. 

For all s > and g in ^er(s) such that g D W ^ 0, let j g be one of the hyperbolic 
elements of T whose translation axis Axe lg meets K, whose translation length is the length 
£(g) of g and such that for every y £ Axe lg , the image by pr of the unit tangent vector at 
y pointing towards ^ g y belongs to g. Note that the number of these elements j g is at least 
equal to the cardinality of the pointwise stabiliser of Axe lg , that is to the multiplicity of 
9- 

Let x g be the closest point to x on Axe^ g , which satisfies d(x, x g ) < r since x £ K and 
Axe^ g meets K. We have by the triangle inequality 



d(x, 7 5 x) < d(x, x g ) + d(xg,~/ g Xg) + d{~f gX , ~f g Xg ) < £(g) + 2r < s + 2r 
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Furthermore, by (two applications of) Lemma 3.2 with rg = r, there exists a constant c > 
(depending only on r, the Holder constants of F, the bounds on the sectional curvature 



and max^-i/era:,,.)) \F\) such that 



7gX 



F 



F 



F 



1a x a 



F 



< c . 



Hence Zt,f, w( s ) < eC Gt,f,x,x{ s + 2r), which proves our first claim, by Theorem 4.2. 
In order to prove Theorem 4.4, we now only have to prove that 

liminf - log Z T , f, w(s) > S t ,f ■ 

s— >+oo s 

Let v G T l M such that pr(v) € VF" n fir, and now let x = tt{v). Note that the points V- 
and V+ both belong to Ar. 

By standard arguments (see for instance Lemma 2.7 and [GdlH, page 150-151]), there 
exist U' and V' small enough neighbourhoods in MUd^M of v + and u_ respectively, such 
that for every 7 G T such that 72; G [/' and / y~ 1 x G V', then 7 is a hyperbolic element and 
v is close to its translation axis Axe^, in the sense that the point x is at distance at most 
1 from some point x 7 in Axe^, and that if u 7 is the unit tangent vector at x 7 pointing 
towards 7X 7 , then pr(u 7 ) G W (recall that W is open). Note that U' and V' meet Ar. 

Let s > and let 7 G T be such that d(x,jx) < s, 71 £ f/' and 7 _1 2; G V. Note that 
the orbit g~ under the geodesic flow of pr(t> 7 ) is periodic, of length 

t(g-y) < d(x,-yx) < s , 
and as above, there exists c > such that 

'■yx ^ ffXj 



F 



F 



F 



JX 



< C . 



Hence Zy,f,w( s ) > e c b s ,U',V',x,x with the notation of Equation (61), which proves our 
second claim, by Equation (62). □ 

The next result is an obvious corollary of Theorem 4.4, also following from Remark 3.1 
and the remark at the end of Subsection 3.2. 

Corollary 4.5 Under the assumption of the previous theorem, if G : T l M — > R is another 
Holder- continuous T -invariant map, such that the periods of every 7 G T for F and G are 
the same, then the critical exponents of (T, F) and (T, G) are the same : 



5r, f = St, 



G 



4.4 Critical exponent of Schottky semigroups 

The main aim of this subsection is to prove (see Theorem 4.8) that the critical exponent 
St f is the upper bound of the critical exponents 8q, f (defined as for groups) of finitely gen- 
erated subsemigroups G of T, which have strong geometric properties (of Schottky type). 
The constructions of this subsection will also be useful for the proof of the Variational 
principle in Subsection 6.2. 
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Let M be a complete simply connected Riemannian manifold, with dimension at least 
2 and pinched negative sectional curvature at most —1. Let G be a discrete semigroup of 
isometries of M. We refer to [Mer] for general information about discrete semigroups of 
isometries of CAT(— l)-spaces. 

Let F : T^M — > R be a Holder-continuous G-invariant map. We define the limit set 
AG of G (as the set of accumulation points in d^M of any orbit Gxq), the Poincare series 

76G 

of (G,F), and the critical exponent 

5g, f = limsup —log F 

7£G, n— l<a(x, "/y)<n 

of (G,F), exactly as for the case of groups. 

Recall that a map / : X — > Y between metric spaces is quasi-isometric if there exist 
A > 1 and c > such that for all x, y G X, we have 

-c + - d(x, y) < d(f(x), f(y)) < A d(x, y) + c . 

If G is generated (as a semigroup) by a finite set S, and is endowed with the (semigroup) 
word metric defined by S (see below when G is free on S), we say that G is convex- cocompact 
if the map from G to M defined by g 1— > qxq is quasi- isometric (for any xq £ M). 

We first give a construction of convex-cocompact free semigroups of isometries of M 
(of Schottky type). We have not tried to get optimal constants. 

Proposition 4.6 For every e G ]0, 1], there exists 9 > such that for every set S of 
isometries of M, for all N > 5 and C > 6, for all xq G M and vq G T^ q M such that the 
following conditions are satisfied: 

(1) N < d(xQ, axo) < N + 1 for every a G 5, 

(2) d(axo, (5xq) > C for all distinct a and j3 in S, 

(3) for every a G S, the angle at xq between vq and the unit tangent vector at x$ pointing 
towards axo, and the angle at oxq between —avo and the unit tangent vector at axo 
pointing towards xq, are at most 9 (see the picture below), 

then the semigroup G generated by S is free on S and convex-cocompact, and for all 7, 7' in 
G, the piecewise geodesic segment [xo,7Xo]U[73;o,77' '^o] * s contained in the e-neighbourhood 
°f [ x OiH' x o\- Furthermore 

k(N - 2e) < d(x , 7x0) < k(N + 1) 

for every word 7 in the elements of S of length k. Lastly, for all distinct words 7 and 7' 
in the elements of S with the same length, there exist x G [xo,7Xo] and x' G [xo,7'xo] such 
that d(xQ, x) = d(xQ,x') and d(x, x') > 1 — 8e. 
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Proof. Fix e G ]0, 1], and let 9 = min{^, ^9q(5, e, j)}, where 9q(-, •; •) nas been denned in 
Lemma 2.6. Let S,N,C,xq,vq be as in the statement. Note that the assumptions (1) and 
(2) imply that 5* is finite. Before proving that G is free and convex-cocompact, we start 
with a few preliminary remarks. 

For every word m = a± . . .at in elements of S, we denote by £(m) = k G N its 
length (the only word with zero length being the empty word) and, for < j < k, by 
rrij = a\ . . . ctj its initial subword of length j (in particular rriQ is the empty word). If 
m = a± . . . ctk and m' = j3\ . . . f3y are two words in elements of S, let 

j(m,m') = max{i G N : V i' < i, ay = 

be the length of the maximal common initial subword of m and m! . It is if and only if 
m or m' is the empty word or ot\ 7^ f3\. Recall that the distance between the words m and 
m! is 

d(m, m!) = £(m) + £(m') — 2j(m, m') . 
Consider the piecewise geodesic path 

w m = [m xo, mix ] U [mix , m 2 x ] U • • • U [mk-ix , m k x ] 

(with uj m = {xo} by convention if m is the empty word). By Assumption (3), the exterior 
angles of aj m at the points uiiXq for 1 < i < k — 1 are at most 29 (see the picture below). By 
Assumption (1), the length of each segment of u m is at least N > 5. Hence, by Lemma 2.6 
and the definition of 9, the piecewise geodesic path ui m is contained in the e-neighbourhood 
of [xo, mxo]- bi particular, this proves the penultimate assertion of Proposition 4.6, by 
convexity. 

Since > 5, e < 1 and 29 < ^, the closest points to rriiXQ on [xo,mxo] f° r < i < k 
are in this order on this segment. 

Indeed, if x,y,z are points in M such that A^ < d(x,y) < N + 1, 
A < d(y,z) < N + 1, Z y (x,z) > ^, having closest points respectively 
p,q,r at distance at most e on a geodesic segment, with the absurd 
hypothesis that r G [p, q] , then by the triangle inequality and since closest 
point maps do not increase distances, we have 



d(x, z) < d(p, r) 
< A + 1 



2e = d(p, q) - d(r, q) +2e< d(x, y) - d(z, y) + 4e 
jV + 4e = l + 4e<5<A. 




By an angle comparison, the angle X. y {x,z) is less than ^, a contra- 
diction. [Another argument is that since Z y (x, z) > f , we have by a 
distance comparison that d(x, z) > d(x,y) + d(y,z) — 21og(l + ^/2) > 
2N - 21og(l + y/2) > A, a contradiction.] 

We now give our last preliminary remark, which yields the penultimate assertion of 
Proposition 4.6. By the triangle inequality and Assumption (1), we have 

fc-l 

d(mx , x ) < d(mix , m i+1 xo) < k(N + 1) = (A + 1) i{m) , 



i=0 
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on one hand, and on the other hand, with pi the closest point to mix® on [a^ma^o] f° r 
< i < k, using the above ordering remark, 



k-1 



k-1 



d(mx ,x ) = y^rf(pi,Pi+i) > ^(d(mi2;o,mi + iXo) - 2e) 

i=0 i=0 

> k(N-2e) = (N-2e)£(m) . 

Note that — 2e > by the assumptions on TV and e. In particular, if m is not the empty 
word, then itixq ^ xq. 

After these preliminary remarks, let us prove that G is free on S. Let m = ct\ . . . a.^ and 
m' = Pi . . . fly be two distinct words in elements of S, and let us prove that mx® ^ m'xo, 
which yields the result. 

Assume for a contradiction that mxo = th/xq. Let j = j(m,m'). Up to multiplying 
m and m! by the inverse of their maximal common initial subword, we may assume that 
j = 0. We have min{£:,A/} > 0, otherwise, up to exchanging m and m', we have k ^ 
and k' = 0, so that tuxq = xq and m is not the empty word, a contradiction to the last 
preliminary remark. Hence oi\ and (3\ exist and are distinct. 

Let p and q be the closest points to a\XQ o\Xq 
and /3\Xq on [xo,mxo]. Up to permuting m and J q 



mxo 



m' , we may assume that Xo,p, q, mxo are in this 

order on [xo,mxo]. Pl x o 

By the triangle inequality, since closest point maps do not increase distances, by As- 
sumption (1) and by the properties of e and C, we have 

d(aia;o) Pi^o) < d(p, q) + 2e = d(q, xq) - d(p, xq) + 2e 

< d(/3ix Q , x ) - d(aix , x ) + 3e < N + 1 - N + 3e = 3e + 1 < C . 

This contradicts Assumption (2). Hence G is indeed free on S. 

Finally, let us prove that the map from G to M defined by g h^- gxQ is quasi-isometric, 
which says that G is convex-cocompact. Let m = a,\ . . . and m! = fi\ . . . fly be two 
words in elements of S. Let us prove that 

(N - 2e)d(m, m) - 2(log(l + V2) + N - e) < d(mx , m'x ) < (N + 1) d(m, m) , (63) 

which implies the result. 

Let j = j(m, m'). Up to multiplying m and m! by the inverse of their maximal common 
initial subword, we may assume that j = 0. By the last preliminary remark, we may assume 
that neither m nor m' is the empty word (we would not have to do this in the group case, 
but G is here only a semigroup). We may also assume that m ^ m! . Hence a± and f3\ 
exist and are distinct. 

Let p be the closest point to a\XQ „ 
on [xo, TTtiCo]. Let r and q be the clos- BiXq 
est points to p and /3\Xq respectively 
on [xq, m'xo]. Let p and q be the clos- 
est points to p and q respectively on 
[mxo, m'xo]. 



,aixo 









q P 



mxo 



Consider the geodesic triangle in the CAT(— l)-space M with vertices mxQ,XQ,m'xQ. 
Each of its sides is contained in the log(l + \/2)- ne ighbourhood Q f the union of the two 
other sides. 

Assume for a contradiction that d(p,r) < log(l + y/2). As when we proved that G is 
free, we have 

d(aix , P&q) < d(r, q) + 2e + log(l + y/2) = \d(q, x ) - d(r, x )\ + 2e + log(l + y/2) . 
But by Assumption (1), we have N — e < d(q, xq) < N + 1, 

d(r, x ) < d(p, xq) < d(a\Xo, xq) < N + 1 

and 

d(r, x ) > d(p, x ) - log(l + y/2) > d(aix , x ) — e — log(l + y/2) 
>N-e- log(l + y/2) . 
In particular, \d(q, xq) — d(r, xq)\ < 1 + e + log(l + y/2) and, since e < 1, 

d(a lX0 , pixo) < 1 + 3e + 2 log(l + y/2) < 6 . 

Since C > 6, this contradicts Assumption (2). 

By the above property of the geodesic triangles, we hence have d(p,p) < log(l + y/2). 
Similarly, d(q,q) < log(l + v2). 

Let us prove the upper bound in Equation (63). Indeed, by the triangle inequality and 
the last preliminary remark, since j(m,m') = 0, we have 

d(mxQ, m Xo) < d(mxo,xo) + d(xo, m'xo) < (N + l)k + (A + l)k = (N + l)d(m, m) . 

Let us prove the lower bound in Equation (63). By convexity, the points mxo,p,q, m'xo 
are in this order on [mxo, m'xo]. Hence by the triangle inequality, since ot\ is the first letter 
of m and (3\ is the first letter of mf, by the last preliminary remark, and since j(m, m!) = 0, 
we have 

d(mxo,m! xq) > d(mxo,p) + d(q, m'xo) > d(mxQ,p) + d(q, m'xo) — 21og(l + y/2) 

> d(mxo, a\Xo) + d(f3\XQ, m'xo) — 2 log(l + y/2) — 2e 

> (N — 2e)(k — I) + (N — 2e){k' - 1) - 21og(l + y/2) - 2e 
= (N — 2e)d(m, m!) - 2(log(l + y/2) + N - e) , 

as required. 

Let us finally prove the last assertion of Proposition 4.6. Let m and mf be two distinct 
words in the elements of S with the same length. We may hence write m = mootimi and 
m' = moa'i m i where mo,mi,m± are (possibly empty) words in the elements of S with 
£(mo) = j(m,m') and a\,a'i are distinct elements of S. Let 

a = d(xo, niQXo) and b = min{d(moXo,mxo), d^m^xo, m'xo)} . 

Let y and y' be the points of [moxo, mxo] and [moXo,m'xo] respectively at distance b from 
mQXQ. Let z and z' be the closest points to y and y' on [xo, mxo] and [xo, m'xo] respectively. 
Let w and w 1 be the closest points to m^x® on [xo,mxo] and [xo,m'xo] respectively. Let x 
and x' be the points on [xo, mxo] and [xq, m'xo] respectively at the same distance a + b — 3e 
from xq. Let us prove that x and x' are well defined and satisfy the requirements of the 
last assertion of Proposition 4.6. 
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We have 

max{d(rnoXo,w),d(moXo,w'),d(y, z),d(y' , z')} < e 

since [xq, mQXo]L)[moXo, mxo] is contained in the e-neighbourhood of [xq, tuxq] and similarly 
upon replacing m by m', 

By the last preliminary remark, we have 

b = min{ii(xo, aimi^o), d(xo, aqm^xo)} > N — 2e > 3e . 

Hence a + b — 3e > 0, and the points xq, w, z and xq, w' , z' are in this order on [xq, mxo] 
and [xo,m'xo] respectively. By the triangle inequality, and since closest point maps do not 
increase the distances, we have 

d(xo, x) = a + b — 3e = d(xo, m^xo) + d(moXo, y) — 3e 

< d(xo,w) + d(w, z) + 2d(??T,oXo, w) + d(y, z) — 3e 

< d(xo, z) = d(xo, w) + d(w, z) < a + b . 

In particular, a + b — 3e < d(xo, z) < d(xo, uixq) and x is well defined. Similarly, x 1 is well 
defined. 

By the triangle inequality, 

d(x, y) < d(x, z) + d(z, y) = (d(xo, z) — d(xo, x)) + d(z, x) 
< a + b - (a + b - 3e) + e = 4e . 

Similarly, d(x',y') < 4e, hence again by the triangle inequality 

d(x, x) > d(y, y) - d(x, y) - d{x ,y) > d(y, y) - 8e . 

Let us prove that d(y,y') > 1, which implies the last assertion of Proposition 4.6. 

Assume for a contradiction that d(y,y') < 1. Let p and p 1 be the closest points to 
moaixo and moa^xo on [moxo, mxo] and [moXo,m'xo] respectively. We have 

max{d(moaiXo,p), d(moa'iXo,q')} < e . 

Up to permuting m and mf , since y = uixq or y' = m'xQ by the definition of y and y', 
we may assume that p' £ [mo^o,?/']. Let q be the closest point to p' on [mo^Oj ttixq]. By 
convexity, we have d(p',q) < d(y',y). By the triangle inequality, since closest point maps 
do not increase distances, and by the hypothesis (1), we have 

d(p,q) = \d(m x ,p) - d(m x ,q)\ < \d(m x ,p) - d(m x ,p')\ +d(p',q) 

< \d(m xo,m Q aix ) - d(rn x , moaqxo)! +e + d(p',q) 

< ((N + l)-N) + e + d(y',y) = l + e + d(y , ,y) . 
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Therefore 



d(aiX ,aiXo) = d(m aix , moa^o) < d(m aix ,p) + d(p,q) + d(q,p) + d(p' , m aqxo) 
< l + 3e + 2d(y',y) < 6 < C . 



This contradicts the hypothesis (2). This ends the proof of Proposition 4.6. 



□ 



We now construct (in Proposition 4.7) finite subsets S of T satisfying the assumptions 
(l)-(3) of Proposition 4.6. These sets S satisfy another property (4), which will allow us 
to prove in Theorem 4.8 that the critical exponent 5g,f, where G is the subsemigroup 
generated by S, is close to the critical exponent 8r,F- 

We will follow arguments contained in the proof of [OtP, Theo. 1], though the necessity 
of controlling the integral of the potential F along pieces of orbits of the geodesic flow, and 
the new application Theorem 4.8, require a much more precise construction. The origin of 
the techniques goes back to the paper [BiJ], as extended independently by U. Hamenstadt 
(unpublished) and [Pau] to prove that the Hausdorff dimension of the radial limit set A c r 
of r is the (standard) critical exponent of T. 

Proposition 4.7 Assume that <5p, f > 0. For all 5' G ]0, 5y,f[ and 6,C,L > 7 there exist 
xq E M, vq E Tg M, N > L and S a finite subset ofT such that 

(1) N < d(xQ, axo) < N + 1 for every a £ 5; 

(2) d(axQ, (5xq) > C for all distinct a and f3 in S; 

(3) for every a G S, the angle at xq between vq and the unit tangent vector at xq pointing 
towards axo, and the angle at oxq between —avo and the unit tangent vector at axo 
pointing towards xq, are at most 6; 



f aX °F ^ S'N 

e Jx o > e . 



Q6S 



Proof. Let us fix positive real constants 5' < 5 = 5r t F an d 6,C,L. We may assume that 
9 < Let e, 9' > be small enough parameters, and let L' be a large enough parameter. 

Since M is CAT(— 1), there exist po = Po(9) > and 
p = p(9,9') > po + 1 such that for every x' G M, for all 



v , w 
i 



•' G T^,M whose angle ^ x /(v',w') at x' is a least f, if 



7T 



v') and z' 



7T 



r ,W 



then the angles at y' and 



y 

z' of the geodesic triangle with vertices x' , y' , z' are at most 
9' , and the distance from x' to the opposite side [y' ', z'\ is at 
most po- 





Since T is nonelementary, there exist two 
distinct points £ and r] in Ar such that the orbit 
of (£, rf) in Ar x Ar under the diagonal action of 
r is dense in Ar x Ar. Let u be a unit tangent 
vector to the geodesic line from £ to rj, and let 
x = tt(u). 
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Again since T is nonelementary, the pairs of endpoints of translation axes of hyperbolic 
elements of T are dense in Ar x Ar. In particular there exists 70 E T whose translation axis 
Axe^ has endpoints close to £ and 77. Up to replacing 70 by a positive or negative power, 
we may assume that 70 translates from the endpoint close to £ towards the endpoint close 
to 77, and that the geodesic segment [x,7qx] has length at least L' and is contained in the 
e-neighbourhood of Axe-y . Denote by u' the unit tangent vector at x pointing towards 
70X and by u" the unit tangent vector at 702; pointing towards x. We may also assume 
that the angles Z x (n, v!) and Z 7oa: (7oti, —u") are at most |. In particular, by the spherical 
triangle inequality, we have 

9 9 

^~f x(u", -7o*0 < ^ x{u", -70**) + Z 7o:E (-7oti, -7o*0 < 2 - < - . (64) 

o z 

By density, there exists 7 £ T such that 7 £ is close to i], 7 r/ is close to £, the geodesic 
segment [x,7 x] has length at least L' , and, with vf the unit tangent vector at x pointing 
towards j x and u" the unit tangent vector at 7 x pointing towards x, the angles Z x (u,u') 
and Z 7orr (7 n, u") are at most |. 

Since M has pinched negative curvature and p depends only on 9, 9', there exists 
9" = 9"(e,9,6') e ]0, f] such that for all v',v" in T^M with angle l x (v',v") at most 9", 
for every t E [0, p] (or equivalently for t = p by convexity), we have 

d(7r(&t/),7r(&«")) <e. 
Since T is nonelementary, there exists N± £ N — {0} such that, with 

4 = {y£M : n < y) < n + iVi} 

for every n E N, the cardinality of A n n tends to +00 as n — > +00. 
Let us prove that 

lim sup e-^ ( F ~ s ) = -j-oo _ 

n— >+oo _ . 

7ST : 7xeA n 

Otherwise there exists ci > such that, for every n E N, the above sum is bounded by ci. 
If 5' < s < 5, we have 

Qr,F,xA*) < E E e^ ( ^ s) = E E e^^-^e"^ 5 ')^) 

neN 7er : 7xeA„ neN 7er : jxeA n 

^ c i E e" (s_y)n < +00 , 

which contradicts the divergence of the Poincare series Qv,F,x,x( s ) at s < 5. 

Since the isometric action of V on M is proper, the group V is the union of finitely 
many subsets E such that 

d(ax, fix) > C' = C + max{ 2 po, 2d(x,jox), 2d(x,j x)} (65) 

for all a 7^ (3 in E, and the cardinality of Ex n A n tends to +00 as n — > +00. There exists 
such a subset Eq satisfying 

lim sup ( F ~ s ) = ^.qq _ 

7S-B : 7xeA„ 
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Consider the sequence of the finite subsets Z n of the unit tangent vectors at x pointing 
towards the elements of Eqx n A n , for n € N. By looking at the accumulation points of 
these subsets and using the compactness of T^M, there exist v,w in T^.M, an increasing 
sequence (nfc)fc g pj in [2 po, +oo[ (IN and, for every k S N, a finite subset S k of T such that 

(i) for all a and f3 in we have < ax) < n-fe + iVi and d(ax, f3x) > C if a 7^ /?; 

(ii) for every a € Sfc, the angle at x between v and the unit tangent vector v a at x 
pointing towards ax, and the angle at ax between aw and the unit tangent vector 
w a at ax pointing towards x, are at most 8"; 

(iii) ^ f >ke 5 ' n K 

The end of the proof of Proposition 4.7, which would be easy if v = —w, is subdivided 
in a few cases, the first of them being the easier case when v = —w almost holds, and 
the other ones dealing with the situation when the equality v = —w is far from holding, 
and where we try to go back to the easier case by rounding up finitely many geodesic 
segments in M with the same origin and endpoint, and making them composable in an 
almost geodesic way. 

Case 1. First assume that /C x (v,w) > |. 




Let y = ir((j)pv) and z = ir(<p p w). Define xq as the closest point to x on [y, z] and as 
the unit tangent vector at xq pointing towards y. In particular, by the definition of po, we 
have d(x, xq) < pq. 

Let k € N and a,f3 G S^. By the triangle inequality and Assertion (i) above, we have 
< n k - 2p < d(x , ax ) < n k + N\ + 2p , (66) 
and, if a 7^ /3, by the definition of C in Equation (65), 

d(ax ,f3x ) >C'-2p >C. 

If k is large enough, then d(x, ax is large enough by Assertion (i) and, since v a ) < 

(aw, w a ) < 6" by Assertion (ii) above, the points y and az are, by the definition 
of 8", at distance at most e to the geodesic segment [ 

If two geodesic segments in a non-positively curved manifold have lengths at least 
1 and have sufficiently close endpoints, then their tangent vectors (parametrising them 
proportionally to arclength by [0, 1]) are uniformly close. In particular (or by using Lemma 
3.2), since p > 1, if e is small enough and if k is large enough, there exists a constant C2 > 
(depending only on e, the Holder constants of F and max^-i^^ ^u^^ ^) \F\) such that 



F- I F- F- F 

J y J az 
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< c 2 . (67) 



By the triangle inequality and the definition of p, we have d{xn,y) > p — po > 1, and 
similarly d(az, a^o) > 1. If A; is large enough, we have, for every a £ 

az) > arr) — 2/9 > — 2p > 1 . 

Recall that d(y, [x, ax]) < e, d(az, [x,ax]) < e, and that L y {$ p v , 4>d(x ,y) v o) < by the 
definition of p. Let e' > be small enough, and assume that 0' and e are small enough 
compared to 9 and e'. Then, if k is large enough, the piecewise geodesic path 

ui = [xq, y] U [y, az] U [az, axo] 

has its exteriors angles at y and az at most 6o(l,e' ,6), where #o("> "> ") has been defined in 
Lemma 2.6. Therefore by this lemma, for every a E S^, the angles at xq between vq and 
the unit tangent vector at xq pointing towards ax^, and the angle at axo between — avQ 
and the unit tangent vector at axQ pointing towards xq, are at most 9; furthermore the 
piecewise geodesic path oj is at distance at most e' from [xo,axo]- 

As in the proof of Equation (67), there exists a constant C3 > (depending only on e', 
the Holder constants of F and maXj-i^ ^jy^^j/)) \F\) such that 



OtXQ 



.I'll 



•I'll 



axo 



F 



< 



C3 



(68) 



With C4 = pmax 7r -ifB(. I . j p)) |.F|, since d(xo,y) < d(x,y) = p and similarly with z instead 
of y, we have 



rv ~ 




/"f ~ 




rax 






y f 


5 


y f 


3 


y * 


5 


y * 


JXQ 




J X 











< C4 . 



(69) 



By the formulas (67), (68), (69), and by Assertion (iii) above, we have, if k is large 
enough, 



a£S k 



aes fe 



Hence, using Equation (66), there exists A € Nfl — 2po — l ; ^fc + Ai + 2po + 1[ such 
that 



™ 10 s ^ e -C2-C3-4c 4 £ e -C2-C3-4c4-<5'(7Vi+2po + l) 

Jxn ™' 



e x o 



> 



a e s fc 
JV < d(tc , no) < iV + 1 



If A; is large enough, then 
defining 



Ai + 4p + 2 

fc e -c 2 -c 3 -4 C4 -«S'(iV 1 +2p + l) 



A r i+4p +2 

5 = {a £ S k : N < d(x , ax ) < N + 1} 



Ai + 4p + 2 
> 1 and A > — 2po — 1 > L, and 



the objects xq, Vq, N, S defined above satisfy the properties (l)-(4) required in Proposition 
4.7. 

Case 2. Assume that Z x (u,—v) > | and that /C x (u,w) > |. 

Consider the hyperbolic element 70 of T and the unit tangent vectors v! and u" defined 
above. We will define in due time the notation in the following figure. 
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Let k £ N and o E Sk- In order to get the following inequalities, we use: 

• the spherical triangle inequality for the first one; 

• the assumption of Case 2, the properties of u' and u", and Assertion (ii) above for 
the second one; 

• and the assumption on 9" for the last one: 

^■y x{u" ,10 v a) > ^ 10X (-JqU,J v) - £ 10 x{-l0U,u") - (j V a , 70«) 

> e -- e --e»> 6 -. 

- 2 8 - 4 

Similarly, ^ loax (joW a , 7 ou') > f. 

Hence, by the definition of p, the angles at y = 7r((j) p u") and z = Tr((pp(jQV Q )) of 
the geodesic triangle with vertices 702;, y, z are at most 9', and similarly the angles at 
y' = 7r((/>p(7ott>Q,)) and z' = Tr((p p^au')) of the geodesic triangle with vertices -yoax, y' , z' 
are at most 9'. 

Assume that L' > p + 1, so that by the construction of 70 

d(x, y) = d(x, j x) - p>L' - p>\ . 

and similarly d(z' , 700702:) > 1. By the triangle inequality and the definition of p, we have 
d(y,z) > 2(p — po) > 2, and similarly d(y',z') > 2. Assume that A; is large enough, in 
particular so that we have 

d(z,y') = (i(7ox,7oax) - d(j x,z) - d(y',j ax) > n k - 2p > 1 . 

Let e' > be small enough, and assume that 9' is small enough, so that in particular 
6' <• $o(l ) e ' 1 §)■ The piecewise geodesic path 

u = [x, y] U [y, z] U [z, y] U [y , z) U [V , 700702:] 

has exterior angles at y,z,y' , z' at most 0'. Hence, by Lemma 2.6, the angles at x between 
v! and the unit tangent vector v aj at x pointing towards 700:700:, and the angle at 70070a; 
between 70cm" and the unit tangent vector w at o at 700702; pointing towards x, are at most 

e. 

9 9 

^x(u ,v a)0 ) < -, Z 70Q70x .(7oau",u; Qi o) < - • (70) 

Furthermore the piecewise geodesic path u is at distance at most e' from [x, 700702;]. 

Hence, as in Case 1, there exists a constant C5 > (depending only on e' and on the 
Holder constants of F) such that 

/ F- F- F- F- F- F < c 5 . (71) 

By invariance and additivity, we have 

ax ^ pyoax ^ pz ^ ry ^ p^Qax ^ 

F = F = F + F + F . (72) 



7 x J -y x 

70 



Note that d(x,y) < d(x,jQx), d(y,z) < 2p and d(y',z') < 2p. Therefore, with cq 
(d(x,7 x) + 2p) max T -i (B(lirf(l ^ )+2ri) \F\, we have 



F 



70 x 



F 



F 



F 



F 



F 



< c 6 • 



Hence, by the formulas (71) and (72), we have 

■J X 

Assertion (hi) above implies that 



F - c 5 - 6c 6 



Er-f ct-f x p 
e Jx > k e 

a£S k 



c 5 -6c 6 e &'n k 



Dehne 



xo = x and vq = u . 
By Equation (70), for k large enough and for every a 6 Sj, we have 

Q 

4o("o,v Q ,o) < - < # • 

By the spherical triangle inequality and since the isometry 70a preserves the angles for the 
first inequality, and by the formulas (64) and (70) for the second one, we have 



1QO-1QX0 



(-JOCtJOu' ,Wa,o) < ^ /0 x(-70u',u") + £ l0 a l0 x{l0au" , W a , o) < » + 9 = ^ 



For large enough and for all a,/3 G S^, we have by the triangle inequality and 
Assertion (i) above 

n k - 2 d(x, 7 x) < d(x ,-f ajox ) <n k + N 1 + 2 d(x, 7 x) , 

and, if a 7^ /3, by the definition of C in Equation (65), 

d(7 a7 x ,7o/37o^o) = d(aj x, /?7 x) > d(ax,^x) - d(ax,a~f x) ~ d(f3x,f3~/ x) 
>C'-2d{x,-/ x) >C . 

As in Case 1, there exists A E Nfl }n k — 2d(x,jox) — 1, rt^ + Aq + 2d(x,jox) + 1[ such 
that 



E 

a € S k 

N < d(x ,j ai x ) < JV + 1 



rjQa-y x p 



e Jx o 



> 



k e- C5 " 6c6 



> 



Ni +4d{x,~f x) + 2 

e -C5-6c 6 -<5'(A r i+2d(a:,7ox)+l) ; 



(5' AT 



Ai + 4d(x,7 x) + 2 



If is large enough, then k 6 C5 ^^(x]^)^ *^ > 1 and A > re fc - 2 d(x, 7 x) - 1 > L, 
and defining 

S = {7o«7o ■■ a £ S k and A < d(x , 7o«7oxo) < A + 1} , 
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the objects xq, Vq, N, S defined above satisfy the properties (l)-(4) required in Proposition 
4.7. 

Case 3. Assume that Z x (v,w) < % and that /- x (u, — v) < |. 

Consider the element 7 of T and the unit tangent vectors v! and u" defined above. 




Let k G N and a £ S k - By the spherical triangle inequality, by the assumptions of Case 
3, by Assertion (ii) above, by the properties of u' , and since 9" < | and 9 < ^, we have 

l ax (w a ,av!) > £ ax (av,-av) 

— £ ax (av,aw) — £ ax (aw,w a ) — £ ax (—av,au) — ^ ax (au,au') 



> vr - - 
4 



> vr 

2 8 ~ 



vr 6* 
> - > - 
~ 2 ~ 4 



As in Case 2, if L' and k are large enough, for every e' small enough, if 9' is small 



enough, so that in particular L' > p + 1, n k > p + 1, 9' < 9q(1, e', with y = tt( 
and 2; = 1(^(01/)), considering the piecewise geodesic path 



P w a ) 



w = [x, y] U [y, z] U [z, aj x] , 

we have for every a £ Sk- 

• the angles at y and z of the geodesic triangle with vertices ax, y, z are at most 9', 
by the definition of p, hence the exterior angles of u at y, z are at most 9' < 9q(1, e' , | ); 

• we have 

fi(x, y) > n k - p > 1 , z) > 2(p - p ) > 2 , 
cr/g^c) = d(ax, orf x) — p> L — p> 1 ■ 

hence we may apply Lemma 2.6 to uo with £ = 1; 

• the angles at x between v a and the unit tangent vector v a ^Q at x pointing towards 
crf x, and the angle at arf x between au" and the unit tangent vector w at o at aj x 
pointing towards x, are at most |; 

• the path oj is at distance at most e' from [x, 070^]- 

• there exists a constant C7 > (depending only on e' and on the Holder constants of 
F) such that 



a-y x 



F 



F 



F 



a-y x 



F 



<c 7 



if c% = (<i(x,7 x) + 2p) max x - 



l(B(x,d(xrf x)+2p)) 



F 



F\, we have 



< 



c 8 
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Since J® F = jj F + J^ x F, and by the last two points, we have 



L 



F > ( F ) -c 7 -3c 8 . 



Assertion (iii) above implies that 

a£S k 

Define 

xo = x and wo = v . 
By Assertion (ii) above and the third point above, we have 

Q 

L Xo (vo,v a) o) < L x (v,v a ) + 4K,8a,o) < 0" + - < 9 . 

By the assumptions of Case 3, by the properties of u" , and by the third point above, we 
have 

^a%x(-orf v ,w a! o) < Z a - oX (-aj v ,(ry u) + £ a ^ oX (arf u, cm") + l a - oX {mf' , w aj ) 

9 9 9 
<- + - + -<9. 
~ 2 8 4 - 

For all a,/3 S Sfc, by the triangle inequality and Assertion (i) above, we have 
n k - d(x,j x) < d(x ,ar? x Q ) < n k + N\ + d(x,j x) , 
and, if a ^ /3, by the definition of C in Equation (65), 

d(or/ xo, /?7 xo) > d(ax,/3x) — 2d(x, 7 y x) >C— 2d(x,^/ x) > C . 
As in Case 1, there exists A E Nn }n k — d(x, 7 y x) — l,n k + N± + <i(x,7 a;) + 1[ such that 



JV < d(i , a7 a:o) < JV + 1 



F k e - c 7-3c 8 -(5'(Afi+d(a;,7 x)+l) 

iVi + 2d(x,7 x) + 2 



e J:c o * > — ^7 — = — ; e 



If k is large enough, then ke "^^dix^t)^ ^^ - 1 and N - Uk ~ d ( x > ^0^) ~ 1 > L, 
and defining 

5 = {cr/o : a £ S k and A < d(xo,orf xo) < N + 1} , 

the objects Xq, vq, N, S defined above satisfy the properties (l)-(4) required in Proposition 
4.7. 

Case 4. The remaining case, when /C x (v,w) < | and 4- x (u, w) < |, follows similarly to 
Case 3: we take xq = x,vq = w and S the appropriate subset of {^ a : a G S k }- 

This ends the proof of Proposition 4.7. □ 

The main objective of this subsection is the following result. 
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Theorem 4.8 Let M be a complete simply connected Riemannian manifold, with dimen- 
sion at least 2 and pinched negative sectional curvature at most — 1. Let T be a nonele- 
mentary discrete group of isometries of M. Let F : T 1 M — > R be a Holder- continuous 
Y -invariant map. 

Then the critical exponent <5r,_F is equal to the upper bound of the critical exponents 
°~G,F) where G ranges over the convex- cocompact free subsemigroups ofT. 

When F = 0, this result (with M any proper geodesic CAT(— l)-space) is due to Mercat 
[Mer]. 

Proof. It is immediate that <5r, f > °~G, F f° r an y subsemigroup G of T. Hence <5r,F 
is at least the upper bound of the critical exponents Sq, f of the convex-cocompact free 
subsemigroups G of T. We now prove the converse inequality. Up to adding a constant to 
F, we may assume that 6y } f > 0. 

Let 5' E ]0, <5r, F [ an d s E ]0, 5' [ . Since two geodesic segments of lengths at least 1 which 
are close enough have their unit tangent vectors close (see Lemma 3.2), there exist e E ]0, 1] 
and c > (depending only on the Holder constants of F and on max^-i^^^ \F — s\) 
such that for every piecewise geodesic segment [x,y] U [y,z], with segments of length at 
least 1, which is contained in the e-neighbourhood of [x, z], we have 

(F-s) - (F-s) - (F-s)\<c. 



Jx Jy 

Let 6 > (depending only on e) be given by Proposition 4.6. Let L = max{5, frr^} 

and C = 6. Let xq E M , vq E T 1 M, N > L and S a finite subset of T be given by 
Proposition 4.7 (depending on S',9,L,C). By Proposition 4.6, whose assumptions are 
satisfied by the first three assertions of Proposition 4.7, the semigroup G generated by S 
is free on S and convex-cocompact, and for all 7 E G and a E S, the piecewise geodesic 
segment [2:0,7x0] ^ il x 0i l ax o]i whose segments have length at least 1, is contained in the 
e-neighbourhood of [xo,7axo]- In particular, by the definition of c and by invariance, we 
have 

/ {F-s) - / (F-s) - / (F-s) <c. (73) 

' XQ JXO J X0 

For every k E N, denote by the set of words of length k in elements of S. Let 
so that, since G is the free semigroup generated by S, we have 



Qg,f,x ,x (s) = 



A' 



fceN 

By Assertion (1) of Proposition 4.7, for every a E S, we have — sd(xo, axo) > —s(N + 1 

8' 



By Equation (73), by Assertion (4) of Proposition 4.7, and since N > L > -§rzr, we hence 



have 

p« (f_ s ) ^ p*o(j?_ s)+ r^o(j?_ s ) 
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Therefore the Poincare series Qq p XQ XQ (s) diverges. Hence Sq p > s. Letting s — > 5' , this 
implies that 5g,f > &' • As 5' < <5r,F was arbitrary, this proves Theorem 4.8. □ 

5 A Hopf-Tsuji-Sullivan-Roblin theorem for Gibbs states and 
applications 

Let M,T,F be as in the beginning of Chapter 2: M is a complete simply connected 
Riemannian manifold, with dimension at least 2 and pinched sectional curvature at most 
— 1; r is a nonelementary discrete group of isometries of M; and F : T l M — > R is a Holder- 
continuous T-invariant map. The aim of this chapter is to give criteria for the ergodicity 
and non ergodicity of the geodesic flow on the space T X M = r\T 1 M endowed with a Gibbs 
measure. We also discuss several applications, in particular to the uniqueness of a Gibbs 
measure on T l M as soon as there exists a finite such measure. 

5.1 Some geometric notation 

We introduce in this subsection the notation for several geometric objects that will be used 
in the proofs of the subsections 5.2 and 9.1. 

For every z G M, every subset Z of d^M and every r > 0, define the r-thickened and 
r -thinned cones over Z with vertex z as 

% + (z,Z)=^K-( \J ^ Z ,Z\ and c g-(z,Z)=JV r -( K f] %>Z\ . 

z'€B(z,r) z'&B(z,r) 



%~(z,Z) 



Z 



For all r > and z G M, we will say that v G T M is r-close to z if there exists 
s G ] — §, §[ such that tt(4> s v) is the closest point to z on the geodesic line defined by v, 
and d(z,7r(4> s v)) < r. For every 7 G T, the vector 7V is r-close to "fz if and only if v is 
r-close to z. 

For every subset Z of d^M, let if + (z, r, Z) be the set of v G T X M such that v + G Z and 
■u is r-close to z, and K~(z,r,Z) = iK + (z,r, Z). Note that 7if ± (,2, r, Z) = K =t (72;, r, jZ) 
for every 7 G T. Also denote by 

K(z,r) = K + {z 1 r,d OQ M) = K~ {z^d^M) 

the relatively compact open set of vectors v that are r-close to z, which satisfies jK(z, r) = 
K(jz, r) for every isometry 7 of M. 

For distinct points £ and 7/ in dooM, let a be the 
unit tangent vector based at the closest point to z on the 
geodesic line betweeen £ and 77 pointing towards 77. We 
have 7«£ „ a = 7 „ 72 for every isometry 7 of M. 
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For all r > and z,w G M such that d(z, w) > 2r, 
define L r (z,w) as the set of (£, 77) in dooM x dooM 
such that the geodesic line starting from £ and ending 
at 77 meets first B(z,r) and then B(w,r). We have 
■yL r (z,w) = L r {^z,^fw) for every isometry 7 of M. 




V 



For all r > and z,w £ M, define 



0?{z,w) = (J z ,B(w,r 



) and G r {z,w)= f] G z >B(w,r) . 



z'eB(z,r) 



z'eB(z,r) 



For all r > 0, w G M and 2 G d^M, define 

&+(z,w) = tff~(z,w) = tff z B(w,r) . 

Note that, for every fixed u> £ M, the closure of G^(z,w) converges to the closure of 
€?^(zo,w) in the space of closed subsets of M U d^M, as z tends to zq in M U dooM, 
uniformly on r in a bounded interval. We have 7^?^ (z, if;) = (70, 7777) for every isometry 
7 of M. 

Lemma 5.1 For all r > anc? 2,u; G M such that d(z,w) > 2r, the set L r (z,w) contains 
&-(w,z) x 0~(z,w). 

Proof. Let (£,77) G (?~(w,z) x G~(z,w). 



For every cc on the geodesic ray 77 [ , denote by x its closest point on the geodesic ray 
[z, rj[ . Since 77 G G~(z, w) C tff z B(w, r), the point TZJ is at distance at most r from w. Since 
closest point maps do not increase the distances, by convexity, by the triangle inequality 
and since d(z, w) > 2r, we have 



Hence rj ^ G w B(z,r) D ff~(w, z). This implies that £ 7^ 77. 

Let p and g be the closest points to w and z respectively on the geodesic line between 
£ and 77. Let p' and </ be the points on [w,p] and [2,(7] at distance min{r, d(w,p)} and 
min{r, d(z, q)} from u; and z, respectively (see the above picture). Note that p' and q' are 
the closest points to p and q on the balls B(w,r) and B(z,r) respectively. 

Up to a permutation, we may assume that d(p,w) > d(q,z). Since 77 G 0~(z,w), the 
geodesic ray [(/,77[ meets B(w,r) at at least one point 77'. Let u be the closest point to 
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d(z,x) > d(z,x) > d(z,w) > d(z,w) — d(w,w) > 2r — r = r . 
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v! on the geodesic line between £ and 77. Since d(z,w) > 2r, we have v! 7^ q' . Hence, by 
convexity, 

d(q,q')>d(u,u')>d(p, P ') . 

If q 7^ q' , the first inequality is strict, and this contradicts the fact that d(p,w) = r + 
d(p,p') > c?(g, 2;) = r + d(q, q'). Hence q = q 1 , therefore p = p' and the points z, w are at 
distance at most r from the geodesic line 

Since d(q,z) < r and 77 G tff~(z,w), the geodesic ray [g,?7[ meets B(w,r). Since 
d(z,w) > 2r, the point g does not belong to the intersection of B(w,r) and [<7,?7[. Hence 
by convexity, p belongs to this intersection, and £,,q,p,r) are in this order on the geodesic 
line ]£, r)[. Therefore (£,77) G L r (z,w), as required. □ 

The following result that we state without proof is a simple extension of Mohsen's 
shadow lemma 3.10, with a similar proof (see [Robl, p. 10]). 

Lemma 5.2 Let a G K, Zef {^x) x< zj^ be a Patterson density of dimension a for (T,F), 
and let x,y G M. If R is large enough, there exists C > such that for every 7 G T, 

I e n v ^-°) < ^-B( 7 y,R)) < » x (0+B( 7 y,R)) < C e^^-) . 

5.2 The Hopf-Tsuji-Sullivan-Roblin theorem for Gibbs states 

Fix a G K. Let (at) ^ and (u T ) be Patterson densities of the same dimension a 
for (r, F o 1) and (T, F) respectively, and let m (respectively m) be their associated Gibbs 
measure on T X M (respectively T 1 M), see Subsection 3.7. 

In this subsection, we give criteria for the ergodicity and non ergodicity of the geodesic 
flow (4> t )tm on T l M = TXT 1 ]^ endowed with Gibbs measures. These criteria generalise 
the classical Hopf-Tsujii-Sullivan-Roblin results for the Bowen-Margulis measures (that is, 
when F = 0). Their proofs, given at the end of this subsection, follow closely the general 
lines of those presented in [Robl, Chap. IE]. 

Let us recall some definitions on a dynamical system (Q, G, v), where is a Hausdorff 
locally compact a-compact topological space, G is a locally compact u-compact topological 
group acting continuously on fi, and v is a positive regular (hence cr-finite) Borel measure 
on O, which is quasi-invariant under G. 

Recall that (Q, G, v) is ergodic if for any G-invariant measurable subset A of f2, either 
A or C A has zero measure for v. 

Recall that 1^ denotes the characteristic function of a subset A. A wandering set 
of (0, G, v) is a Borel subset E of such that for z/-almost every u) G E, the integral 
Jq dg is finite, where dg is a fixed left Haar measure on G. The dissipative part 

of (O, G, v) (well defined up to a zero measure subset) is any G-invariant Borel subset 
which contains every wandering set up to a zero measure subset, and does not contain 
any nonwandering set of positive measure. Note that any countable union of wandering 
sets is contained in the dissipative part up to a zero measure subset. The conservative 
part of (fi, G, v) is the complement of its dissipative part (and is also defined up to a zero 
measure subset). Recall that (fi, G, v) is completely conservative (respectively completely 
dissipative) if its dissipative part (respectively conservative part) has zero measure. 

The first result gives criteria for the non-ergodicity of the geodesic flow. 
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Theorem 5.3 The following assertions are equivalent. 

(1) The Poincare series of (T,F) at the point a converges: Qr,F(&) < +00. 

(2) There exists x G M such that n x (A c T) = 0. 

(3) There exists x G M such that fj, L x (A c T) = 0. 

(4) There exists x £ M such that the dynamical system (<9^M,r, (/x^ ® /-taj)^ j^) * s 
non-ergodic and completely dissipative. 

(5) The dynamical system (T 1 M, (cf>t)t£R,rn) is non-ergodic and completely dissipative. 

We may replace Assertion (2) by 

(2') For every x G M, u;e /mwe fi x (A c T) = 0. 

and Assertion (3) by 

(3 ! ) For every x G M , we have fj, x (A c T) = 0. 

since two elements in a Patterson density are pairwise absolutely continuous. The proof 
will show that we may also replace "There exists x G M such that" by "For every x G M" 
in Assertion (4). 

Remark. This result indicates that the case when Qt,f(<t) < +°° (and in particular 
the case when (T,F) is not of divergence type and a = 5? f) is n °t interesting from the 
dynamical system viewpoint. It is also not the one that occurs the most frequently, as we 
will see later on. Furthermore, when Qt,f{&) < +00, uninteresting Patterson densities of 
dimension a for (r, F) exist if Ar 7^ dooM, as follows. Fix xq in M and £ G — AI\ 

Denote by ^ the (unit) Dirac mass at a point r/ G d^M. Then for every x G X, the series 

converges. Indeed, its convergence is independent of x and Xo by the cocycle property of 
Cf-ct (Equation (21)) and by Lemma 3.4 (1). Hence, for every fixed r > 0, we may assume 
that x G ^Ar and that xq is close enough to £ so that £ G &~-i x B(xq, r) for every 7 G T. 
Then by the invariance property of Cf—o (Equation (22)) and by Lemma 3.4 (2), there 
exists c > such that for every 7 G T, we have 

-C F -a,~,t(x,'YXo) = -Cf-ct, z{T l x,x Q ) < c+ \ (F - a) = c + (F — a) . 

J 7 _1 x J x 

Hence the convergence (in norm) of the series v x follows from the convergence of the series 
Qr,F,x,x (o~)- It is easy to check that (v x ) ^ is a Patterson density of dimension a for 
(T,F). Taking linear combinations of them as £ varies and weak star limits gives other 
examples. The measures v x are atomic and ergodic (but not properly ergodic, indeed of 
type loo in the Hopf-Krieger classification, see for instance [FM]: they give full measure to 
an infinite orbit of T). 

The next result gives criteria for the ergodicity of the geodesic flow. 

Theorem 5.4 The following assertions are equivalent. 
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(i) The Poincare series of (T,F) at the point a diverges: Qp = +00. 
(ii) There exists x £ M suc/i i/iai //a;( c A c r) = 0. 
(Hi) There exists x £ M such that (j, x ( c A c T) = 0. 

(iv) There exists x £ M suc/i i/iai i/ie dynamical system (d^M ,T, (fi x ® /U^),^ Jf) is 
ergodic and completely conservative. 

(v) The dynamical system (T 1 M, (^t)teR, ?n) is ergodic and completely conservative. 

We may also replace Assertion (ii) by 

(■ii',) For every x £ M, we have /i x ( c A c T) = 0. 

and Assertion (iii) by 

(Hi') For every x £ M, we have fi L x ( c A c T) = 0. 

The proof will show that we may also replace "There exists x £ M such that" by "For every 
x £ M" in Assertion (iv). 

The proof of these two theorems will be based on the following list of implications, as 
in the case F = in [Robl, Chap. IE]. Let us fix x £ M. 

Proposition 5.5 Assume that a > 0. 

(a) IfQ r ,F(cr) < +00 then fJ, x (A c T) = and fJ, x (A c T) = 0. 

(b) If fj, x (A c T) = and /j, x (A c T) = 0, then (c^M, T, (fj, x ® fJ>x)\Q2 jfi) ^ s completely dissi- 
pative. 

(c) If (c^M, T, (fi x (E) /^x)| 9 2 jff) is ergodic, then fi x ® /i x is non-atomic, the diagonal of 

dooM x OoqM has zero measure for \x L x ® /i^, and {d^M x d^M, T, \x l x <S> jJL x ) is ergodic 
and completely conservative. 

(d) For all v £ T l M , we have v+ £ A c r if and only if there exists a relatively compact 
subset K in T 1 M such that J °° trK 4 > t( v )dt diverges. Therefore (T 1 M, ((j>t)teRi m ) *s 
completely conservative (respectively completely dissipative) if and only if fj, l x ( c A c T) = 
and /j, x ( c A c T) = (respectively n x (A c T) = and (i x (A c T) =0). 

(e) The dynamical system (T 1 M, (4>t)teM.J m ) * s ergodic if and only if the dynamical sys- 
tem (d^M,T, 04 ® MaOiggjgO is ergodic. 

C/J IfQr,F(o-) = +00 i/ien ^(A c r) > and (J, X (A C T) > 0. 

(g) Iffi x {A c T) > i/ien fi x ( c A c T) = 0. 

(h) If (T 1 M, (4>t)t£R, m ) is completely conservative then it is ergodic. 

Proof, (a) Mohsen's shadow lemma 3.10 applied to (l J 'x) xe ]^ with K = {x,y} shows the 
existence of Nq £ N such that for all N > Nq, there exists cat > such that 

M^(£(7J/,A0)) < C N eK*^-") . 
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By the definition of A c r, we have A c r = (JtvgN n>n wnere 

A(JV)= f| |J x {B{ ly ,N)). 

A finite subset of T "f&-A 

The fact that (j, x (A(N)) = for every N > Nq, which implies that fj, x (A c T) = 0, then 
follows by using the easy part of the Borel-Cantelli lemma. 

Since Qv^ip') < +00 if and only if Qt,Foi{&) < +00 (see Lemma 3.3 (ii)), the last 
claim follows similarly. 

(b) By Fubini's theorem, the set A = {(£,r)) G d^M : 77 G" A c r} has full measure 
with respect to (fi l x CS> fA x )\Q2 J^j- For every (£,77) G A, let be the finite nonempty 
set of a G T such that the distance between ax and the geodesic line between £ and rj is 
minimal; it satisfies J^^^ = T 7 ^ i7r/ for every 7 G T. For any finite subset F of T, we denote 
Sf = {(£, ??) £ A : ^ = F}. We claim that the measurable subset Sf is wandering, since 
if ^Sf meets Sf then 7F = F and since the stabiliser (for the action by left translations 
of r on itself) of a finite subset of T is finite. As a countable union of wandering sets is 
contained in the dissipative part up to a zero measure subset, and since A = \J F Sf has 
full measure, the result follows. 

(c) Assume for a contradiction that (£', £) G OoqM x OoqM is an atom for //^ <g) that 
is, £' is an atom for //^ and £ is an atom for fi x . This implies that 7^ is an atom for \i x for 
every 7 G T by quasi-invariance. Let T^/ be the stabiliser of £' in T, and note that its limit 
set Ar^' is finite (it has 0, 1 or 2 points). Since T is nonelementary, there exists 70 G T 
such that 7o£ 7^ By ergodicity, the T-orbit G of (£',7o£) in has full measure with 
respect to {p, L x (g) H x )^ 2 Since T acts minimally in AT, there exists 71 G V such that 71 £ 
does not lie in the countable closed set r^/(7o^) U Ar^/ U {£'}, whose complement in Ar 
is open and nonempty since AT is uncountable. Note that (£',7i£) does not belong to ff, 
since otherwise there exists 7 G T such that £' = 7^' and 71 £ = 770C, contradicting that 
71 £ does not belong to r^/(7o^). But (£',7i£) is an atom of (fj, x <g) fJ, x ),Q 2 j~f, contradicting 
the fact that 6 has full measure with respect to this measure. 

Since the product measure fi x <X> [i x is nonatomic, the diagonal of d^M x d^M has 
measure zero for the product measure (by Fubini's theorem, since a finite measure has at 
most countable many atoms). Hence the dynamical system (d^M x dooMjT, fj, x <g> fi x ) is 
also ergodic. Since T is countable and since \i x ® \i x is nonatomic, this ergodic dynamical 
system is completely conservative (see for instance [Aar, page 51, Prop. 1.6.6]). 

(d) The first claim that the conical limit points are the endpoints of the geodesic rays 
whose image in M = T\M returns infinitely often in some relatively compact subset is 
immediate from the definition of A c r. It follows that if E is a relatively compact wandering 
set in T 1 M, then for ra-almost every v G T M, the image of v in T X M belongs to E if 
and only if neither V- nor v + belong to A c r. The result then follows since drh(v) is a 
quasi-product measure of djjL x {vJ), dfi x (v+) and dt. 

(e) This is immediate by the construction of m. 

(f) Assume that Qt,f(c) = +00. Let R > be large enough so that Lemma 5.2 
(with y = x) holds. With a > the maximum mass of an atom of fj, x , also assume that 
R is large enough so that for every 7 G T, we have fi x (G"^(^x,x)) > Cj = ^|~ a , with 
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ff R (jx, x) defined in Subsection 5.1. Let K be the compact subset K(x, R) of T l M denned 
in Subsection 5.1. The proof of Assertion (f) relies on the following two lemmas. 



Lemma 5.6 There exists c$ > such that for every sufficiently large T > 
m(K n 4>. t aK n <j)- s -tPK) J ds dt < c 8 ( 

a, /3er 76r,d(3;,7a;)<T 
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Proof. By the definitions of m in Subsection 3.7, and of K = K(x,R) and Lr(x,jx) in 
Subsection 5.1, for all s, t > and a, fi 6 T, we have (see the above picture) 

m(K n 0_ t air n <^_ s _^) < / ^(0 rf^fa) 

Let (£, r/) £ Lr(x,(3x) and p be the closest point to x on the geodesic line between £ and 
7/. By Equation (25) saying that 

D F - 0)X (Z,t]) = e -^ CF -°<^ x > p)+CF °^°>^ x > p)) , 

by Lemma 3.4 (1) implying that 

| Cf-u, v (x,p) I < c\e R + R sup \F — a\ 

n- 1 (B(x,R)) 

and similarly by replacing F by F o i and 77 by £, there exists a constant c > such that 

-<5f-,, i (^)<c (74) 



Since Lr(x,/3x) C d^M x <^(x,/3x), and by Lemma 5.2, we hence have, for all t, s > 0, 
m{KC\^ t aKC\(j)- s - t pK) < c 2 C R e^^-a) _ 

By the triangle inequality (and since closest point projections on geodesic lines do not 
increase the distance), if K Cl(f)-tOtK C\(f>- s -ti3K is nonempty (see the above picture), then 

<i(x, ax) + d(ax, fix) < d(x, fix) + 4i2 . 

Furthermore, by the definition of if = K(x,R), we also have 

d(x, ax) — 3R < t < d(x, ax) + R and d(ax, fix) — 3R < s < d(ax, fix) + R . 

Since d(ax, [x,fix]) < 2i?, we also observe by Lemma 3.2 that there exists a constant 
d > (depending only on i?, on the Holder constants of i 7 , on the bounds on the sectional 
curvature and on max^- i^(x,2fl)) W ~ s \) suc h that 



rfr 



(F-a) 



(F-a) 
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(F-a) 



<d . 



Therefore, since m(K n (j>-taK H cj)_ s _t/3K) = outside intervals of s and t of lengths 4i?, 
we have 

f f ( J2 rh(K n <f)- t aK n 0_ s _ t /3is:)) (it 
■ / ° ^ a,/3er 7 

< (4/t!) 2 ^ c 2 Ci? K|| e c ' e JT(^)+/4"(^) 



a S T, oi) < T + 3i? 

JET, d(aa;, /3i) < T + 3R 



2 



< c 3 ( x; e/r(i? - CT) ) 

for some constant C3 > 0. By Lemma 3.11 (1), the sum 

7Sr, T<d(x,7x)<T+3R 

is uniformly bounded as T tends to +00. Since the Poincare series of (r, F) diverges at 
the point a, the result follows. □ 

Lemma 5.7 There exists eg > such that for every sufficiently large T > 



I (y^ ™( K n <t>-tiK) \ dt>c 9 ei 



76r 7er,d(x,7a;)<T 



Proof. The proof is similar to the previous one. Let 7 S T be such that 3-R < d(x,jx) < 
T — 3R. Then by the definition of K = K(x,R), we have (see Subsection 5.1 for the 
definition of v^ iT)>x ) 



[ T m(K n 4>-tlK) dt= [ d^rf) j * 



R 2 



1 



> ^ R 2 fj, L x (ff R (jx,x)) ii x (^(x, T x)) 



c 2 



using the fact that Lr(x,^x) contains ff R (^x,x) x 0^ (x, jx) (see Lemma 5.1) and the 
upper bound in Equation (74). By the assumption on R at the beginning of the proof of 
Assertion (f), and by the lower bound in Lemma 5.2, we have 



7Sr ~/er,3R<d(x,"/x)<T-3R 

We conclude as in the end of the proof of the previous Lemma 5.6. □ 

Now, to prove Assertion (f) from these two lemmas, let B be the image of K in 
T^M = r\T 1 M, let At = B n <p-tB, and let v be the restriction of the measure m to the 
relatively compact set B. Then J °° v(At) dt = +00 by Lemma 5.7 and the divergence of 
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the Poincare series of (T, F) at the point a. Furthermore, using simultaneously Lemma 
5.6 and Lemma 5.7, 



J J u(A t nA s ) ds dt < 2 J v(A t nA s+t ) dsdt<2-^(J v(A t ) dtj' '. 

By the appropriate version of the Borel-Cantelli Lemma (see for instance [Robl, page 20]), 
we deduce that the set {v G B : lA t ( v ) dt = +00} has positive measure with respect 
to v. By Assertion (d) and the fact that m is a quasi-product measure, this implies that 
/j, x (A c T) > 0. Since Qr, f(°") diverges if and only if Qr,Foi{cr) diverges, we also have 

/4(A c r)>o. 

(g) Observe first that, thanks to Mohsen's shadow lemma 3.10, the measure fi x has 
the following "doubling property" (see for instance [Hei, page 3]): for every R > large 
enough, there exists C = C(x,R) > such that for every 7 G T, we have 

V X (0 X B( 1X ,5R)) < C» x (0 x B(jx,R)) . 

Therefore, we deduce as in [Robl, page 22-23] the following lemma. For every R > 0, let 
A(R) be the set of £ G A c r that are limits of points in Tx at distance at most R of the 
geodesic ray starting from x and ending at £. 

Lemma 5.8 If R > is large enough, for every \x x -integrable maps <p : d^M —> R, for 
\i x -almost every £ G A(R), when d(x, r yx) — > +00 and £ G & x B(~/x, R), we have 
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Lpdji x -)• 



ll x {0 x B{lX,R)) Jff xB (-yx,R) 

Since A c r = |J ngN A(n) and by the assumption of assertion (g), choose R > large 
enough so that (i x (A(R)) > 0, and Lemma 3.10 with K = {x} and Lemma 5.8 are satisfied. 
Let B = dooM — A C T, let ip = 1# be the characteristic function of B and let £ G A(R). 
Then </?(£) = and there exists a sequence (7 n )neN in T such that d(x, 7 n x) — > +00 and 
£ G & x B(^y n x^R). By Lemma 5.8, we have 

(i x (Bn0 x B( ln x,R)) 

lim — rr = . 

fi x (ff x B{j n x,R)) 

Using Equation (35) and Lemma 3.4 (2) to estimate the numerator, and Lemma 3.10 to 
estimate the denominator, there exists a constant c > (depending on x, R, F) such that 

1 (T3r,^Ul D\\ ^ fl>x(Bnff x B('J n X,R)) (T3r,^Ul T}\\ 

- ^nx{B n e x B{i n x, R)) < t-— < c ^ nX (B n G x B{ ln x, R)) . 

c fi x (ff x B(-f n x,R)) 

By Equation (34) and the invariance of B under T, we hence have 

lim fi x (BnG-i x B(x,R)) = 0. 

Choosing arbitrarily large values of R, we may construct an increasing sequence (Uk)keN °f 
nonempty open subsets of dooX, with lim^+oo /j, x (Bn U^) = 0, such that the diameter of 
the complement of d^X — U}. tends to 0. Up to extracting a subsequence, the closed subset 
dooX—Uk converges for the Hausdorff distance to a singleton {£}. We have [i x {B— {£}) = 0. 
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Since T is nonelementary, there exists 7 E T such that 7^ 7^ By quasi-invariance of the 
measure p x and as T preserves B, we hence have p x (B) = 0, as required. 

(h) As in [Sull, Robl], the proof relies on well-known arguments of Hopf [Hopl]. The 
first part of it (before Lemma 5.9) could essentially be replaced by a reference to the nice 
paper [Cou3]. 

Fix a positive uniformly continuous map p : T l M — > M with ||/?||L 1 (m) = 1- A standard 
way of constructing such a p is as follows. Let d be the quotient distance on T^M of 
the Riemannian distance on T l M : whose closed balls are compact. Fix vq £ T l M in the 
support of m. Let / : [0,-(-oo[ — > ]0,-(-oo[ be the (positive, continuous, nonincreasing) 
piecewise linear map such that f(n) = 2 n m(B(v +1)) 1 Note that / is integrable, since if 
A n = {v G T X M : n < d(v ,v) < n + 1}, then 



[ fdm = y[ fdm<Y — — 
•W ^ Ja„ - ^ 2- m(B(v , n + 1 



< 2 . 

)) " 

Take for p the integrable map v 1— > f(d(vo,v)) renormalised to have L 1 -norm 1. Note that 
p is continuous on the locally compact space T X M and converges to at infinity, hence is 
uniformly continuous. 

As (T 1 M,((pt)t£R,nT') is completely conservative (by the assumption of (h)), for m- 
almost every v G T M, we have 

00 poo 

p o <j)_ t (v)dt = j p o cj) t (v)dt = +00 
Jo 

(see for instance [Aar, Prop. 1.1.6, page 18] in the non invertible case). Let p: T^M — > ]R 
be the lift of p by the canonical projection T^M — > r\T x M = T l M. 

For every continuous map h: T l M — > M with compact support, let h: T^M — > M be 
its lift, and consider the following maps, whose domains of definition in T X M are denoted 
by D* and -D* respectively: 

h*:v* lim fo~ h °^ dt and ~ K :v^ lim !^zM± . 
T ^ + °° IoP° Mv) dt T ^+~ fpo <f>_ t ( v ) dt 

Note that D*, D*, h* and /i* are invariant under V and (m-almost everywhere) by the 
geodesic flow, since p o (f)± t (v) dt = +00 for m-almost every v. Let h* and /i* be the 
maps from the images of D* and in T X M to M induced by /i* and h* respectively. By 
the uniform continuity of h and p, the domains D* and are saturated respectively by 
the strong stable and strong unstable leaves of the geodesic flow, and furthermore h*(v) 
depends only on v+ and h*{v) on V-. 

Let J? be the cr-algebra of (^t)ig]R-invariant Borel subsets of T 1 M, let P be the probabil- 
ity measure pm and let E(ip \ be the conditional expectation of 99 6 L X (P) with respect 
to : ^(v? I <y) is P-integrable and almost everywhere invariant under (^t)t g iR and for 
every bounded measurable map tp : T 1 M — > R which is almost everywhere invariant under 
{(pt)tm, we nave 

ip^d¥= / £(9?|^)VdP. (75) 
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As (T 1 M, (cj>t)t£Ri m ) i s completely conservative (by the assumption of (h)) and invertible, 
Hopf's ratio ergodic theorem (see for instance [Hopl], as well as [Zwc] for a short proof) 
implies that D* and D* have full measure with respect to fh, and that the maps h* , h* 
and E pm (^ \ J?) are defined and coincide m-almost everywhere. Let us denote by ip* and 

ip* two bounded measurable maps on OoqM such that h*(v) = ip*(v+) and h*(v) = ip*(v-) 
for m-almost every v G T^M. 

Lemma 5.9 If (T 1 M, (4>t)t&R, m ) is completely conservative, then the product measure 
\i L x <g> [i x is nonatomic. 

Proof. Let (£',£) be an atom of fj, x &>fj, x . Since T is nonelementary, there exists 7 G V such 
that 7^' is different from £ and from the other fixed point of any hyperbolic element of T 
(if there is one) fixing £. Then by the quasi-invariance of jjL x , the pair (7£',£) is another 
atom of fi x (E) fJ, x . Let e > be small enough. Let v € T M be such that V- = 7^' and 
= £. Then the image of {^>ti> : t G [— e, e]} in T M is a measurable subset of positive 
measure with respect to m which is a wandering set for the geodesic flow, since {7^',^} is 
not the set of fixed points of a hyperbolic element. □ 

It follows from this lemma, as in the proof of Assertion (c), that the diagonal of d^M x 
dooM has measure for the product measure [i x <X> fi x . Consider the probability measures 
~p l = and /I = jn^TT • Since fh is equivalent to the product measure dfi x dfj, x dt on 

d^M x M, we have, using Fubini's theorem, the Hopf parametrisation of Remark (2) of 
Subsection 3.7 (with xq = x), and the fact that h* and h* coincide almost everywhere for 
the measure dJt L (v-) dji(v+) dt, 



By the equality case in the Cauchy-Schwarz inequality, we hence have that tjj* is constant 
//^-almost everywhere. By Fubini's theorem and the fact that fh is equivalent to the 
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product measure dfj, x d\x x dt on d^M x M, the preimage of a /x^-measure zero subset of 
OoqM by d i— > v+ is a m-measure zero subset of T 1 M. We hence have that h* is m-almost 
everywhere constant. 

Since the map \ is m-almost everywhere constant, it is P-almost everywhere 
equal to J T i M ^ d¥ = f T i A jh dm by Equation (75). Let tjj £ L 1 (P) be invariant under 
the geodesic flow. From the density in L 1 (P) of the subspace of continuous maps with 
compact support, we deduce that J r i jM -V' 2 d¥ = {f T i M ip dF) 2 . By the equality case in 
the Cauchy-Schwarz inequality, this implies that ip is almost everywhere constant. Since 
P and m are equivalent, this says that (T 1 M, (^t)tgR,m) is ergodic. □ 

Proofs of Theorem 5.3 and Theorem 5.4. We use the numbering of the assertions 
(l)-(5) of Theorem 5.3, (i)-(v) of Theorem 5.4 and (a)-(g) of Proposition 5.5. Up to 
replacing F by F + c (and a by a + c) where c is a big enough constant, which does not 
change the validity of the assertions of Theorem 5.3 and Theorem 5.4, we may assume that 
a > 0. 

The proof of Theorem 5.3 follows from the following implications: 

• (1), (2) and (3) are equivalent, by (a) and (f). 

• (5) implies (2), by (d). 

• (2) and (3) imply (4), by (b) and (c). 

• (2) and (3) and (4) imply (5) by (e) and (d). 

• Finally, assume that Assertion (4) holds, let us prove that Assertion (1) holds. Since 
(<9^M,r, (/4 <g> Mx)|a2 jgO is non-ergodic, (T 1 M, (^) teR ,m) is non-ergodic by (e). By the 

contrapositive of (h), (T^M, (<fit)teRi m ) is n °t completely conservative. By the contrapos- 
itive of (d), we have ^a;( c A c r) > or n L x ( c A c T) > 0. By the contrapositive of (g), which 
is also valid upon replacement of [i x by fi x , we have fi x (A c T) = or fi L x (A c T) = 0. By the 
contrapositive of (f), this proves (1). 

The proof of Theorem 5.4 follows from the following implications: 

• (ii) and (iii) are equivalent, by (g) which is also valid upon replacement of \x x by fi x , 
since (2) and (3) are. 

• (i) implies (ii), by (f) and (g). 

• (ii) and (iii) imply (v), by (d) and (h). 

• (v) implies (i), by (d) and the contrapositive of (a). 

• (v) implies (iv), by (e) and (c). 

• (iv) implies (i), by (c) and the contrapositives of (b) and (a). □ 

5.3 Uniqueness of Patterson densities and of Gibbs states 

Let M, r, F be as in the beginning of Chapter 2. 

The first result in this subsection, generalising the case F = due to Sullivan [Sul2], 
gives a useful criterion for being of divergence type. 

Corollary 5.10 Assume that 5y,f < +°° an d that there exists a Patterson density (/J, X ) X £X 
for (T,F) of dimension a > St, f such that fj, x (A c T) > 0. Then a = 5r,F and (T,F) is of 
divergence type. 

Proof. This follows immediately from Theorem 5.3. □ 
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In particular, if T is convex-cocompact, then Patterson's construction recalled in the 
proof of Proposition 3.9 shows that (r, F) is of divergence type. 



Proposition 5.11 Let cr el. 

(1) IfT is convex-cocompact, then there exists a Patterson density for (T,F) of dimen- 
sion a with support equal to AT if and only if a = 5r,F- 

(2) IfT is not convex-cocompact, then there exists a Patterson density for (T,F) of 
dimension a with support equal to AT if and only if a > 5r,F- 

Proof. By Corollary 3.11, we always have a > 5p, F if there exists a Patterson density for 
(r, F) of dimension a. Since Ar = A c r when T is convex-cocompact, the first claim follows 
from Patterson's construction (see Proposition 3.9) for the existence part when a = <5r,F 5 
and from the implication (1) implies (2) of Theorem 5.3 for the converse statement. 

To prove the second claim, by Corollary 3.11 and Proposition 3.9, we only have to 
prove that given a > St f, there exists a Patterson density for (T,F) of dimension a with 
support equal to Ar. Since T is not convex-cocompact, there exists a sequence (yj)igN m 
^Ar such that hmj_>. +00 d(yi, Txq) = +oo. For every x £ M, consider the nonzero (since 
a > 5y,f) measure 

_ 2^ 7 gr e -^ivi 



whose support is contained in 'rf Ar, and whose total mass is bounded from above and 
below by a positive constant independent of i by Lemma 3.2. The family {.^x,i) x ^j has 
an accumulation point (for the product topology of the weak star topologies) (Hx) xe M of 
finite nonzero measures with support contained in (hence equal to) Ar, which is easily 
proven to be a Patterson density for (r, F) of dimension a. □ 

The divergence type assumption has several nice consequences. 

Corollary 5.12 Assume in this corollary that5r,F < +o° an d that (T,F) is of divergence 
type. Then there exists a Patterson density (hf,x) x£ m of dimension 5r,F f 0T (r,^), which 
is unique up to a scalar multiple. If 3> z is the unit Dirac mass at a point z £ M, then for 
every x £ M , we have 

1T^= lim ^ 1 ^ YeKTF-)^. (76) 

WF,x\\ s^S r F + Qr,F,x,x{S) 

The measures ^f,x have no atom £ such that J X (F — St,f) = — oo ; and their support is 
AT. Furthermore, hf,x(AT — AM yr r) = 0, and in particular fiF,x(AT — A C T) = 0. 

Equation (76) says that Patterson's construction of the Patterson densities (see the 
proof of Proposition 3.9) does not depend on choices of accumulation points (and follows 
from the uniqueness property). This is due to Patterson when F = 0. In the context 
of Gibbs measures (with the multiplicative convention, as explained in the beginning of 
Chapter 3), this has been first proved by Ledrappier [Led2]. 

Proof. The existence has been seen in Proposition 3.9. The uniqueness is classical (see 
[Sull]): If (fx' F x ) x& m is another Patterson density of dimension 5r,F for (r, F), then so is 
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(fJ-F,x + I j ''f,x) X (zm- For an y fixed ^ e M, let fi = fi F)X , ji' = fi' Fx and u = fi + fjf. Note 
that fx is absolutely continuous with respect to v, and that the Radon-Nikodym derivative 
^ is T-invariant and measurable, hence is /i-almost everywhere equal to a constant A > 
by ergodicity (see Theorem 5.4). Therefore v = A/i and // = (A — 

The fact that the support of [J,f,x is Ar follows from its construction (see Proposition 
3.9). 

Assume for a contradiction that there exists an atom ^ G d^M of ^f,x such that 
f!?(F — St,f) = — oo. Since /i_p jX gives full measure to the conical limit set (see Theorem 
5.4), we have £ G A c r. But then by Mohsen's shadow lemma 3.10 with K = {x}, there 
exist C > 0, R > and a sequence of elements (7«)igN m T such that (7jx)jgN converges to £ 
while staying at bounded distance from the geodesic ray [x, £[ , such that £ G 6 x B{^{iX, R), 
and such that fiF, x {& x B{liX, R)) < C e& ^ F ~ Sr ^)_ Since F is T-invariant, the map 
F — 6r,F is bounded on the balls of center 7jX and given radius. Hence by Lemma 3.2, 
there exists C' > such that, if is the closest point to jiX on [x, £[ , we have /Uf,x({£}) < 
C' e^ l ( F ~ &v - F \ Therefore /^f,x({C}) = 0, a contradiction. 

The proof that (J. X {AT — AMyiT) = is the same one as when F = in [Robl] (gen- 
eralising [Tuk]): Let £3 be a countable basis of the topology of the support of the Gibbs 
measure m F associated to ((JLFot,x) xe M and fe4eM' where ((J.Foi,x) x€ m is any Pat- 
terson density of dimension 6r,F = ^Tol,f for (r,-Fo t)> which exists by Proposition 
3.9. For every nonempty U G 8$, let ^{U) be the set of v G T X M for which there 
exist sequences (7i)igN i n F and (tj)ieN in R tending to +oo such that <pt n (jnv) G £/. 
Then .y$(U) is a T-invariant measurable subset of T M. Since (T M, (0t)teR, trf) is 
completely conservative (see Theorem 5.4), the subset U is contained in jtft{U'). Since 
mpiJJ) > and by ergodicity (see Theorem 5.4), the set ^(U) has full measure. Since 
^MyiT = {f+ : v G (~)u & gg ^$f(U)} by definition (see Chapter 2), and since by the quasi- 
product structure of mj?, the preimage by v i— )• v+ of a subset of positive measure has 
positive measure, we have that hf,x(AT — AM yr r) = 0. □ 

Corollary 5.13 Let a G R. There exists a Patterson density of dimension a for (T,F) 
whose support contains strictly AT if and only if AT ^ dooM and the Poincare series 

V- n x (F-a) 

2_, ie r e converges. 

Proof. Assume first that Ar ^ d^M and that the Poincare series X^er e ^ ^ F ~ a ^ con- 
verges. Let £ G dooM — AT and let (yi)ieN De a sequence in M converging to £. For every 
x G M, consider the nonzero measure 

As in the proof of Proposition 5.11 (2), the family {^x,i) x& M has an accumulation point 
(A t i) a . 6 j^) which is a Patterson density for (r, i 7 ) of dimension er. Its support is T£ = 
Tl; U Ar, hence contains strictly Ar. 

Conversely, assume that there exists a Patterson density (jh;) x cM of dimension a for 
(r,.F) whose support contains strictly Ar. In particular, Ar ^ d^M. We have 8r f < CT 
by Corollary 3.11, and in particular 5r,F < +oo. If the Poincare series X^er e ^ 
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diverges, then a = <5p p, and (T,F) is of divergence type. Hence by Corollary 5.12, the 
support of jJL x is equal to AI\ a contradiction. □ 



Corollary 5.14 Let a G R. If there exists a Gibbs measure of dimension a for (T, F) 
which is finite on T M, then a = 5r,F, the pair (T, F) is of divergence type, there exists a 
unique (up to a scalar multiple) Gibbs measure rap with potential F on T 1 M, its support is 
fir, the geodesic flow ((f)t)t£M. on T M is ergodic and completely conservative with respect 
to mp, and the union of the set of fixed points in T l M of the elements ofT which do not 
pointwise fix AT has measure for rhp. 

It follows in particular from the first statement that if T is convex-cocompact, then 
there exists no Patterson density of dimension a > <5r, F ( see also Proposition 5.11). 

Proof. Let m be a finite Gibbs measure of dimension a for (r, F). Up to adding a constant 
to F, we may assume that a > 0. Since ((f>t)teR preserves m, Poincare's recurrence theorem 
(see for instance [Krc, page 16]) says that (T 1 M, (4>t)teR, m ) is completely conservative. 
Hence by Theorem 5.3, the Poincare series of (r, F) diverges at a. Since there are no 
Patterson densities of dimension strictly less than 5r, f (by Corollary 3.11 (2)), and since 
Qt,f(s) < +oo if a > 5r,F, this implies that a = 8-p f- Hence (T,F) is of divergence 
type. By Theorem 5.4, (4>t)teR is ergodic for m. The uniqueness property of the Gibbs 
measure mp of potential F then follows by its construction from Corollary 5.12. Since the 
(topological) nonwandering set QT (see Subsection 2.4) is the image in T l M of the set of 
the elements v G T M such that V—,v+ £ AT, the claim on the support of mp follows also 
from Corollary 5.12. 

The union A of the fixed points sets in T l M of the elements of T which do not pointwise 
fix AT is invariant under T and by the geodesic flow. It is closed by discreteness, and 
properly contained in £IT, by the remark following Lemma 2.1. Note that QT is the 
support of rfiF (see Subsection 3.7). Hence by ergodicity, the measure of A with respect 
to rfiF is 0. □ 

Remark. If <5r,F < +co an d (T, F) is of divergence type (which implies that (r, Fol) also 
is, by Equation (16) in Lemma 3.3), it follows from the uniqueness statement in Corollary 
5.12 that if we normalise the Patterson density families for (T,F) and (T,F o l) given 
by Corollary 5.12 to have total mass 1 for a given point xq G M, and if we consider the 
associated Gibbs measures rfiF and m_p ol , then 

• (VF,x) xe M = (/ i J 7 +s,4efi r for ever y s in R E q uation ( 15 )); 

• L*rhp = rhp 0i and t t mp = mp OL (by Equation (26)); in particular, when F is 
reversible, we have {hfoi,x) x& m = (^^) xe M and 1 *™-F = m F . 

• for every s G R, if F' is a potential cohomologous to F, then mp/ +s = mF (by the 
remarks at the end of Subsection 3.6 and Subsection 3.7). 

In the next chapters, we will often assume that there exists a finite Gibbs measure on 
T l M with potential F. It is then ergodic and unique up to normalisation, by Corollary 
5.14. In particular, T l M, endowed with a given potential F, does not carry simultaneously 
a finite Gibbs measure and an infinite one. 
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6 Thermodynamic formalism and equilibrium states 



Let M,T,F be as in the beginning of Chapter 2: M is a complete simply connected 
Riemannian manifold, with dimension at least 2 and pinched sectional curvature at most 
— 1; r is a nonelementary discrete group of isometries of M; and F : T l M — > R is a Holder- 
continuous T-invariant map. In this chapter, we denote by 4> = (0t)teR the geodesic flow, 
both on T l M and on T X M = T\T l M. 

Given a measurable map H : T 1 M — > R, we denote by 

max{0, — iT(v)} 

the negative part of ff. Note that for every positive Borel measure m on T^M for which 
the negative part of H is integrable, the integral J T i M H dm is well defined in RU {+00} 
as 

/ H dm = / max{0, H} dm — / H_dm . 
Jt^m Jt^m Jt^m 

Note that if m,mi,m2 are positive Borel measures on T X M and if m = tm\ + (1 — t)m2 

for some t E ]0, 1[, then the negative part of F is integrable with respect to m if and only 

if it is integrable with respect to both m± and 777,2- 

Let Jt F (T l M) be the space of (^-invariant Borel probability measures m on T X M such 
that the negative part of F is m- integrable, endowed with the weak star topology. Note 
that jz f {t x m) is convex, but in general not closed in the convex weak star compact space 
of all (^-invariant Borel probability measures on T^M. 

For every 777 £ ^p(T l M), the (metric) pressure of the potential F with respect to 777 
is the element of R U {+00} defined by 



Pr,F(m) = h m ((p) + / Fdm, 

JT^M 



where h m ((p) is the (metric) entropy of the geodesic flow (ft with respect to 777 (see [KaH] or 
Subsection 6.1 for the properties we will need on the entropy). The (topological) pressure of 
the potential F is the upper bound of its metric pressures, that is, the element of IRUj+oo} 
defined by 

P(T,F)= sup Pr,F(m) ■ 

An element 777 E ^#i?(T 1 M) realizing the upper bound, that is, such that P(T,F) = 
-Pr.iK 7 ™)) is called an equilibrium state for (T,F). Using the convexity properties of 
^f(T 1 M) and of the metric entropy, and the ergodic decomposition of probability mea- 
sures invariant under the geodesic flow, the pressure P(T, F) of F is also the upper bound 
of the metric pressures of F with respect to the (/>-ergodic elements in ^piT 1 ]^!) (whose 
support is contained in the (topological) nonwandering set £IT). Furthermore, by the 
Krein-Milman theorem, any equilibrium state is </>-ergodic. 

Note that for every 777 E ^^(T^M), we have t^m E 1 y#p t(r 1 M) and Pr^oii^Tn) = 
Pr,F( r n)- Hence 

P(r,F) = P(T,Fot) . 

The aim of this Chapter 6 is, following the case F = in [01 P], to prove the following 
result, saying in particular that a finite Gibbs state, once renormalised to be a probability 
measure, is the unique equilibrium state of a given bounded potential. 
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Theorem 6.1 Let M be a complete simply connected Riemannian manifold, with dimen- 
sion at least 1 and pinched negative sectional curvature. Let T be a nonelementary discrete 
group of isometries of M. Let F : T l M ->liea Holder- continuous Y -invariant map such 
that Sr t F < +00. 

(1) We have 

P(r,F)<6 r , F . (77) 

(2) If F is bounded from below on the (topological) nonwandering set £IT, then 

P(T,F) = Sr, F . (78) 

(3) If there exists a finite Gibbs measure mp for (T,F) such that the negative part of F 
is mp-integrable, then we also have P(T,F) = <5p, F an d m F = i i^ i i *s the unique 
equilibrium state for (T,F). Otherwise, there exists no equilibrium state for (T,F). 

The hypothesis in (2) that F has a finite lower bound may be weakened: We will see 
in the proof of Lemma 6.7 (towards its end) that it is enough to assume that the lower 
bound of F on a ball of radius N does not decrease too fast to — 00 as N — > +00. 

It follows in particular from Equation (77) that the topological pressure P(T, F) is 
finite if the critical exponent <5r, F is finite. 

Remark. When T is torsion- free and convex-cocompact, Theorem 6.1 has been proved 
in [Sch3]. In this case, the critical exponent <5r of T is the topological entropy h of the 
geodesic flow of M restricted to the (topological) nonwandering set QT (see [Mann]), and 
Sr f is the topological pressure P(F) of the potential function F : T l M — > M induced by 
F (see [Rue'2]), that is 

P(F) = max ( h m {(f>) + F dm) 

where £P is the set of all Borel probability measures on T l M invariant under the geodesic 
flow. Note that the reference [Sch3] uses the multiplicative convention for the Poincare 
series as mentioned in the beginning of Chapter 3, but the uniqueness property ensures 
that the two constructions of the Gibbs measures coincide in this case. Note that any 
Gibbs measure is finite in the convex-cocompact case, and uniqueness follows from general 
argument of [BoR], hence the proof (using the Shadow lemma and entropy computations 
of [Kai]) is much easier and shorter in this particular case. 

An immediate consequence of the inequality P(T,F) < 5r,F is that the periods of the 
normalised potential are nonpositive. 

Corollary 6.2 For every periodic orbit g of the geodesic flow on T l M, we have 

(F-5t,f) <0. 

Proof. Let J£ g be the Lebesgue measure along a periodic orbit Lebesgue measure along 
a periodic g with length £(g) (see the beginning of Subsection 4.1). The measure jA- is a 
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probability measure (with compact support) on T^M invariant by the geodesic flow, whose 
metric entropy is (since rotations of the circle have entropy zero). Hence 



Sr,F >P(T,F) > PrA m ) = 



F dm 



Kg) 



which proves the result. 



□ 



In particular, for every measure \x on T 1 M with compact support which belongs to the 
weak-star closure of the set of linear combinations (with nonpositive coefficients) of the 
Lebesgue measures along periodic orbits, we have 



6.1 Measurable partitions and entropy 

We refer to [Roh, Pari, KaH] for the generalities (at the strict minimum for what follows) 
on measurable partitions and entropy recalled in this subsection, that the knowledgeable 
reader may skip. 

Recall that a partition £ of a set X is a set of pairwise disjoint nonempty subsets of X 
whose union is X. We will denote by ttq : X — > £ the canonical projection map which maps 
every x G X to the (unique) element z = C( x ) °f C containing x. Given two partitions £ 
and £' of X, we define their refinement as the partition 



and similarly for finitely many partitions. 

Recall that two probability spaces with complete u-algebras are isomorphic if there 
exists a measure-preserving bimeasurable bijection between full measure subsets of them. 
A probability space is standard if its <7-algebra is complete and if it is isomorphic to 
the probability space with underlying set the disjoint union of a compact interval with a 
countable set, inducing on the interval the Lebesgue cr-algebra and the Lebesgue measure 
and on the countable set (which is measurable) the discrete u-algebra. 

Fix a standard probability space (X, &/, m). The following result that we state without 
proof is well known (see for instance [OtP, Lemme 7]). 

Lemma 6.3 If ((f>t)teM. * s a m-ergodic measure preserving flow on X, then there exists a 
countable subset DofM such that (j) T is m-ergodic for every r G R — D . 

For every partition £ of the set X, denote by £ the sub-cx-algebra of elements of 80 
which are unions of elements of £. Recall that £ is m-measurable (or measurable if [si ', m) 
is implicit) if there exist a full measure subset Y in X and a sequence (A n ) n ^ in £, 
satisfying the following separation property: for all z ^ z' in £, there exists n £ N such 
that either we have z fl Y C A n and z' fl Y C X — A n or we have z' n Y C A n and 
z Pi Y C X — A n . For instance, a finite partition of X is measurable if and only if each 
element of the partition is measurable. Given two m-measurable partitions £, we write 
C ^ C' (t ne conventions differ amongst the references) if Q'{x) C C{ x ) f° r m-almost every 
x £ X, and we say that £ and £' are m-equivalent if £ ^ C' an d C' — C Given a sequence 
of m-measurable partitions (Cn)ngN; there exists a m-measurable partition, denoted by 




(V(' = {zn2' : z G C, z' G C',z n z' ^ 0} , 



92 



£ = VneN Cn an d unique up to m-equivalence, such that Cn ^ C f° r every n £ N, and if £' 
is a m-measurable partition such that Q n < for every n £ N, then C ^ C'- 

Fix a measurable partition £ of (X,£/,m). The triple 

(C, = vr c (C) = {tt((A) : ^4 G (}, m f = (7r f )»m : A i-> ) 

is a standard probability space, called the factor space of (X, stf ', m) by £. In particular, 
saying that for m^-almost every z € £, the set z satisfies some property and for m-almost 
x S X, the set C( x ) satisfies this property are equivalent. For m^-almost every z£ (, there 
exists a unique standard probability measure (g/ z ,m z ) on z, such that 

• for every ^-measurable map / : X — > C, the map f\ z is ^-measurable for m^-almost 
every z in £, and z i— )■ J" /u (fm^ is m^-measurable; 

• the measure m disintegrates with respect to the projection 7r^, with family of condi- 
tional measures on the fibers the family (m z ) z <=('- for every ^-measurable map / : X — > C, 




We only have to check these properties for / the characteristic functions of elements of 
and the last integral is equal to J xeX J^ x ) f\((x) dm^ x ^ dm(x). If £ is finite or countable, 
then for every z € C such that m(z) 7^ 0, we have m z = ^ z ^ m \ z - 

Fix a measure-preserving transformation tp : X — > X. We denote by tp C, the m- 
measurable partition of X by the preimages of the elements of £ by tp. We say that £ 
is generating under ip if the m-measurable partition VfceN V 7_fc C is m-equivalent to the 
partition by points. For all measurable partitions £ and £' of X, define the entropy of £' 
relative to £ as 

#m(C'IO = / -logm^^'^nC^)) dm(x) , 
with the convention that — logO = +00. Note that if £ and are finite or countable, then 
# m (C|C) = >" -m(z / n z) log , ' , 

z£(,z'£(>,m(z)^0 v ' 

as more usual. If C ^ ^ -1 C> define the entropy of tp relative to £ as 

My.C) = flm(¥'" 1 CIC) • 

The (metric) entropy h m (tp) of tp with respect to m is the upper bound of h m (tp,C) for 
£ a measurable partition such that £ ^ C The (metric) entropy h m (<j)) of a flow 
^ = (<ftt)t£R °f measure-preserving transformations of X is h m ((f>) = h m ((j>i). We have 
h m (<lH) = \t\hm{4>) for every i / 0. 

6.2 Proof of the variational principle 

The notation for this proof is the following one. Let 5 = 5r.F £ ]0, +oo[ and let mjr be a 
Gibbs measure on T 1 M for T with potential i* 1 : there exist Patterson densities {^ x ) x& j^ and 
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(p^xeM °^ dimension S for (T,Fol) and (T,F) such that, using the Hopf parametrisation 
T l M ->■ <9^M x R identifying v and 

drn(t,) = e c Fo,- S ,v_ixMv))+c F - 5 , v+ (xMv)) d ^ v ^ dy. a (v+) dt (79) 

for any x £ M. Let mj? be the induced measure on T l M (see Subsection 3.7). Denote by 
(fJ'W su (v)) v& x 1 M an< ^ (A i iy su (D))i)eT 1 A/ the families of measures on the strong unstable leaves 
of T^M and T l M associated with the Patterson density {Hx) x& m as hi Subsection 3.9. 

Before beginning the proof of Theorem 6.1, we introduce another cocycle. For all v,w 
in the same strong unstable leaf in T M, define 

c F (v,w)= lim / (F(<t>-.v) - F(</>- a w)) ds , (80) 

which exists since F is Holder-continuous and d((j)-tv, <j)-tw) tends exponentially fast to 
0. Note that c F is unchanged by adding a constant to F, and that it satisfies the cocycle 
property 

cf{v, v') + cf{v', v") = cp(v, v") 

for all v, v', v" in the same strong unstable leaf in T 1 M. For all t € R and v, w in the same 
strong unstable leaf in T^M, we have 

c F {4>tv,4>tw) = c F (v,w) + / (F((f> s v) - F(<j) s w)) ds . (81) 

J 

The relation between this cocycle and the Gibbs cocycle is the following. For all v, w in 
the same strong unstable leaf in T^M, for all lifts v and w of v and w, respectively, in the 
same strong unstable leaf in T l M, we have, for every a 6 R, 

c F (v,w) = -C FoL _ a ^_(ir(v),7i-(w)) . (82) 

This follows from the definition of the Gibbs cocycle, since x = ir(v) and y = ir(w) being 
in the same horosphere centered at V- implies that C FoL - a ^_(x,y) = C F 0b (x, y), and 
since the map t \— > cpt(-v) = — <ft-t(v) from [0, +oo[ to M is the geodesic ray from x to V-. 

Step 1. The first step of the proof of Theorem 6.1 is a construction of measurable 
partitions with nice geometric properties which allow entropy computations. 

Here is what we mean by "nice geometric properties". Given a probability measure m 
on T 1 M, a partition £ of T l M is called m- subordinated to the strong unstable partition 
W su of T l M if there exists a measurable fundamental domain J^r for the action of Y 
on T l M such that, for m-almost every v in T l M, the set C,(v) is a relatively compact 
neighbourhood of v in W su (v), and there exists a measurable subset of j^Tj contained 
in one strong unstable leaf in T^M, such that the restriction of the canonical projection 
T l M -> T l M to C(v) is a bijection onto ((v). 

The next result constructs a measurable partition, subordinated to the strong unstable 
foliation and realizing the upper bound in the definition of the entropy, for every ergodic 
invariant probability measure on T l M. It is due to [LeS] for Anosov transformations of 
compact manifolds, and the adaptation we will use to our geodesic flows is the content of 
the propositions 1 and 4 of [OtP]. 
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Proposition 6.4 (Otal-Peigne) Let in be a probability measure on T l M invariant under 
the geodesic flow (cf)t)teR> an d letr>0 be such that <j) T is ergodic form. Then there exists a 
m-measurable partition £ ofT l M, which is generating under cj> T and subordinated to W su , 
such that ((fi^Qlv) is contained in £(v) for m-almost every v, and such that 

h m {4> T ) = h m (<f) T ,() . 

Remark. The assumptions of [OtP] and ours are the same except that we allow T to have 
fixed points on M, and our definition of a subordinated partitions is slightly stronger. Here 
are a few comments. The proof of Proposition 1 in [OtP] starts by fixing u E T l M in the 
support of the measure m. For every r > 0, the authors consider the standard dynamical 
neighbourhood U r of u defined by 

Ur=[]4>t{ IJ SSU M)> 
\t\<r v£B ss (u,r) 

where B ss (u,r) is the open r- neighbourhood of u in its strong stable leaf for the induced 
Riemannian metric, and similarly for B su (v,r). Noting that U r is the domain of a local 
chart of the foliation W su if r is small enough, they define £ as VrS) ^nrC where £' is 
the partition of T M whose elements are T M — U r and the local leaves of W su in U r . 
They then prove that for Lebesgue-almost every r > such that 4r is strictly less than 
the injectivity radius of M at the origin ir(u) of u, the partition £ is as required. 

In our case, starting with the same u, we first consider a lift u of u in T M. The 
neighbourhood U r of u constructed as above is then invariant under the stabiliser T u of 
u in r. We take r small enough such that the images of U^ r by the elements of the 
finite set r 7r ( u ) — T u are pairwise disjoint (where is the stabiliser of ir(u) in V) and 

such that the restriction to U± r of the canonical projection from T l M to T X A/ induces an 
homeomorphism from T u \U4 r onto an open neighbourhood of u. The construction in [OtP] 
then provides the above result, even with our slightly stronger definition of subordinated 
partitions. 

Furthermore, the assertion in Proposition 6.4 that is contained in £(v) for 

m-almost every v is not stated in [OtP, Prop. 1] but is proven there. It implies that 
C di <P-tC (as needed for the computation of the relative entropy), but we will need an 
actual containment and not a containment up to a set of m-measure in the third step of 
the proof. 

Step 2. In order to apply Proposition 6.4 and the formula giving the entropy relative 
to a measurable partition, we need to be able to compute the conditional measures. The 
second step of the proof of Theorem 6.1 shows that a family of conditional measures 
( m z)ze( °f a finite Gibbs measure (normalised to be a probability measure) with respect 
to a subordinated measurable partition is a family of measures absolutely continuous with 
respect to (the restrictions to the elements of the partition of) the measures fi W su^ on 
the strong unstable leaves, constructed using the above cocycle. The following lemma is a 
generalisation (up to appropriate normalisations) of Proposition 3.17, when the partition 
was by the whole strong unstable leaves. 

Lemma 6.5 Assume that nip is finite and let m F = ■ Let £ be a m F -measurable 

partition ofT l M which is m F -subordinated to W su . Then a family of conditional measures 
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(mf) 2g £ of m F with respect to £ is given by 

dm " (W) = ! z e-^itw^){u) d ^°^) , (83) 
where w G z G £ ; for any v G T M suc/i i/iai z C W su (v). 

Note that when F is constant (and in particular when mp is the Bowen-Margulis 
measure), m z is just the normalised restriction to z of [i^su^y 

Proof. For every relatively compact Borel subset z of a strong unstable leaf W su (v) in 
T l M, such that the support of p^/su^) meets the interior of z, define a finite measure m' z 
on z by 

dm Aw) = -7 t — : 

the denominator is positive and finite and the numerator is a finite measure. Furthermore, 
m' z is a Borel probability measure on z, since by the cocycle property of cp, 

f x e-<*( v rt d» w . u {v) (w) 

Win — —— — — = 1 

£e- c H«.«)dpw» («)(«) 

Let us check the two properties for (m' z )ze£ to be a family of conditional measures for m F 
with respect to Q. 

In order to check the measurability property, let / : T l M — > C be a measurable map, 
that we may assume to be bounded with compact support. For every n G N, let X n be the 
Borel subset of points of T l M whose stabiliser in Y has cardinality n, which is T-invariant 
and (^-invariant. Since mF is finite, hence ergodic by Corollary 5.14, we fix no G N such 
that X nQ has full measure for fhp. We may hence assume that / vanishes outside the 
image of X m in T X M. Up to multiplying by uq the maps and measures when lifting them 
to T l M (see Subsection 2.6), we may assume that no = 1. For m^-almost every v G T 1 M, 
since z = ((v) is a measurable subset of T X M, the restriction of / to z is measurable, and 

/ f\ z dm z = / — dn W su {v) (w) 

Jz JweT^M J u&T i M ^-av)(u)e «*l ffi -»)d/i r u W (ii) 

is clearly measurable, since v 1— > [i^su^ is weak star continuous and l^ v ^(w) = ~$-(( w )(v). 

In order to check the disintegration property, we give a sequence of equalities, whose 
reading guide (to be read simultaneously with the equalities below) is the following: 

• for the first equality, we use the definition of the measures {m' z ) z ^ and the topological 
properties of the elements of the partition £; 

• for the second equality, we use a lifting by the canonical projection p : T^M — > T l M; 
we denote by J^r and z the fundamental domain of V and lift of (almost every) z G C given 
by the definition of a subordinated partition, and we define / = lj? r f op; we also use 

Equation (82) and the fact that C{p{v)) is indeed contained in W au (v) for m^-almost 
every v G J?r by the property of the partition note that unless the function which is 
integrated is 0, we have W- = i>_; 

• for the third equality, fixing x G M, we apply the definition of the measures fjLy/su^ 
(see Equation (42)) and rhp (see Equation (79)); we use the Hopf parametrisation v = 
(v-,v+,t) with respect to x and the homeomorphism w 1— > w+ from W su (v) to dooM — {v-}; 
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• for the fourth equality, we use the cocycle equality 

we also use that since belonging to the same element of £ is a symmetric relation, we have 

1 cW)) { - w) = ic(P(tO)(p(«0) = k(p(v))(pH) = 1 C (^r ) )( u ) 

for m^-almost every v; furthermore, unless the function which is integrated is 0, we have 
W- = V- and W su (v) = W su (w), and we denote w = (v—,w+,t); 

• for the fifth equality, we apply Fubini's theorem (exchanging the integrations on v+ 
and w+); 

• for the last ones, again since the map v *— > v+ from W su {w) to docM — {w-} is a 
homeomorphism, we use the Hopf parametrisation w = (w- = V- , w+ , t) with respect to 
x and the fact that the ratio of two integrals is 1: 



/ / f(w)dm' c(v) (w)dm F (v) 

1 ((v){w)f{w) dfi W su( v) (w) dm F (v) 



eTiM Jwaw^{v) fuew^(v) hiv)^) 6 Cf{w ' u) dfi W su {v) (u) \\m F \\ 

1 c '(^))H7H dfi W su {v) (w) dm F (v) 



e^MJ w eW^( v ) J ueWSK[v) l^ ) ( M ) e £7 ^-'.--W«').' r («)) dn w ~ {v) (u) \\m F \\ 

1 - ( w )7( w ) e C F-S,w + (x,n(w))+C F o L -S,v_(x,Tr{v))+C F -.s,v + {x,n{v)) 



I";, mJ w + s9 °° m f 1 - (v) p C 'Fo 1 .-a,»_(i-(«'),i-(«))+C*F-a, u+ (a:,i-(«)) J I \ 



d/Ltj; (w+ ) d/4 (v_ ) d[i x (v + )dt 



\\ m F\\ 

1 (y) 7( w ) e C FoL-S, w_(Tr{w),n(v))+C F - S .v + {x,T-(v)) 

C(pM) 1 _ ' 

«+ ^ «- 

e C f _ f , m+ (s, *(w))+C FoL _ s , „_ (x, ^ (tt_ ^ 

||mir|| 

f _ Ti f„\ p Cfoi-S, w_{n(w),n(v))+C F ^ s „ (x,tt(u)) 7 f \ 



t e i 



H („A „C FoL -6, „_(7r(io),7r(u))+C F _ JiU (a;,7r(w)) . / \ 



e C F _ s , w+ (x, irM)+C FoL -S, _ (x, *(«,)) d/la („_ 



f Jw d ^-=f 

Jwe^M \\ m F\\ Jt 



\mF\ 



f dm F . 



v^T^-M \\" L F\\ JT^M 

This is exactly the required disintegration property, and ends the proof of Lemma 6.5. □ 
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Step 3. In this penultimate step, we prove that for every c/>-ergodic (^-invariant probability 
measure m on T X M for which the negative part of F is integrable, its metric pressure 
Pr p(m) is at most equal to the critical exponent 5 = 5? p, with equality if and only if 
the given Gibbs measure mp is finite, in which case m is the normalisation of mp to a 
probability measure. The interplay between these two measures mp and m is crucial in 
the following result. 

Lemma 6.6 Let m be a tp-ergodic ^-invariant probability measure on T X M such that 
J T i M F_ dm < +oo. Let r > be such that (fr T is ergodic with respect to m, and let £ 
be a partition associated with (m,r) by Proposition 6.4- 
(1) The real number 



G(v) = - log / e~ c ^ v ' w) dfi W su (v) (w) 
JC(v) 

and the measure m fr v \ given by Equation (83) are defined for m-almost every v in T l M , 
and we have, for m-almost every v in T X M , 

-logm^ v) ((^ 1 C)(v)) = T5 + J T F(cf> t v)dt +G(cf> T v)-G(v) . (84) 

(2) We have 

- \ogm F c( M<t)- l C)(v)) dm(v) = tS - r [ F dm . (85) 

(3) If J-pij^F- dmp < +oo and if mp is finite, then, with m F = ii^ii , we have 

Pr, F (m F ) = 5 . 

(4) We have Pr,F( m ) < 5, hence 

P(r,F) < 5 . 

(5) If Pr,F(m) = 5, then mp is finite and m = m F , where m F = ■ 

Proof. We will follow the same scheme of proof as the one for F = in [OtP]. 

(1) Note that the measure fi wvu r v \ is defined for every v £ T l M. Since m is finite 
and ^-ergodic, m-almost every v belongs to the (topological) nonwandering set VlT of the 
geodesic flow in T^M. Recall that fLT coincides with the set of elements v E T M whose 
lifts to T l M have both endpoints in Ar. Hence for m-almost every v, the element v 
belongs to the support of fj,y^su( v ), by Equation (44). Furthermore, £(v) is a relatively 
compact neighbourhood of v in W su (v) for m-almost every v, since £ is m-subordinated 
to the strong unstable foliation. Hence the measure 

is well defined for m-almost every v. (Note that if mp is finite and if £ is also m F - 
measurable and m^-subordinated to W su , then fn F ^ is, by Lemma 6.5, the conditional 
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measure of m F on C( v )> but we are not assuming rap to be finite in Assertion (1), (2) or 
(4)-) 

Recall that (0 T 1 C)(' y ) is contained in (,{v) for m-almost every v by Proposition 6.4, and 
that by definition 

(^ 1 C)W=^r(C(M) • 

By Equation (81), we have 

c F ((f>- T w,v) = c F (w,<j) T v) + / (F(4> t w) - F(<f> t+T v)) dt . 

Jo 

By Equation (45), we have 
dfj, W su( v )((j)_ T w) = e-fo i F i<t>s- T w)-8)dt ^^^^ = e .f^ T (F(<t>tw)-8)dt dfj, Wa u^ TV )(w) . 

By the cocycle property, we have cf(4>- t w, u) = cf((J)- t w, v) + cp(v, u) and cf(w, 4> t v) = 
—cf(4> t v,w). Hence for m-almost every v, we have 

F \\ f dn W su {v) (w) 
^(v^Wr KiW = / t , u) 7-r 

f e CF(<t>-rW,v) d ^ wau[v) ^_ TW ) 

J((<Pr(v)) J C („) e- c ^ d^ w »(«)(«) 

r Ci? (w,0 r;t ;)+/- T (F(^)-F(^)) dt+f° T (F(<f, t w)-6)dt . / n 

_ e aHw au {<t> T v)\ w ) 

Jew e-^^'") <W™(„)(«) 

= e -TS-fo T F(<j> t v) dt -G(cj> T v)+G(v) _ 

This proves Assertion (1). 

(2) We are going to use the following quite classical result that we state without proof 
(see for instance [OtP, Lemme 8]). 

Claim. Let T be a measure-preserving transformation of a probability space (X,g/,fi), 
let H : X — > R be a measurable map such that h = H o T — H has integrable negative 
part. Then h is integrable and J x h dm = 0. 

By Assertion (1), for m-almost every v £ T l M, since mF r v ) is a probability measure, 
we have 

G o <j) T (v) - G(v) >-t5+ [ F{(j>-tv) dt . 

Jo 

Since the negative part of F is m-integrable, by Fubini's theorem and the 0-invariance of 
m, the map g = G o <j) T — G hence has m-integrable negative part. Applying the above 
claim, we may integrate Equation (84) over v E T l M for the measure m. The vanishing 
of J T i M g dm then yields Equation (85). 

(3) If mF is finite, then its normalised measure m F is an ergodic probability measure 
on T l M (see Corollary 5.14). Hence there exists r > such that (j) T is ergodic for m F 
(see Lemma 6.3). If f T i M F- dmp < +oo, applying Equation (85) to m = m F and Q = £' 
a m^-measurable partition associated with (m F ,r) by Proposition 6.4, we have, by the 
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definition of the entropy of (f) T relative to £' and since ((j) T 1 (')(v) is contained in C'( v ) 101 
m^-almost every v, 

h m H<pT,(') = I -logm^M^Oiv)) dm F (v)=T5-r [ F dm F . 

By the definition of the entropy of <j> ith respect to m F and by Proposition 6.4, we have 

11 f 

h m F (<£) = -h m F {(j) T ) = -h m F (0 r , CO = S - / F dm F . 

This gives P^^p(m F ) = 5. 

(4) For m-almost every v E T X M, by Assertion (1), define ip(v) G [0, +oo] as 

ip{v) = n\ if ^(Wr ()W)>Ci and ip{v)=+oo otherwise. 

Claim. (Otal-Peigne) The map ip is m-mesurable, the maps ip and \ogip are m- 
integrable, and J x ip dm < 1. 

Proof. The proof when F = in [OtP, Fait 9] extends immediately, by replacing /i+ in 
that reference by Hyysur v \, and by noting, to prove the measurability of tp as indicated, 
that v i — y u. We u( v \ is weak star continuous as already mentioned, hence v *— > Hyysur v \(A) is 
measurable for every Borel subset A of T l M. □ 

By the definition of the (metric) entropy and by Proposition 6.4, we have as above 



Th m (<f>) = h m (<f> T ) = h m (<f> T ,C)= / -logm c( „)(O r l ()(v)) dm(v) 

JT^M 

Hence by Equation (85), 

/ log ijj dm = — tS + t / F dm + Th m ((j)) . 
Jt x m Jt x m 

By Jensen's inequality and by the above Claim, we have 

log ip dm < log ( / ip dm J < . 
Hence 

Pr,F(m) = hm(4>) + F dm < 5 , 

JT X M 

as required. 

The last claim of Assertion (4) follows by the definition of P(T, F) (with the restriction 
to ergodic probability measures) since m is arbitrary and the existence of r > such that 
(j) T is ergodic for m is guaranteed by Lemma 6.3. 

(5) The equality case in Jensen's inequality implies that ip{v) = 1 for m-almost every 
v G T l M. Hence the measure W^L) and the conditional measure m^(„) coincide on the 
u-algebra generated by the restriction to (,(v) of <p~ l £ f° r m-almost every v G T^M. 
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Similarly by replacing <p T by these measures coincide on the a- algebra generated by 
the restriction to £(i>) of 4>~ k C, for m-almost every v G T l M. Since £ is generating under 
r (see Proposition 6.4), these measures are equal, for m-almost every v G T 1 M. 

First assume that is finite. In particular the normalised measure m F is ergodic by 
Corollary 5.14. To prove that m and mF coincide, let us show, using Hopf's argument, that 
m(f) = m F (f) for every / : T X M — > IR continuous with compact support. Let Af be the 
set of v G T l M such that the limit linn._j. +00 ~ f((j) s v) ds exists and is equal to m F {f). 
By Birkhoff's ergodic theorem, Af has full measure with respect to m F . By the uniform 
continuity of /, the set Af is saturated by the stable foliation. By the quasi-product 
structure (see the comment after Equation (56)), for every v G T l M, the intersection 
Af n W su (v) has full measure for [iyy S u( v y By the definition of m F , s, this implies that 
the intersection Af n £(u) has full measure with respect to m ^ v y By the above equality 
of measures, we have that Af £(v) has full measure with respect to m^t v y for m-almost 
every v. By definition of the conditional measures of m, this implies that Af has full 
measure with respect to m. By Birkhoff's ergodic theorem applied this time to m, we have 
m(/) = m F (f), as required. 

Let us prove that mp is indeed finite. By the Hopf-Tsuji-Sullivan-Roblin theorems 
5.3 and 5.4, the dynamical system (T 1 M, (<pt)teM., m F) is either completely dissipative or 
completely conservative. 

Assume that the first case holds. Let / : T M — > M be continuous with compact sup- 
port. Then for m^-almost every v G T l M, we have linn,_ 5 . +00 f((f> s v) ds = 0. Considering 
the set 

1 r* 

A' f = {v G T l M : lim - / f(<f> a v) ds = 0} , 
1 t-s>+oo t J 

which has full measure with respect to mp, we have as above that m(f) = for every such 
/ : T X M — > IR. This contradicts the fact that m is a probability measure. 

Assume that the second case holds. Then there exists a positive uniformly continuous 
map p : T l M — > M with ||p||L 1 (m F ) = 1 such that, for mir-almost every v G T^M, we have 

/■OO /"OO 

/ p o <f)_ t (v)dt = / p o (f) t (v)dt = +oo 
Jo Jo 

(see for instance the proof of Assertion (h) of Proposition 5.5). The same argument as 
above, this time using Hopf's ratio ergodic theorem, gives that ™|p) = mf(pj ' ^ ms i m phes 
that mp is finite, since mis a probability measure. □ 

Step 4. In this last step of the proof of Theorem 6.1, we assume that F is bounded from 
below on QT and we prove the converse inequality 5 < P{T, F). Assuming this, Assertion 
(4) of Lemma 6.6 implies that 5 = P(T, F). If mp is finite and J T i M F- dmp < +oo, then 
the assertions (3) and (5) of Lemma 6.6 imply that the normalised Gibbs measure m F 
is the unique equilibrium state. Otherwise, Assertion (5) of Lemma 6.6 also implies that 
there is no equilibrium state (since m = m F implies that the negative part of the potential 
F is integrable with respect to m F if it is with respect to m). Therefore Theorem 6.1 
follows from the following result. 

Lemma 6.7 If F is bounded from below on £IT, then 5t ) f < P(T,F). 
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Proof. We start the proof by recalling an alternative definition of the topological pressure 
of a flow on a compact metric space. 

Let X be a compact metric space whose distance is denoted by d, let <p = (pt)teR be 
a continuous flow of homeomorphisms of X, and let G : X — > R be a Holder-continuous 
map. 

For all T > and e > 0, a subset E of X is (e, T)- separated if for all distinct points x 
and y in E 1 , there exists t G [0, T] such that d(tptx,<pty) > e. Define Pd, t ,T,G as the upper 
bound of 

^ e / T Gfots) 

on all (e, T)-separated subsets E of X, and the combinatorial pressure of (G, 99) as 

P x (G,<p) =sup limsup ^ log P d , e ,T,G ■ 

The following variational principle says that the combinatorial pressure and the topo- 
logical pressure coincide. We denote by p) the weak star compact convex set of 
probability measures on X invariant by the flow ip. 

Theorem 6.8 (see for instance [Wal, Th 9.10]) We have 

P x (G,(p)= sup (h m ((p)+ / G dm) . 

Note that this result is stated for transformations in [Wal, Th 9.10], but its proof 
extends to flows. 

Let us resume the proof of Lemma 6.7. We may assume that 5 = 5y,f > 0. We are 
going to construct, using Subsection 4.4, for every 5" G ]0, 6[ , a compact subset K of T^M 
invariant by the geodesic flow, such that the combinatorial pressure of {F\k^\k) on K 
satisfies 

Pk{F\ k ^\k)>5" . 

(We endow K with the distance d which is the restriction to K of the quotient of the 
Riemannian distance of T^M (for the Sasaki metric).) Since ^(K,p) is contained in 
^#i?(T 1 M) (by considering measures on K as measures on T^M with support in K), this 
implies that P(T, F) > <5p f as required in Lemma 6.7. 

Let us now define the constants and objects we will use in the proof of Lemma 6.7. Let 
5' G ]<5",<5[. Let L > 5 (which will be chosen large enough) and e' G ]0, yrj[ (which will be 
chosen small enough). Let e G ]0, j^] (depending only on e' and tending to as e' — > 0) be 
given by Lemma 2.7 with £ = 3. Let 9 > (depending only on e) be defined by Proposition 
4.6. Let C = 6. Let xq G M, vq G T^ M, N > L and S a finite subset of T (depending on 
5',9,C,L) be given by Proposition 4.7. Let G be the subsemigroup of T generated by S. 

By Proposition 4.6 (whose assumptions are satisfied by the assertions of Proposition 
4.7), the semigroup G is free on S and for every 7 G G of nonzero length £ as a word in 
the elements of 5, we have 

(^(7x0, [xo,7 2 xq]) < e and d(xo,jxo) > (N — 2e)£ > 3 . 
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Hence by Lemma 2.7, every nontrivial element 7 of G is hyperbolic and if x 7 is the closest 
point to xq on the translation axis Are 7 of 7, then d(xQ,x^) < e' (see the picture above 
Lemma 2.7). Let u 7 be the unit tangent vector at x^ pointing towards 7X 7 , which is 
tangent to the translation axis Axe^ (see the picture below). 




Let pr : T M — > T l M = r\T x M be the canonical projection. For every r\ > 0, denote 
by jV^A) the closed ^-neighbourhood of a subset A of M. Consider the T-invariant subset 
K of M defined by 

K = {v G T X M : VfGK, irfav) G V (J ^^([so, «x ]) } . 

agS 

Its image if = pr(if), which consists in the elements of T M whose orbit under the 
geodesic flow stays at distance at most e + e' of UaeS P r ([ a; 0) aa; oD, is compact, since S is 
finite. Note that K (which depends on L and e') is invariant under the geodesic flow, by 
construction. 

Now, to finish the proof, for a fixed e" > small enough, we are going to construct, for 
every k G N, a (e", k(N + l))-separated subset of K with a good control of the integral of 
the potential on its flow lines. 

For every k > 1, let S)- be the set of words of length k in the elements of S. Let 
a%, . . . , ctfe G S and define 7 = a\ . . . at G Sk- Note that [xq, 7x0] is contained in 

jV t ([x ,aix } U [aix , aia 2 ^o] U • • • U [a\ . . . a fc _ix , 7x0]) 

by Proposition 4.6. 

We hence have, for every t G K, 

n((j) t v 7 ) G Ace 7 = 7 Z [x 7 ,7rr 7 ] C r«yf ^([a; , 7X ]) C T |J ^ e+e /([x , ax ]) . 

This proves that v 7 belongs to K for every nontrivial 7 in G. 

Furthermore, if e' (hence e) is small enough, by Lemma 3.2, there exists c > (de- 
pending only on e, on the Holder constants of F and on max^-i^^)) \F\) such that we 
have, for all k G N and a\, . . . , G S, 



ai...a k x « 1 /-a^o 



< c 
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and, for every 7 G G, 



F 



■yxo 



F 



< c . 



Hence, by Assertion (4) of Proposition 4.7, we have 



E ^">^(E 

76S fe agS 



(86) 



Let C = inf _ 1/ .-27 , ,^-n^F, which is a finite constant since i 7 is Holder-continuous 

and bounded from below on QT. With ^(7) = d(x 7 ,7rr 7 ) the translation length of 7, by 
Proposition 4.6, we have 

k(N - 2c) - 2e' < d(x 0) 7^o) - 2e' < £(7) < d(x 0) 7x0) < k(N + 1) . 

Since d(xQ, 7r(0r)) < e', we have if C tt~ 1 ( e +2 € '(7r(fir))). Since Vj *E K and if is 
invariant under the geodesic flow, we hence have f^ +1) F((j> t v 7 ) dt > C{k(l + 2e) + 2e'). 
Therefore by Equation (86) 



E 



> e° 



(87) 



Lemma 6.9 For every e" G ]0, ~ — 6e'[, /or all k € N and 7 7^ 7' in 5fc, i/iere exists 
t G [0,k(N + 1)] suc/i i/iai d(7r(^ t « 7 ),7r(^ t «y)) > e". 



Proof. Since e < by the last claim of Proposi- 
tion 4.6, there exists x G [xq,^xq] and x' G [xo,7 ; xo] 
such that d(xo,x) = d(xo,x') and d(x,x') > |. 




Let y and y' be the closest points to x and x' on 
1 and [ ] respectively, which satisfy 

d(x,y),d(x' ,y') < e' by convexity. Let f = d(xo,x) — 
2e' and z = 7r(</>tu 7 ) and z' = 7r(0tiy). 



By the triangle inequality, and since closest point maps do not increase the distances, 
we have 

d(x 7 , z) = i = ci(xo, x) — 2e' < d(x~,,y) < d(xQ,x) . 
Hence t < <i(x 7 ,7x 7 ) = £(7) < fc(iV + 1), and by the triangle inequality 

d(z, x) < d(z, y) + d(y, x) = (d(x 7 , y) - d{x 1 ,z)) + d(y, x) 
< d(xo,x) — (d(xQ,x) — 2e ) + e = 3e . 

Similarly, d(z',x') < 3e', hence by the triangle inequality 



d(z, z) > d(x, x) — d(x, z) — d(x' , z) > — — 6e > e" .□ 

Since ds(4>tv-y, <f>t v y) > d(iT(<ptv^), irfytv^)) by Equation (4), this lemma implies that 
the set Ek = {t> 7 : 7 G Sk} is (e", k(N + l))-separated. 
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Since K is compact and since the isometric action of T on M is proper, there exists 
e" £ ]0, \ — 6e'[ (this interval is nonempty since e' < ^) and iVo > (when V is torsion-free, 
we may take Nq = 1 and e" > less than the lower bound on ir(K) of the injectivity radius 
of M) such that E\. may be subdivided in at most Nq subsets that the map pr : T^M — > 
T l M inject into (e", k(N + l))-separated subsets. For at least one of these sets, let us call 
it Ek, we have 



V e fo iN+1) H<t>tv)dt > J_ v- J^F {M dt > e 2c+2e ' c j> k[N+ ca+M } 
^ ~ N ^ 'No 



> 



Taking the logarithm, dividing by k(N + 1) and letting k — > +oo, we have 

N ■ C(l+2e) 

Since C is independent of K, taking L (hence N > L) large enough, we have Pk(F\k, 4>\k) 
5" . This is what we wanted to prove. □ 

Remark. As said previously, the assumption that F is bounded from below on £IT 
is not optimal in Lemma 6.7. In the above proof, replace the constant C by Cm = 
min 7r -i( B ( a , 0j 7v+i+e+e')) F and note that K is contained in Tn~ 1 (B(xo, N + 1 + e + e')) by 
construction. Then Equation (87) where C is replaced by Cat is still valid. If -# tends 
to as iV —> +oo, then the conclusion of Lemma 6.7 still holds. But it is still not clear 
whether this weaker assumption is optimal or not. 



7 The Liouville measure as a Gibbs measure 

Let (M, r) be as in the beginning of Chapter 2: M is a complete simply connected Rie- 
mannian manifold, with dimension at least 2 and pinched sectional curvature at most — 1 
and r is a nonelementary discrete group of isometries of M. 

The aim of this chapter is to investigate when the Liouville measure of the geodesic 
flow on T l M = T\T l M coincides (up to a multiplicative constant) with a Gibbs measure 
associated to some Holder potential. This result is known when M is compact, but we 
provide a complete short proof in Subsection 7.2. Finding a necessary and sufficient con- 
dition in the noncompact case is still open. The approach that we follow in Subsection 
7.3 actually allows us to get more than what was previously known on the subject. In 
particular, we obtain that if M is a Riemannian cover of a compact manifold, then the 
Liouville measure on T l M is a Gibbs measure as soon as it sufficiently conservative (see 
below), but not necessarily finite. 

Recall that the Liouville measure vo\ Tl ^ on T l M is the Riemannian volume of the 
Sasaki metric on T 1 M (see Subsection 2.3 for a definition). Equivalently, it disintegrates 
with respect to the projection ir : T X M — > M, with measure on the basis M the Riemannian 
volume vol^j of M and conditional measures on the fibers T^M the Riemannian spherical 

measure vol^j^ of the unit sphere of the Euclidean space T X M: for every / € ^(T^M; M), 
we have 

/ _ f(v) dvol Tl jtf(y) = I _ f(y) dvol lT {v) dvo\ T (x) . 
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It is invariant under the action of the geodesic flow (and the action of Z/2Z by time 
reversal). It induces (see Subsection 2.6) a measure volyij^ on the Riemannian orbifold 
T l M = r^M, called the Liouville measure on T M, invariant under the geodesic flow 
(and time reversal), which disintegrates similarly over the Riemannian orbifold M = T\M 
with fibers the Riemannian orbifolds T^M = T^\T~M where x is a lift of x, whose stabiliser 
in r is denoted by Tj: 

dvo\ T i M (v) = / dvol T i M (v) d\o\M{x) . 

JxEM 

In particular, the Liouville measure vo\rpi M is finite if and only if M has finite volume: since 
the fixed point set of a Riemannian isometry different from id of a connected Riemannian 
manifold has Riemannian measure 0, if M has dimension m, then 

Vol(r x M) = Vol(S m_1 ) Vol(M) . 

It can happen that vol^i^ is infinite and ergodic, see for example [Ree], where she proves 
that the Liouville measure on a Galois cover with covering group Z d of a compact hyperbolic 
manifold is ergodic with respect to the geodesic flow if and only if d < 2. 

Let us now define the potential on T^M with respect to which the Liouville measure 
is a Gibbs measure in all known cases. Let v € T 1 M and t £ 1, Denote by E su (v) 
(respectively E ss {v)) the tangent space T v W su (v) at v to W su (v) (respectively T v W ss (y) 
at v to W ss (v)) and let E°(v) = M.-^^_ ((fitv) be the tangent space at v of its geodesic flow 
line. We have 

T V T X M = E su (v) © E°(v) © E ss (v) . 

Also define 

E u (v) = E su (v) © E°(v) and E s (v) = E°(v) © E ss (v) . 

For every v G T l M, we again denote by E su (v), E°(v), E ss (v) the images of E su (v), 
E°(v), E ss (v), respectively, by the canonical map TT^M — > TT^M = T\TT 1 M, where v 
is any lift of v by the canonical projection T l M — > T^M. 

For every t € R, the map 4>t on T l M sends W su (v ) to W su ((j)tv ). Choose two orthonor- 
mal bases (for the scalar product induced by the Sasaki metric) on E su (v) and E su (cj)tv). 
We can therefore define the Jacobian of the restriction of (fit to the smooth submanifold 
W su (v) of T^M at the point v (that is, the absolute value of the determinant of the tangent 
map at v of 4>t\w su (v)i wmcn does not depend on the choices of the orthonormal bases), 
and we denote it by J su {v,t) > 0. It is smooth in t and continuous in (v,t) (and studying 
its regularity in v will be one of the main points below). The flow property of the geodesic 
flow and the invariance of the strong unstable foliation under the geodesic flow give the 
following cocycle relation: for all s, t € R and v G T^M, 

J su {v, 0) = 1 and J su (v, s + t) = J su {(fi t v, s) J su (v, t) . (88) 

Now, define the following map 

^» = -4, l°g^ M (M) = 4, log J su (<fi t v,-t). (89) 
dt \t=0 dt t=o 
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The maps v i— > J su (v, t) and u i— > F su (v), being T-invariant, define maps v *— > J su (v, t) and 
v I—)- F su (v) on T^M (which, when T is torsion free, may be defined directly on T l M). We 
have F su < by the dilation properties of the geodesic flow on the unstable foliation. An 
estimation of the gap map Dpsu : M x d^M — > R (see Subsection 3.4) of the potential 
F su would be interesting. 

Note that J su (v,t) = e ( n_1) * for all v G T l M and t G R if M has dimension n and 
constant sectional curvature —1, so that F su is then the constant map with value — (n— 1). 

We will prove in this chapter the following results. 

Theorem 7.1 Let M be a complete simply connected Riemannian manifold, with dimen- 
sion at least 2 and pinched negative sectional curvature. Assume that the derivatives of the 
sectional curvature are uniformly bounded. Then F su is Holder- continuous, bounded and 
reversible. 

Note that the new hypothesis of having bounded derivatives of sectional curvatures is 
satisfied if there exists a compact set in M whose images by the group Isom(M) cover 
M, for instance if M has a cocompact discrete isometry group. In particular, the critical 
exponent Sr t F su is then finite (see Lemma 3.3 (iv)). We will then denote by fhpsu and 
itifsu the Gibbs measures on T M and T 1 M associated with a fixed pair of Patterson 
densities of dimension 5r t F au f° r (T,F SU o l) and (T,F SU ). 

Recall (see for instance [PoY, Chap. 16], [AaN]) that a measure preserving flow (V't)teM 
of a measured space (X, /x) is 2-recurrent if for every measurable subset B in X with 
/i(-B) > 0, there exists n G N — {0} such that 

n(ip^ n Br)Bnij n B) > o . 

For every d G N — {0}, the notion of d-recurrence (replacing the above centered formula 
by /i(B n ip- n B n • • • n ip_d n B) > 0) has been introduced by Furstenberg in his proof of 
Szemeredi's theorem, and the 1-recurrence property is the complete conservativity prop- 
erty (see Subsection 5.2). Furstenberg proved that if fi is a probability measure, then 
(V't)teM is ^-recurrent for every d G N — {0}. But when [i is infinite, there are examples of 
transformations which are 1-recurrent but not 2-recurrent (see for instance [AaN]). 

Theorem 7.2 Let M be a complete simply connected Riemannian manifold, with dimen- 
sion at least 2 and pinched negative sectional curvature. Assume that the derivatives of the 
sectional curvature are uniformly bounded. 

Lf the geodesic flow of M is 2-recurrent with respect to the Liouville measure and if 
8r,F au < 0, then the Liouville measure is proportional to the Gibbs measure mp™ of the 
potential F su . Furthermore, (T,F SU ) is of divergence type and 

P(T,F SU ) = 5r,F-» = P G ur(T,F su ) = . 

The results of the article of Bowen-Ruelle [BoR] for Axiom A flows imply, in the case of 
the geodesic flow on the unit tangent bundle of a compact negatively curved Riemannian 
manifold, that its the Liouville measure coincides with a multiple of its Gibbs measure 
m^su. See in particular Remark 5.2 in loc. cit., and Subsection 7.2. 

Remarks. (1) The inequality 5r t F su < is satisfied when M is compact, by Ruelle's 
inequality (see Equation (93) below, using the fact that F su is bounded, hence 5r,F au = 
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P(T,F SU ) by the Variational principle theorem 6.1 (2)). Hence if T is a subgroup of a 
discrete cocompact group of isometries of M, then F su < by Lemma 3.3 (iii). 

It would be interesting to know whether this inequality remains true for any nonele- 
mentary discrete group of isometries T of M. 

(2) The assumptions that the derivatives of the sectional curvature are uniformly 
bounded and that <5r,F s " < are satisfied if M is a Riemannian cover of a compact 
manifold, by the previous remark. Hence Theorem 1.2 in the introduction follows from 
Theorem 7.2. 

(3) Rees [Ree] proved that the geodesic flow on a regular Riemannian cover of a hyper- 
bolic manifold with covering group Z rf is ergodic (and hence completely conservative by 
[Aar, Prop. 1.2.1]) with respect to the Liouville measure if and only if d G {0, 1, 2}. When 
(2=1, Aaronson (private communication) suspects that the geodesic flow is furthermore 
2-recurrent. 

It would be interesting to know when exactly the geodesic flow of a (non necessarily 
regular) Riemannian cover N' of a compact connected negatively curved Riemannian man- 
ifold N is ergodic or 2-recurrent with respect to the Liouville measure. For instance, if 
N' = G'\N and N = G\N with N — > N a universal Riemannian cover and G' a (non 
necessarily normal) subgroup of G, if S is a finite generating set of G and X(G, S) is the 
Cayley graph of G with respect to S, is the geodesic flow of N' ergodic with respect to 
the Liouville measure if and only if the simple random walk (or an adequate one) on the 
Schreier graph G'\X(G, S) is recurrent ? 

7.1 The Holder-continuity of the (un) stable Jacobian 

We will prove in this subsection the following Holder regularity result stated in Theorem 
7.3. As we make no compactness assumption, the choice of distances is important. 

As explained in Subsection 2.4, we endow TM and then TTM with their Sasaki Rie- 
mannian metric, and T*M and then TT l M with their induced Riemannian metric. We 
denote by || • || their Riemannian norms. Note that the distance on T l M defined by Equa- 
tion (5) defines the same Holder structure as the Riemannian distance, by Lemma 2.2. 

Given a Euclidean space E with finite dimension n and k G {1, • • • , n — 1}, we endow the 
Grassmannian manifold Gik(E) of fe-dimensional vector subspaces of E with the distance 

d E (A, A') = min{||u; - w'\\ : w G A, w' G A', \\w\\ = \\w'\\ = l} . 

Let m be the dimension of M. Let E — > T M be a vector bundle over T l M of rank 
r > 1, endowed with a Riemannian bundle metric and with a length distance inducing the 
Euclidean distance on each fiber. We will be interested in two such Riemannian vector 
bundles, the tangent bundle of T^M endowed with the Sasaki metric and its Riemannian 
distance, and the fiber bundle over T l M whose fiber over v G T l M is the product Eu- 
clidean space T v T l M x T^T 1 M , with the distance induced by the Riemannian distance 
on TT X M x TT X M. For fceN, denote by Gr fc (£) -)■ T X M the Grassmannian bundle of 
rank k of E — > T 1 M, whose fiber over v G T l M is the Grassmannian manifold Gvk(E v ) 
of fc-dimensional vector subspaces of the fiber E v of E — > T l M over v. For instance, 
v i—T- E ss (v) and v i— >■ E su (v) are continuous sections of Gr m _i(TT 1 M) — > T l M. Upon 
identifying a linear map and its graph, the map v i— > T v (f>\ is a continuous section of the 
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Grassmannian bundle of rank 2m— 1 of the second Riemannian vector bundle above. Since 
the unit spheres of the elements of Gti~(E) are nonempty compact subsets of the metric 
space E if 1 < k < r, we endow Gr^iE) with the distance d, where d(A, A 1 ) is the Hausdorff 
distance between the unit spheres of the fc-dimensional Euclidean spaces A, A' £ Gt^E). 
The restriction of d to each fiber Gik(E v ) is the distance d,E v defined above. 

Theorem 7.3 Let M be a complete simply connected Riemannian manifold, with dimen- 
sion at least 2 and pinched negative sectional curvature. Assume that the derivatives of the 
sectional curvature are uniformly bounded. Then the maps v i— > E su (v) and v i— > E ss (v) 
defined on T X M are (globally) Holder- continuous. 

The assumption that the derivatives of the sectional curvature are uniformly bounded 
is necessary: Ballmann-Brin-Burns [BaBB] have constructed a finite volume complete Rie- 
mannian surface with pinched negative sectional curvature whose strong stable foliation is 
not Holder-continuous. 

Since the distributions are Lipschitz (uniformly smooth) in the direction of the flow 
lines, note that the maps v \— > E u (v), v t— > E s (v) are also (uniformly locally) Holder- 
continuous, and that the regularity of F su claimed in Theorem 7.1 holds. The reversibility 
of the potential F su follows from the fact that the Liouville measure is invariant under the 
geodesic flow. The boundedness of F su follows from the bounds on the sectional curvature 
and its tangent map. 

We will only prove the result for v >— > E ss (v), giving furthermore an explicit estimate 
on the Holder exponent. The strong unstable case is similar, by time reversal. 

Let us give a few historical comments on Theorem 7.3. When M has dimension 2 and 
has a cocompact discrete isometry group, the strong stable and unstable foliations are C 1 , 
hence Holder regular by compactness (see [Hop2]). Furthermore, Hurder and Katok [HuK, 
Theo. 3.1, Coro. 3.5] have proved that these subbundles are C 1,a for every a £ ]0, 1[ (see 
also [HiP]), and that if they are C ' , then they are C°°, in which case by a theorem of 
Ghys [Ghy, p. 267], the geodesic flow is C°°-conjugated to the geodesic flow of a hyperbolic 
surface. 

When M has dimension at least 3 and has a cocompact discrete isometry group, this re- 
sult of Holder regularity of the strong stable and unstable foliations is due to Anosov [Ano]. 
We follow Brin's and Brin-Stuck's proofs in [Bri], which modernises Anosov's original proof 
under the same assumptions, and [BrS, §6.1] in the case of Anosov diffeomorphism (not 
flows) on compact manifolds. Here, we provide details to explain why this proof works 
under the assumptions of Theorem 7.3. 

Proof of Theorem 7.3. Recall that the geodesic flow of M is an Anosov flow for 
the Sasaki metric: there exist c > and A £ ]0, 1[ (and one may take A = e _1 since the 
sectional curvature of M is normalised to have upper bound —1, by standard arguments of 
Jacobi fields) such that for all v £ T X M, V ss £ E ss (v), V su £ E su (v) and t > 0, we have 

\\T(f) t (V ss )\\ < cA* \\V SS \\ and \\T(j). t (V su )\\ < c\ t \\V SU \\ , 

and for all v £ T l M, V s £ E s (v), V u £ E u (v) and t > 0, we have 

\\T(t>- t (V 8 )\\ > c^Hm and \\Tcf> t (V u )\\ > c^\\V u \\ . 



109 



We start by giving two lemmas, the second one, that we state without proof, involving 
only linear algebra. 

Lemma 7.4 Let M be a complete simply connected Riemannian manifold, with dimension 
at least 2 and pinched negative sectional curvature. Then the angles between E ss (v) and any 
one of E su (v), E°(v) or E u (v) are uniformly bounded from below by a positive constant. 

Proof. We prove that the angle between E ss (v) and E u (v) is bounded from below by a 
positive constant, the other cases are analogous. 

Using the operator norm on linear maps, let C = SVl V v ct^m 11-^^1 II' wmcn is finite 
since M has pinched negative curvature (see for instance [Bal, page 65]). Let c > and 

A G ]0, 1[ be as above. Let JVgN be large enough so that c" 1 > 2c\ N . For all v G T l M, 
yss G anc i yu £ E u^ with = = i ; we have 

C N \\V U - V ss \\ > \\T<j> N (V u - V ss )\\ > \\T4>n(V u )\\ - ||r^(v M )|| 
> c^\\V u \\ -c\ N \\V ss \\ > c\ N . 

The result follows. □ 



Lemma 7.5 (Brin- Stuck [BrS, Lem. 6.1.1]) Let c> 0, A G ]0, 1[, 8 G [0, 1[ and D > 1, let 

E be a finite dimensional Euclidean vector space, let A 1 , A 2 be two vector subspaces of E of 
the same dimension, and let (L^) ng N, (L^) ng N be two sequences of linear endomorphisms 
of E such that, for every n G N, for i = 1,2, for all v G A 1 and w G {A t )- L , we have 

\\L l n -Ll\\<8D n , \\V n {v)\\ < c\ n |M|, and ||Z4H|| > c -1 ||H| • 

o — log A 

Then d E (A\A 2 ) < 3 ^ 8 log^-iogA. 

Up to replacing the Sasaki metric by the equivalent (by Lemma 7.4) Riemannian metric 
whose norm is 

= y/\\ V su || 2 + || V° || 2 + || V ss || 2 (90) 

for every V = V su + V° + V ss where V su G E su (v), V° G E°(v) and V ss G E ss (v), 
we assume that the subspaces E su (v),E°(v) and E ss (v) are pairwise orthogonal for every 
v G T X M. For all v, w G T X M and W G T W T X M, we denote by \\ v w W the parallel transport 
of W along any fixed geodesic segment from w to v. Note that the Sasaki metric on T l M 
has a positive lower bound on its injectivity radius at all points, and this remains true 
with the modified metric. In particular, there exists k > such that for all v,w G T 1 M, 
if d(v, w) < k, there exists a unique geodesic segment from w to v. Since M has pinched 
negative curvature, there exists k 1 G ]0, k[ such that for all v,w G T^M with d(v,w) < k', 
we have d((j>iv, phi\w) < k. Let D > 2 be a constant such that, for all v, w G I^M, 

\\T v (pi\\ < — and || T v (j)\- ||^ o T^^io ||^ || < D d{v,w) , 

which exists since v i— > T„(/>i is bounded and Lipschitz, since the derivatives of the sectional 
curvature are uniformly bounded (see for instance [Bal, page 64]). Let 

a n = \\T v 4>n\\ and b n = || T v <f) n - ||^ o T w cj) n o \\™ || . 
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Then a n+1 = \\T^, nV fa o T v (f> n \\ < a x a n and 

b n+1 = \\T^ v faoT^ n - ||£*£ oT^fao ||£« ( oT w fao ||- )|| 
< ai6 n + 6ia n . 

Hence by induction, a n < S- and b n < D n d(v,w). 

Now, let v,w G T^M be such that d(t>, to) < ft'. For every n inN, let : T^^T^M — > 
T V T^M be an isometric map. We are going to apply Lemma 7.5 with c, A given by Anosov's 
flow property, with D as above, with 5 = d(v, w), with E the Euclidean space T^T 1 M, and 
with 

A 1 = E ss (v), A 2 =\\lE ss (w), L^/^oTA, ^ = /,,no||^>r^ n o||-, 

for every n G N. The hypotheses of Lemma 7.5 are easily checked (since (A 1 ) 1 - = E u (v) 
and the parallel transport is isometric), and we hence have 

r 2 - log a 

d(E ss (v), \\ v w E ss (w)) < 3 — d(u,.u,) log c-iog a . 

A 

Since d( ||^ E ss (w) , E ss (w)) < d(v,w) by Equation (3), the result hence follows by the 
triangle inequality. □ 

7.2 The Liouville measure as an equilibrium state 

In this subsection, we recall the definition of Lyapounov's exponents and the main results 
about them (Oseledets's theorem, Ruelle's inequality, the Pesin formula, see for instance 
[Man2, Ledl, Manl, KaM]), in order to prove that the Liouville measure, once normalised, 
is the equilibrium state of an appropriate potential, under compactness assumptions. 

We denote here by <fi = <fi\ the time one map of the geodesic flow ((/)t)teR on T l M. We fix 
a probability measure [i on T l M invariant under ((f>t)teR- Recall that log + t = maxjlog t, 0} 
for every t > 0, and that T l M is endowed with Sasaki's Riemannian metric. 

Oseledets's theorem (see for instance [Ose], [KaM, Theo. S.2.9 page 665]) asserts that 
if J TlM \og + llr^ 1 1| dfi < oo (in particular if M is compact), then there exists a Borel 
subset Reg of T 1 M, invariant under ((j)t)teR anci with full measure with respect to /i, such 
that for every v G Reg, there exists a unique direct sum decomposition (of closed convex 
cones when T has torsion), called the Oseledets decomposition at v, 

T V T X M = ®tSEi(v) 

and unique real numbers Xi( v ) < " " " < Xs(v)( v )i called the Lyapounov exponents of v, such 
that 

(1) the map v h-> s(v) from Reg to N is measurable; for all i, r E N, the map v t— > Ei(v) 
from {v G Reg : s(v) > i,dim.Ei(v) = r} to the space of closed subsets of TT l M 
(endowed with Chabauty's topology) is measurable; and for all v G Reg and i G 
{1, . . . , s(v)}, we have T v <j)(Ei(v)) = Ei(<fw) and Xi(<H = Xi(v); 

(2) for all v G Reg, i G {1, . . . , s(v)} and V G Ei(v) - {0}, 

lim -log\\T v <f> n (V)\\=Xi{v) ; 
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(3) for all v G Reg and i G {1, . . . , s(v)}, if dim Ei(v) = ki(v), then 

lim - log J E '<f) n (v) = ki (v) X i{v), 

n-^+oo n 

where J Ei <f) n (v) denotes the Jacobian of the restriction of T v (f) n to 



(4) the angle between two subspaces of the Oseledets decomposition has at most subex- 
ponential decay: for all v in Reg, i ^ j in {1, . . . , s(v)}, V G Ei{v) — {0} and 
W G Ej(v) - {0}, we have 

lim — log I smZ{T v (l) n (V),T v n (W))\ = 0. 

n— »±oo n 

In particular, since E su (v) = ®\<i< s < v ), xiM>0 Ei{ v ) f° r every v G Reg, we deduce from 
the last two points that for /i-almost every v G T M, we have 

I f n 1 
lim -/ F su ((t)tv)dt = - lim - log J su (v, n) = - V fciMXiM- 

n->+oo n / n n^+oo n ^— ' 

l<t<*(iO.X« («)><> 

Note that when fi is ergodic for (4>t)teR, by Birkhoff's ergodic theorem, for /i-almost every 
v G T M, this equality becomes 

F su dv = - ]T (91) 

nlM l<i<«(»), »(«)>0 



Ruelle's inequality (see [Ruel]) asserts that if M is compact, then 

^(0) < [ V fei(u)xi(u)dM«) • (92) 

.Wim XiW>0 

It is unclear if it is possible to extend the proof of Ruelle's inequality in the case where M is 
noncompact, with perhaps additional geometric assumptions besides the pinched negative 
sectional curvature. 

When M is compact and /j is ergodic, by Equation (91) and Equation (92), we have 
h^(<j)) + J T i M F su d[i < 0. Since the upper bound defining the topological pressure of a 
potential (see Chapter 6) may be taken on the ergodic probability measures invariant under 
(^t)teM by the convexity properties of the metric entropy, we hence have 

P(T,F su )<0. (93) 

The Pesin formula (see for instance [Pes, Manl]) asserts that if /i is absolutely con- 
tinuous with respect to the Lebesgue measure class, then we have equality in Equation 
(92): 

hM = [ V h{v) X i{v)dii{v) . (94) 

l<t<s(v), XiW>0 

If M is noncompact, it is unclear when the Pesin formula remains valid. 
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In particular, if M is compact, then the Liouville measure vol T i M is ergodic (see for in- 
stance [Bri, page 95]), and the probability measure L proportional to the Liouville measure 
satisfies 

P(T,F SU ) < = h L {(f)) + [ F su dL. 

JT X M 

Hence L is an equilibrium state for the potential F su . The variational principle (Theorem 
6.1) implies that L = mpsu, which proves the following expected result. 

Theorem 7.6 If M is compact, then the normalised Liouville measure vIi^M) coincides 
with the normalised Gibbs measure mFSU of the potential F su . □ 

Remark. Assume in this remark that M has finite volume with constant curvature. Then 
F su is constant, hence the Gibbs measure of the potential F su and the Bowen-Margulis 
measure (which is the Gibbs measure of the potential 0) coincide. The Patterson-Sullivan 
measure of V at the origin of the ball model of the real hyperbolic n-space may be 
taken to be the standard Riemannian measure of the unit sphere S n_1 = SooEIg. The 
exact ratio between the total masses of T 1 M for the Liouville measure and for the Gibbs 
measure mpsu is computed in [PaP3, Sect. 7], yielding 



\mps 



\o\{T l M) 



T- 1 Vol(§ n " 



7.3 The Liouville measure satisfies the Gibbs property 

In this subsection, we prove that, under the previous bounded geometry assumption, the 
Liouville measure satisfies a Gibbs property as defined in Subsection 3.8, and we deduce 
from this our criterion (Theorem 7.2) for the Liouville measure to be a Gibbs measure. 

Proposition 7.7 Assume that the derivatives of the sectional curvature are uniformly 
bounded. Then the Liouville measure on T^M satisfies the Gibbs property for the potential 
F su and the constant c(F su ) = 0. 

Proof. Note that F su is Holder-continuous and bounded by Theorem 7.1. 

Using ideas of Bowen-Ruelle in [BoR , Lem. 4.2], we follow the proof of Katok-Hasselblatt 
in [KaH, Lem. 20.4.2], by adapting its arguments for diffeomorphisms to the case of flows 
and by taking care of the noncompactness of T l M. 

Fix a compact subset K of T 1 M. Note that by the definition of the dynamical balls 
in Subsection 3.8, for all r G]0, 1], v G T^M and T,T' > 1 with (f)_x' v £ K, the set 
<fi—T'B(v;T,T',r) is contained in the compact subset i:~ l (,_Ai(-K(K))) of T^M. Hence the 
multiplicity of the restriction to 4>—T'B{v\ T, T' , r) of the map T^M — > T l M is bounded 
by a constant depending only on K, by the discreteness of the action of T on T l M. 

Since the Liouville measure on T l M is invariant under the geodesic flow and by the 
definition 3.14 (in Subsection 3.8) of the Gibbs property, we hence only have to prove that 
there exist r G ]0, 1], and a constant > 1 such that for all v G T l M and T, T' > 1 

with (/)tv G K and 6^t'V G TK, we have 



1 



7T— e ' i'^Af^- 1 '- 1 ''W-^.r 

K, r 



£t> fs "(<M dt < vol rl ^(B(v; T, T' , r)) < J-t> dt . (95) 
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We may restrict T and T' to being nonzero integers: The result for general T and T' 
follows by using the inclusion properties of the dynamical balls, by replacing K by the 
larger compact set L) te [_iu(/)tK and by modifying Cx,r> since F su is bounded. We denote 
by (j) the time one map of the geodesic flow in this subsection. 

The scheme of the proof is the following one. Using the stable and unstable foliations, 
we define a local product structure into stable leaves and strong unstable ones near points 
of K and modify slightly the dynamical balls to adapt them to this local product structure. 
We then use Fubini's theorem to control the volume of the dynamical balls: The integral 
along the stable leaves is uniformly bounded; the integral along the unstable leaves is 
controlled, using a change of variable, by the unstable Jacobian J su of the geodesic flow, 
which is related to the integral of the potential F su by the definition of F su . 

We use the Riemannian metric on T X M whose norm is the norm || • ||' defined in 
Equation (90). This metric is T-invariant and, for every v G T X M, the tangent subspaces 
E su (v),E°(v),E ss (v) of T V T M become pairwise orthogonal, hence the Lebesgue measure 
on T v T l M is the product of the Lebesgue measures on E su (v) and E°(v) + E ss (v). For 
all v G T l M and r > 0, we denote by B v (0, r) the open ball of center and radius r in 
T v T l M for this norm. 

Lemma 7.8 There exists e = > such that for every v G TK , there exists a C 1 chart 

tp v : B v (0,e) C T V T X M — > V v = ip v (B v (0,e)) C T l M such that ^(0) = v, <p lv = (p v for 
every 7 € Y, and 

<p v (E s (v)nB v (0,e)) C W s (v) and (f v (E u {v) n B„(0, e)) C W u {v) . 
Moreover, the map = ipT^ o ipo ip v : T v T l M — > T^ V T X M satisfies d(<& v )o = T v (j). 

Given v G TK and w £ V v , we will denote by w su , w°,w ss the components of ip~ 1 (w) in 
the direct sum decomposition T V T X M = E su (v ) (B E° (v) (B E ss (v) , as well as w s = w° + w ss . 

Proof. This is due to Bowen-Ruelle [BoR, Appendix A.l], see also [KaH, Sect. 19.1.d], 
when M is compact and V torsion free. The proof extends, the only difference is that the 
parameter e > is uniform on TK, but possibly not on the whole space T^M by the lack 
of bounded geometry properties which would be ensured by the compactness of T^M. □ 

We now replace the dynamical balls by sets better adapted to the above local product 
structure. For all r > 0, v € T 1 M and n,n' G N — {0}, consider the sets 

C{v;n,n',r) ={w G T X M : 4> n w G V^ v , 4>~ n ' w G V^_ ftV 

max maxllK^^llMK^^^HMK^w;) !!'} < r} . 

n' , n} 

Note that 'yC(v;n, n',r) = C(jv;n,n' , r) for every 7 G T, and that <p~ n ' C(v;n,n' , p) is 
contained in the image V u > of ip u i for u' = v 

Lemma 7.9 There exist ro,Co > such that for all r G ]0, tq], n,n' > 1 and v G T l M 
such that <f> n v, <j)~ n v G TK, we have 

r 

C(v; n, n , — ) C B(v; n, n' , r) C C(v; n, n' , cor) . 
co 
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Proof. Recall that Sasaki's distance dg on T M is equivalent to the distance defined by 
|| • ||'. Hence, there exists a constant c\ > depending only on K such that for all v G TK 
and w € 14, we have 

— max(\\w ss \\',\\w su \\', \\w°\\') < d s {v,w) < a max(\\w' s \\', \\w su \\', \\w \\') . 
ci 

By convexity, for all v, w G T M and n, n' G N — {0}, we have 

P ax , d M( 7r (^)' 7r (^ u; )) 
te[-n',n] JW 

= max{ max d-jrf(n(<j>tv), irtytw)) , max dTf(n(<j>tv), n((j)tw)) } . 

tG[— n', — n'+l] te[n— l,n] 

As already mentioned in Subsection 2.3, by for instance [Bal, page 70], there exists hence 
C3 > such that for all v, w G T X M and n, n' G N — {0}, we have 

— max ds((f) k v,<f) k w) < max djrr (ir((f) t v), ir((j)tw)) < C2 max ds{(j) k v,(j) k w) . 

c 2 fcg{-n',n} te[-n',n] M fce{-n',n} 

Let ro > be small enough so that, for every v G TK, the ball i?rf s (v, 02^0) is contained 
in (which exists by the compactness of K and equivariance) . By the definition of the 
dynamical balls in Subsection 3.8, the result holds for cq = c\C2- □ 

Given v G TK, the Liouville measure, which is a smooth measure, is equivalent on V v 
to the image by ip v of the product of the volumes on E su (v), E°(v), E ss (v), and its density 
is bounded from above and bounded away from on V v . Moreover, these bounds can be 
chosen uniformly in v G TK. 

Similarly, by Lemma 7.8, for all v G T^M and n,n' > 1 such that (j) n v G TK and 
u' = v G K, at every point of B u /(0,e), the ratio of the Jacobian of cj) n+n by the 
Jacobian of (& u ') n+n is bounded from above and below by a positive constant, depending 
on the Jacobian of the chart maps (p u /i for u" G K (which is compact). Therefore, up 
to positive multiplicative constants (depending only on K), we may replace the study of 
vol Tl j^(B(v; n, nf , r)) = vol rl ^ (<fi~ n B(v; n, n' , r)J for r > small enough by the study of 

vo1 t u ,tim { l Pu'~ 1 ((t>~ n 'C{v;n,n , ,p))) , 

for p > small enough. 

Let po > be such that for every u G TK, the ball B(u,po) for the Sasaki metric 
in T X M is contained in V u , which exists by compactness of K and by equivariance. Let 
p G ]0,p Q ], n,n' G N - {0} and v G T X M be such that «' = (f)~ n ' 'v G TA'. Observe 
that (f)~ n C(v;n,n' , p) contains the local stable manifold Wp{u') = W ws (u') D B(u',p). 
Note that if u> G Wp(u'), then w su = and w = ip u >{w s ) by the definition of the local 

coordinates w su and w s = w° + w ss in T u iT^M of w. Furthermore, if w G (f)~ n 'C(v; n, n' , p), 
then ip u >(w s ) G W p s (n'). 

From now on, we identify w G V u > with its image in T U ,T X M by ^ U ' _1 . We denote by 
m the dimension of M and, for every k G K, by vol^ the fc-dimensional Lebesgue measure 
on any Euclidean space of dimension k. For every y G E s (u'), let 

U y = {w G (f)~ n 'C(v;n,n',p) : w s = y} . 
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Then by Fubini's theorem 



% 'C(v;n,n',p)) = / vol m _i ([/,,) dvol m (y) . 

Jv£W°(u') 



vol 2m _i( 

ly£W°(u>) 

Note that vol m (W* (u 1 )) is controlled by uniform constants depending only on p and K, 
and not on v! in K. By the change of variable formula, we have 



Yo\ m -i{U y ) = / Jac(</> n n )\ Td>n +n' (u \ (ivol m _i . 

By the definition of U y and as in [KaH, page 635], there exists a constant c > depending 
only on p and K such that 

i<TOl B .l(f +,, 'Pj)<C. 

Using the Holder-continuity of the strong unstable distribution (given by Theorem 7.3), 
the arguments of the end of the proof of [KaH, Lem. 20.4.2] show that if p is small enough, 
there exists a constant c > depending only on p and K such that for all y € Wp(u'), 

- Jac ((f) n n \w au (<f>«v)) — Jac(0 n n )\Tcj> n + n '(u y ) — c ^ ac " " \w au (<t> n v)) ■ 

Note that Jac (4>~ n ~ n ' \w au {<p n v)) = J su {4> n v,—n — n') by the definition of the unstable 
Jacobian J su . Using the cocycle formula (88), we have by a classical argument 

/ F su (fav)dt= / F su (4> t (t ) n v)dt= / -— log J su ((j> t( j> n v,s)dt 

J-n> J-n'-n J-n'-n dS\s=0 

r° d 

= / - — log J su ((j) n v,t) dt = log J su (<j) n v, -n-ri) . 

J—n'—n 



The result follows. □ 

We now use the Gibbs property of the Liouville measure vol^i^ to prove Theorem 7.2. 

Proof of Theorem 7.2. By Theorem 7.1 and the assumptions of Theorem 7.2, the po- 
tential F su is Holder-continuous and bounded. Thus, there exists indeed a Gibbs measure 
itifsu on T l M for the potential F su (see Subsection 3.7). 
Theorem 7.2 will easily follow from the following result. 

Lemma 7.10 Under the assumptions of Theorem 7.2, the Liouville measure \o\ T i M is 
absolutely continuous with respect to mpsu. 

Proof. Since T l M is <r-compact and by T-equivariance, we only have to prove that for 
every compact subset K of T l M, the restriction of vol T1 ^ to K is absolutely continuous 

with respect to the restriction of rap" to K. Let us fix a compact subset K of T l M. 

Proposition 3.15 and Proposition 7.7, as well as the comment following Definition 3.14, 
imply that for every r > 0, there exists c r > (depending only on r and K) and T r > 
such that for all T, T' > T r and v £ T l M such that </>- T 'V, 4> T v G TK, we have 

vol T1 j^(B(v; T, T', r)) < c r e^' *~& v ) dt (96) 
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and, as 5^ psu < by the assumptions of Theorem 7.2, 

m F su(B(v;T,T',r)) > — e /-T'(^ s "(<M')-<5r,F-)dt > 1 e S* T ,F™{<t> t v)dt _ ^ 

Let us fix r > 0. Let B be a measurable subset of K, which in particular has finite 
Liouville measure. Let B' be the measurable subset of v £ B such that there exists an 
increasing sequence (nk)keN m N such that <j)-n k v £ -B' and <$>n k v £ 5'. By the point 
2) of the proposition at the end of the introduction in [AaN], since the geodesic flow is 
2-recurrent for the Liouville measure under the assumptions of Theorem 7.2, for every 
measurable subset A of T^M, if vo\ Tl -^(A) > 0, then 

vo\ TlTl {4>- n A n A n <p n A) = +oo . 

neN 

Applying this with A the complementary subset of B' in B, this proves that B' has full 
Liouville measure in B. 

By the strict convexity properties of geodesic segments, for every relatively compact 
open neighbourhood V of B, for every v £ B, there exists S v > such that for all 
T,T' > S v , the dynamical ball B(v;T,T' , r) is contained in 1/. For every u £ fix 
t v > max{T r , T2r, S v } such that (fr-t v v,4>t v v £ K, which is possible by the definition of B' 
(contained in K). Up to enlarging K, we may assume that t v £ N for every v £ B'. Note 
that the family (B Vjr = B(v;t v ,t v ,r)) v£ B' covers B' and that its union is contained in V. 

By a Vitali type of argument, there exists a finite or countable subset / of B' such that 
the subfamily (B Vijr )i^j has pairwise disjoint elements, and such that the family (B Vij 2r)iel 
covers B'. 

To prove this, the construction proceeds by induction. If B' = 0, take /' = 0. Oth- 
erwise, take v\ £ B' such that t vi is minimal. Assume that v\, . . . ,Vk are constructed. 
Let ffc+i £ B' with t Vk+1 minimal in the set of v £ B' such that B V)r does not meet 
Ul<i<fc -B«i,r) if this set is nonempty, otherwise the construction stops at rank k. Since V 
is relatively compact, the number of possible choices of v^+i is finite, hence the sequence 
of t Vk+1 , if infinite, tends to +oo. The construction then does give a finite or countable 

family, since T l M is separable. By construction, for every v £ B\ the dynamical ball B v ^ r 
meets B v ^ r for some i £ I, and t v > t Vi . Hence v £ B Vij 2r by Lemma 3.13 (2). This proves 
the existence of / as required. 

Now by the c-additivity of fhpsu (the elements of (B Vur )i £ j are pairwise disjoint) and 
by Equation (97) and Equation (96), we have 



veB' iei -iei 

* ^L YOl ^(U B ^r) > ^-VOl TlS (B>) = -i-V0l TlS7 (5) 



C-2v Cr ^ . _ r ' C2r Civ 

As V is any relatively compact open neighbourhood of B, by the regularity of mp«, we 
hence have vol Tl ^(B) < C2 r c r fhpsu^B) for every Borel subset B of K. This proves the 
result. □ 



117 



Let us now conclude the proof of Theorem 7.2. Recall that £l c T is the subset of elements 
of T l M which are positively and negatively recurrent under the geodesic flow. Since the 
Liouville measure on T M is 2-recurrent hence completely conservative, the measurable 
set f2 c r has full Liouville measure, the limit set of T is equal to dooM and the (topological) 
nonwandering set Q.F of the geodesic flow is equal to T X M. 

Lemma 7.10 implies that mpu^J) > 0, so that rapau is not completely dissipative. 
By the Hopf-Tsuji-Sullivan-Roblin theorems 5.3 and 5.4, this implies that (T,F SU ) is not 
of convergence type, hence is of divergence type, and that rapsu is ergodic and completely 
conservative, hence also gives full measure to Q, C T. A standard ergodicity argument then 
implies that voI^m an d raF au are proportional, as required. Their constants for the Gibbs 
property have to be equal, which proves (by Theorem 4.4 and by Theorem 6.1 (2) which 
holds since F su is bounded) the final equalities stated in Theorem 7.2. □ 

Remark. The same proof shows that if the derivatives of the sectional curvature of M are 
uniformly bounded, if <5r F 3U = 0, and if the geodesic flow of M is 2-recurrent with respect 
to the Gibbs measure mpsu on l^M, then mF"u is proportional to the conservative part 
of the Liouville measure volyi^/. 

Note that the Ahlfors conjecture, proved by Calegari-Gabai [CG] (after works of Bona- 
hon and Canary) says that if M = H| is the real hyperbolic space of dimension 3, if T 
is finitely generated, then either Ar has Lebesgue measure zero, or Ar = SooHjg. But 
when r is not finitely generated, it could happen that Ar and dooM — AT are both of 
positive Lebesgue measure in dooHjg, so that the conservative and the dissipative part of 
the Liouville measure volyi M would both be nontrivial. This explains how it could happen 
that mpsu could be proportional to the conservative part of the Liouville measure, but not 
to the Liouville measure. 

The same proof also shows the following fact, generalising known results when M is 
compact (see for instance [KaH, Sect. 20.3]). 

Proposition 7.11 Let M be a complete simply connected Riemannian manifold, with di- 
mension at least 2 and pinched sectional curvature at most —1 and T is a nonelementary 
discrete group of isometries of M. Let F : T l M — > R be a Y -invariant Holder- continuous 
potential and let c £ R. Then there exists, up to a multiplicative constant, at most one 
locally finite (Borel, positive) measure on T X M invariant under the geodesic flow, ergodic 
and 2-recurrent, which satisfies the Gibbs property (see Definition 3.14) f or ^ e potential 
F and the constant c. 



8 Finiteness and mixing of Gibbs states 

Let (M, r, F) be as in the beginning of Chapter 2: M is a complete simply connected 
Riemannian manifold, with dimension at least 2 and pinched sectional curvature at most 
— 1; r is a nonelementary discrete group of isometries of M; and F : T l M — > R is a 
Holder-continuous T-invariant map. 

Fix x,y in M. Assume that 5p, f < +oo ( see Subsection 3.2 for comments on this 
condition, not so important but without which we can not even define Gibbs measures). Let 
rhp be the Gibbs measure on T 1 M associated with a pair of Patterson densities (p^xeM 
and (A t x) xg jg r f° r respectively (r,Fo l) and (T,F) of (common) dimension 5r, Fol = <5r,F- 
Denote by the total mass of the measure rap on T l M induced by rap. 
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Compared to the previous ones, the sections 9, 10 and 11.7 will require stronger as- 
sumptions on the Gibbs measure mp. We will assume that it is finite and mixing under 
the geodesic flow. These assumptions are already present in the case F = considered by 
[Robl]. But essentially, as explained in the coming Subsection 8.1, only the finiteness of 
mp is important (it is a nonempty assumption, even in the case F = 0, see for instance 
[DaOP]). 

Indeed, we have proved in Corollary 5.14 that, when it is finite, the Gibbs measure mp 
is unique up to scaling and is ergodic (and the Patterson densities (jtx) x eM an< ^ (^^eM 
are also unique up to scaling). We will give one finiteness criterion in Subsection 8.2. But 
we prefer to start by stating the main dynamical tool to be used in the coming chapters, 
saying that the mixing property is essentially always true as soon as the Gibbs measure 
mp is finite. 

8.1 Babillot's mixing criterion for Gibbs states 

Since any Gibbs measure is a quasi-product measure (see Subsection 3.7 and Subsection 
3.9), we may apply Babillot's result [Bab2, Theo. 1] to obtain the mixing property of the 
geodesic flow. Recall that the length spectrum of M is the subset of R consisting of the 
translation lengths of the elements of T, or, equivalently, of the lengths of the periodic 
orbits of the geodesic flow on T l M. A continuous flow of homeomorphisms (ipt)teM. of a 
topological space X is topologically mixing if for all nonempty open subsets U and V of X, 
there exists to £ K such that <pt(U) V 7^ for every t > to- 

Theorem 8.1 (Babillot) If 5t,f < +°° an d tfmF is finite, then the following conditions 
are equivalent: 

(1) the geodesic flow (<pt)teR on T l M is mixing for the measure mp; 

(2) the geodesic flow (<t>t)t€M. 071 T l M is topologically mixing on its (topological) nonwan- 
dering set QT; 

(3) the length spectrum of M is not contained in a discrete subgroup o/R. 

For instance, the last condition is satisfied if M is a symmetric space, or if T contains 
a parabolic element, or if M has dimension 2, or if Ar is not totally disconnected (see for 
instance [Dall, Dal2] and their references). 

Conjecturally, the non arithmeticity of the length spectrum (that is, the validity of the 
third assertion above) should be always true, hence the only assumption in this subsection 
should be the finiteness of the Gibbs measure. 

Also note that, at least since Margulis's thesis [Marg], the mixing hypothesis is standard 
in obtaining precise counting results (see [EM] and the surveys [Bab3, Oh], amongst many 
references). 

In Chapter 10, to prove Theorem 10.4, we will use the following consequence of the 
mixing property of the Gibbs measures. The forthcoming result of equidistribution of 
pieces of strong unstable leaves pushed by the geodesic flow, that we state without proof, 
is due to [Robl, Coro. 3.2] when F = and to [Bab2, Theo. 3] under a more general 
quasi-product hypothesis, satisfied by our Gibbs measures (see Subsection 3.9). 
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Theorem 8.2 (Babillot) Let M be a complete simply connected Riemannian manifold, 
with dimension at least 2 and pinched negative curvature at most 1. Let T be a nonelemen- 
tary discrete group of isometries of M . Let F : M — >• R be a T -invariant Holder- continuous 
map. Assume that 5 = 5r t F is finite and positive, and that the Gibbs measure mp on T^M 
is finite and mixing under the geodesic flow. 

Then for every v G T M , for every relatively compact Borel subset B of W su (v), for 
every ip S < ^ , C (T 1 M; M), if ip = ip o p where p : T l M — > T 1 M is the canonical projection, 
we have 

lim / ip 4>t(w) e c F { - w ^ dfi W su( v )(w) = [ e ^™'^ d^ W su (v)i w ) n n / ip dm F . 
t-++ocJ B J B \\m F \\ Jt^m 

As usual, we may replace continuous functions with compact support by relatively 
compact Borel subsets with negligible boundary: Under the hypotheses of the above the- 
orem, with v and B as above, for every relatively compact Borel subset A of T l M whose 
boundary has measure for mp, we have 

lim V / e c *(».«) = / c c f^) d^ W su [v) {w) mF ^ A) 



'^ +0 ° ^Jsn^/A Jb \\m F \\ 

The next subsection gives a finiteness criterion for the Gibbs measures, hence allowing 
us to use Babillot 's theorems 8.1 and 8.2. 



8.2 A finiteness criterion for Gibbs states 

A point p £ dooM is a bounded parabolic point of T if it is the fixed point of a parabolic 
element of T and if its stabiliser T p in T acts properly with compact quotient on Ar — {p}. 
The discrete nonelementary group of isometries r of M is said to be geometrically finite if 
every element of Ar is either a conical limit point or a bounded parabolic fixed point of V 
(see for instance [Bowel]). 

The following finiteness criterion for Gibbs measures is due to [DaOP] when F = 0. 
With the multiplicative approach explained at the beginning of Chapter 3, it is due to 
Coudene [Cou2]. 

Theorem 8.3 Assume that Sr t F is finite, and that T is geometrically finite with (T, F) 
of divergence type. Then the Gibbs measure mp is finite if and only if for every parabolic 
fixed point p ofT, the series 

d{x,yy) el? 

a£F p 

converges, where T p is the stabiliser of p inT. 

Proof. We will follow the scheme of proof of [DaOP, Theo. B]. Note that the convergence 
of the above series depends neither on x nor on y, and that the result is immediate if T 
has no parabolic element, since then the support of the Gibbs measure, which is HT, is 
compact. Let 5 = <5r,F- 

Let Parr be the set of parabolic fixed points of T. Since T is geometrically finite (see 
for instance [Bowd]), the action of T on Parr has only finitely many orbits, and there exists 
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a T-equivariant family (^p) p ePar r °f pairwise disjoint closed horoballs, with ffl p centered 
at p, such that the quotient 

M = r\(TAr- (J ^) 

pSParp 

is compact. For every p G Parr, we denote by T p the stabiliser of p in T, and by a 
relatively compact measurable strict fundamental domain for the action of T p on Ar — {p} . 
The inclusion Jtp C M induces an injection (T p \Jtp) — > (T\M) and we will identify T p \Jtp 
with its image. Recall that it : T l M — > M is the canonical projection. 

Since the measure mj? on T l M is finite if and only if its pushforward measure tt^itif 
on M is finite, since the support of n^mF is contained in TY^AT, since Mq is compact and 
since there are only finitely many orbits of parabolic fixed points, the Gibbs measure mp 
is finite if and only if for every parabolic fixed point p of V, we have 

7r*m_p(r p \J^,) < +00 . 

Fix such a point p. For every (£,77) G d^M, we will denote by (£77) the geodesic line 
with endpoints £ and 77 oriented from £ to 77; if £ 7^ 75 and (£77) meets J£p, we denote by 
„ the first intersection point of (£77) with dJ^f p . Note that since M is CAT(— 1), if £ 7^ 79 
and if the geodesic lines (£77) and (£77') both meet J^ p , then d(x£ „,X£ rf) < 21og(l + y/2) 
(see for instance [PaPl, Lemma 2.9]). 




We define xo = ££ ,p f° r aii Y h xeci £0 £ ^p- I n particular, since & p is relatively compact 
in OoqM — {p}, there exists k > such that for every £ G J£" p , for every 77 G S^M — {£} 
such that (£77) meets J^>, we have 

d(xQ, X£ >v ) < k . (98) 

By the disjointness of the horoballs in the family ( [ ^,) pg p arr , a geodesic in the support 
of 7T*771f meeting T p \Jtp has a unique lift in M meeting Jtfp starting from the fundamental 
domain J£~ p , unless it has a lift which starts from p; its other endpoint is in a3 ~ p for some 
a G T p , unless it is equal to p. Since T is of divergence type, the Patterson densities fi XQ 
and fi XQ have no atom at a non conical limit point (see Corollary 5.12) and the diagonal of 
dooM x dooM has zero measure with respect to \x L Xfj ® /J> xo ( see Assertion (c) of Proposition 
5.5). In particular, fJ-xoi^p) an d /-4 (^p) are positive. 
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Hence, by the very definition of the Gibbs measure fhp, we have 



Tr,m F (T p \J^) = V f length ((£77) D Jff p ) 



2 



By Equation (25), by Equation (98) and by Lemma 3.4 (1), there exists c > (which 
depends only on k, the constants in Lemma 3.4 and max 7T -i^ B ^ X0 ^ K ^ \F\) such that, for 

every (£,7/) € x dooM such that £ 7^ 7/ and (£77) meets J^,, we have 

Let (£, 7/) G j^" p x a^-p be such that £ 7^ 77 and (£77) meets J^,. The geodesic line from 
a~ 1 i] G J^p to a _1 £ also meets J^ p . The exiting point of (£77) out of J^ p is equal 
to a x a ~i^ a -i{r. Hence d{axo,y^ tr j) — d(x$, x^i^^-i/:) < k. Therefore, by the triangle 
inequality (see the picture above), we have 

(1(xq, axo) — 2k < length ((£??) D Jtf p ) < d(xo, axo) + 2k . 

Hence 

-/4 («^p) ^2 (d(x ,ax )-2K)fi X0 (a^'p) 

aeT p 

< n*m F (Tp\J%) < c /4 (^p) {d(x ,ax ) + 2K)(i Xo (a^ p ) . (99) 

By the equations (34) and (35), for every a G T p , we have 

Ma^p) = /x a - ls60 (^,) = / e-^-^^-^cxo) d/iaso(e) . (100) 



When a goes to infinity in the discrete group F p , the point a _1 Xo converges to p. Hence, 
for every £ G ,^ p , except for finitely many a, the set ^ p is contained in the shadow seen 
from a~ 1 Xo of B{xq,k + 1). Therefore, by Lemma 3.4 (2), there exists a constant d > 
such that for all £ G J^p and a G Tp, we have 

7" x o _ 

Cp^s{a- 1 x ,x )+ (F-6) <d . (101) 

Hence by Equation (100) and by invariance, we have 

e- c V* (i*y < fJboia&p) < e c 'fi X0 (^ P ) eC^ . (102) 

Putting together the equations (99) and (102), there exists C > such that 



c*er p 



<C {d{x ,ax ) + C)e Jx o 

This proves the result. □ 

A criterion for (V, F) to be of divergence type, when T is geometrically finite, is the 
following one, again due to [DaOP] when F = 0. 
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Theorem 8.4 Assume that 5? p is finite and that T is geometrically finite. If for every 
parabolic fixed point p of V with stabiliser T p , we have o~t p ,f < 5r, F, then (T,F) is of 
divergence type. 

Proof. Let (l l x) xe ]^ be the Patterson density for (T,F) of dimension <5r, f constructed 

in Proposition 3.9: we use the notation h,st-,Q zy (s), fj, z , s for k E N, s > Sr,F, z £ M 
introduced for that purpose. We start with an independent lemma. 

Lemma 8.5 Let p be a bounded parabolic fixed point ofT such that Sr p ,F < 8r s F- Then 

MM) = o. 

Proof. Let J^f p , ^ p , k,^q, xq be as in the above proof of Theorem 8.3. We may assume 
that £o ^ rp. Up to replacing .JF p by a smaller horoball centered at p, we may assume that 
the closest point to y on the geodesic line ]£o>p[ between £q an d p does not belong to the 
geodesic ray [xq,p[. In particular, by the convexity of the horoballs and since "fJtffp H Jif p 
is empty if 7 ^ r p , the orbit Ty does not meet Jft? p . 

For every 7 £ T, choose a representative 7 of the left coset of 7 in T p \r such that 
7^0 £ (which is possible since 7^0 E Ar — {p} and JP p is a fundamental domain for the 
action of T p on Ar — {p}). 

Let e > such that 5y,f > 3r p ,F + £■ Let r e > such that h(t + r) < e et h{r) for 
all t > and r > r t . There exists k' > k big enough so that if z is the point of [xo,p[ 
at distance max{r £ , k' + 2} of xq, then for every 7 £ T, there exists a representative 7 of 
the left coset of 7 in r p \r such that jy E z B(xq, k'). In particular, d(z,Ty) > r e . Let 
e' E [0, 1] be such that 

H z {d(0 z B(x G ,K' + e'))) = 0. 




Let X be the compact subset TyUAr of MUc^M, which contains the support of the 
measures p Z)S and p, z for all z £ M and s > <5r,F- Let 

^ = xn (J 

be the set of points of X on a geodesic ray, including its point at infinity, from z through 
the closed ball B(xq, k' + e'). 

By Equation (98) and by convexity, the set ^ p is contained in the shadow & z B(x§, k), 
hence in ^ . Since the point jy belongs to ^ for every 7 £ T, we have X = {p}U|J agrp a'rf. 
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Let (ttj)j g N be an enumeration of r p , and for every n £ N, let U n = X — \J 0<i<n cuffi. 
Then (J7 n ) n gpj is a nonincreasing sequence of neighbourhoods of p in X, with intersection 
{p}, and fi z (dU n ) = by the choice of e' . Hence 

MM) = lim Pz(U n ) ■ 

By the convexity of horoballs and a standard argument of quasi-geodesics, there exists 
a constant c > such that for i large enough and for every 7 £ Y, the point otiZ is at 
distance at most c from the geodesic segment [z,afyy\ (see the picture above). Hence, by 
(two applications of) Lemma 3.2, there exists a constant d > such that, for every large 
enough i, for every 7 £ T, and for every s £ [5r,Fj $r,F + l]j we have 



( F _ s )_ / (F _ S ) _ / (F _ s) 



Since h is nondecreasing, by the triangle inequality and since d(z,Yy) > r e , we have 

h(d(z,aay)) < h{d{z,a lZ ) + d{z^y))<e^ a ^ h(d(z,jy)) . 

For every s £ ]5r,F>^r,F + 1]> we hence have, for every n large enough, 
+00 ^ _ _ 

t=n+i 7er p \r ( 4>^A' S ' , 

i=n+i 7er p \r ^im/W 

+00 

i=n+l 

Taking s = for large enough, and letting tends to +00, we get (note that the constant 
function 1 on OoqM is continuous with compact support and that fi z (dU n ) = for every 
n £ N) 

+00 

i=n+l 

Since <5r,F — e > ^r p ,F an d since the remainder of a convergent series tends to 0, we have 

^z{{p}) = lim n z (U n ) = . 

n— >+oo 

Since [i x and [i z are absolutely continuous one with respect to the other, Lemma 8.5 follows. 
□ 

Now, since the limit points of Y that are not conical ones are (countably many) bounded 
parabolic fixed points if Y is geometrically finite, this lemma implies that fi x (A c Y) = 
fj, x (AY) > 0. Theorem 8.4 hence follows from Corollary 5.10. □ 

Corollary 8.6 Assume that 5r t p is finite, that Y is geometrically finite, and that d~r pt F < 
o~r,F f or every parabolic fixed point p, where Y p is the stabiliser of p in Y. Then the Gibbs 
measure rap is finite. 
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In particular, if T is geometrically finite, if 5r p < 5r for every p € Parr (which is in 
particular the case when M is a symmetric space), and if ||-F||oo is small enough, then mp 
is finite, by Lemma 3.3 (iv). 

Proof. This is immediate by the theorems 8.4 and 8.3. □ 

As in [Cou2], this allows us to construct finite (hence ergodic) Gibbs measures for any 
geometrically finite group T, by choosing an appropriate potential F in the preimage in 
T 1 M of the cuspidal parts of M. 

9 Growth and equidistribution of orbits and periods 

We will give in this chapter precise asymptotic results as t goes to +oo for the counting 
functions defined in Subsection 4.1, as corollaries of convergence results for appropriates 
measures and equidistribution results. 

Let (M,F,F) be as in the beginning of Chapter 2: M is a complete simply connected 
Riemannian manifold, with dimension at least 2 and pinched sectional curvature at most 
— 1; r is a nonelementary discrete group of isometries of M; and F : T l M — > R is a Holder- 
continuous T-invariant map. Fix x,y in M. Assume that <5r,F < +oo. Let nip be the 
Gibbs measure on T l M associated with a pair of Patterson densities (Mx) x pm an< ^ ^ x ^x&M 
for respectively (T,Fo t) and (T,F) of (common) dimension <5r Fol = $r F- Denote by 
1 1 Trap* 1 1 the total mass of the measure mp on T l M = F\T M induced by fhp. 

9.1 Convergence of measures on the square product 

The aim of this subsection is to prove the following weak star convergence result, whose 
consequences will be discussed in the next subsections. 

Theorem 9.1 Assume that the critical exponent 5r t F of(T,F) is finite and positive, and 
that the Gibbs measure mp is finite and mixing under the geodesic flow on T l M . As t goes 
to +oo ; the measures 

v x,y,F,t = $r,F \\m F \\ e~ Sr ' Ft ^ e^ V F %-i x ® 

7Sr : d(x,yy)<t 

converge to the product measure [i L y ® [i x with respect to the weak star convergence of 
measures on (MU^M) 2 . 

We will follow closely the proof for the case F = given in [Robl, Chap. 4]. It relies on 
the next technical proposition, improved in Proposition 9.3. To simplify the notation, we 
set vp = v x ,y,F,T for every T > 0. We recall the notation ^(z, Z), ^{z.r, Z), K(z,r), 
V£ „ z> L r (z,w) and &^r{z,w) of Subsection 5.1, as well as the notation of the antipodal 
map l z : OoqM — > OoqM with respect to any z € M defined in Subsection 2.3. 

Proposition 9.2 Assume that5r,F is finite and positive, and that mp is finite and mixing 
under the geodesic flow on T X M . For every e > 0, for all £o an d % * n dooM such that 
L x(£,o) ^ AT and ty(rjo) £ AT, there exist open neighbourhoods V and W of respectively £q 
and r/o in d^M such that for all Borel subsets A C V and B C W , 

limsup vt{^{x,A) x^(y,B)) < e e fi x (A) ^(B) 
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and Hmmf u T ffi(x,A)xtff(y,B)) > e~ e fi x (A) n y (B) . 

Proof. To simplify the notation, let 5 = 5r,F > 0. We will denote by e±, 62, 63, ... positive 
functions of e (depending only on 5, on max^-i^^ 2 )) 1-^1 f° r z = x > Hi an d 011 the constants 
c i; c 2, C3, C4 > appearing in Lemma 3.4 for F and F o t), that converge to as e goes to 
0, and whose exact computation is, though possible, unnecessary. 

Let e, £oj% be as in the statement of Proposition 9.2. We first define the neighbour- 
hoods V and W required in the statement of Proposition 9.2. 

Let r be in ]0, min{l,e}[ possibly outside a countable subset. By the finiteness of the 
Patterson densities, we may assume that 

fi x (d^ B(x,r)) = fi y (d0 vo B(y,r)) = . (103) 

Since the support of the Patterson densities is Ar (since mp is finite, see Corollary 5.12 
and 5.14), and since l x (^o) and i> y (r)o) belong to Ar, we have 

C r = fi x (^ B(x, r)) Vy(0voB(y, r)) > . (104) 

By Equation (103) and the convergence property of ff^(z,r) to £?£ Q B(x,r) as z — > £0 
described in Subsection 5.1, there exist open neighbourhoods V,W of (respectively) £05^0 
in M U dooM such that for every r as above, for all z £ V and w £ W, 

e-^ L x (^ B(x,r)) < ^t{z,x)) < e^^B^r)) (105) 

and 

e- e v y {0 m B(y,r)) < ^{Cf{w,y)) < e e fi y (0 vo B(y,r)) . (106) 

Finally, let V, W be open neighbourhoods of £ch ? ?o m QoqM whose closures are contained 
in V, W respectively. 

For all Borel subsets A in V and B in W, define (see Subsection 5.1) 

K + = K + (x,r,A) and K~ = K~(y, r, B) . 

The heart of the proof is to give two pairs of upper and lower bounds (respectively in 
Equation (108) and Equation (110)) of 



I±{T) = 




Both of them use the following estimate: For every (£, 77) £ d^M such that the orthogonal 
projection w of x on the geodesic line between £ and 77 satisfies d(w,x) < r < min{l,e}, 
and in particular if (£,77) £ L r (x,jy), we have, by Equation (25) and Lemma 3.4 (1), 

e" £1 < D F _ s ,x(£,ri) = e -§(^-^(*>™)+^«-^M) < e ei . (107) 

First upper and lower bound. We use the definition of the Gibbs measure to estimate 
individually fh,F(K + n 4>^tlK~). 
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£ = v _ G 7-B 




< r 




For every 7 £ T such that <i(x, 7?/) > 2r and for every t > 0, we have, by the definition 
of the various geometric sets in Subsection 5.1, that K + Pi 4>^tlK~ is the set of v G T l M 
such that t> is r-close to x, i>+ G v4, V- G 7-B and is is r-close to jy (see the picture 
above). Furthermore, by the definition of mj?, 

fh F (K + n 4>- t jK~) = 



r dfx y (r]) 
■/K,j;)eLr(x 1 7j/)n(7BxA) D F-5,x(L V) 2 



l/<(7»/,r)( < / , i+s^,r;,x) , 



where 1^ is the characteristic function of a subset Z. 

As in [Robl, page 59, 60] which only uses an estimate as in Equation (107) and geo- 
metric arguments, there exists a constant c\ > such that for every T > 3r, if 



J±(T) 



E 



A4(^ (7?/, *)) ^ « (*, 72/)) e 5 d ^ y) 



7 6 T : d(x,-yy) < T, 

-yy e Yf(x, A) n 



then the following two inequalities hold 

I-{T)< e t2 r 2 J + (T) + c x and I+(T) > e~ 62 r 2 J_(T) 



ci 



(108) 



Second upper and lower bound. Now, we use the mixing property of the geodesic 
flow to estimate the sum X^er ™f(K + H (j)-tjK~). 

Since the geodesic flow is mixing, we have, for t large enough, 

e~ e m F (K + ) m F (K~) < \\m F \\ ^ m F (K + n (j)- t lK~) < e e m F (K + ) m F (K~) . 

7er 

(109) 

By the definition of K + = K + (x,r, A), we have 

m F (K+) = r [ dfi x (ri) [ D F . s ,x{C, v)~ 2 d/4(C) • 

By Equation (107) and by Equation (105) applied to z G A since 4 C we have 

e- £ - 2£1 r/i x (A)^.(^ 0J B(x,r)) < m F (K + ) < e e+2ei r fi x (A) /j, x (0£ o B(x,r)) . 
Similarly 



-c-2c 



1 r /4(£) ^(^Sfo.r)) < m F (K~) < r fiy(B) n y {0 m B{y,r)) . 

By taking the product of these inequalities, by multiplying Equation (109) by e St and 
integrating it over i 6 [0, T ± 3r], we have since 6 > and r < e, for some constant C2 
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independent of T (coming from the fact that the estimations above are valid only for t 
large enough, hence we have to cut the integral over t 6 [0, T ± 3r] in two), and by the 
definition of C r in Equation (104), for T large enough, 

6 \\m F \\ J_(T) > r 2 C r fi x (A) ^(B) e 5T - c 2 (110) 

and 5 \\m F \\ I + (T) < e e ' A r 2 C r fJ, x (A) p L y (B) e ST + c 2 . 

Estimate on C r . Before showing how these two upper and lower bounds of I±(T) prove 
the result, let us give a lower and upper estimate on Cf . 

By the defining properties of the Patterson densities (see the equations (34) and (35)), 
we have 

Note that &^(x^y) C x B(ffy,2r) by the convexity of the distance. Hence, by Lemma 
3.4 (2) applied to F — 5 and y' = jy, since max^-i^^^)) \F\ < max 7r -i(^( J/j 2 )) 1-^1 by 
invar iance, and since r < e, we have 

e - e4 % «(7" 1 x,y)) < n x (0±(x, iy )) e-S* V ^-5) < e « ^(^(j'^y)) . 

If ( r yy, r y~ 1 x) £Vx W, we have, respectively by the definition of C r (see Equation (104)), 
the definitions of V and W (see the equations (105) and (106)), and the previous inequality, 

C r = /4(^ £(x,r)) N (ff m B(y,r)) 

Similarly, 

C r < e 2 ^ ^-(ny.x)) M 4^-(x, 7 y)) e~ . 

Conclusion of the proof. Now, respectively by the definition of the measure v F = 
v x y F,Ti by using some constant C3 > independent of T, by the previous lower bound 
on C r and the definition of J±(T), by Equation (108), and by Equation (110) with some 
constant C4 independent of T, we have 

C r v T ffi(x, A) x tf+(y, B)) = 6 \\m F \\ e~ ST ^ C r e^ v f 

7 g r : d(x, -yy) < T, 
(7S/,7 _1 ^) S V+(,x,A) x «■+(», S) 

>5\\m F \\e- 5T Yl C r ef* V F - c 3 e~ ST 

7 G T : d(x, 71/) < T, 
IV S A) n V, 

7 -1 ^ e vfiv, B) nw 

>S\\m F \\ e~ 5T e~ 2e - e4 J + {T) - c 3 e~ 8T 

> 5 \\m F \\ e~ 5T e - e2 ~ 2e - e4 r- 2 (/„(T) - ci) - c 3 e~ 5T 
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Similarly, 

C r u T (^(x,A) x ^(y,B)) < C r n x {A) ^y(B) + c 4 e~ 5T . 
Dividing by C r > (independent of T), the result follows. □ 

The next result is a small improvement of Proposition 9.2 which gets rid of the as- 
sumption that l x (£,q), L y(vo) G Ar, at the price of replacing 1-thickened/l-thinned cones by 
i?-thickened/it!-thinned ones, for some R > large enough. Note that when Ar = d^M, 
then this step is not necessary (that is R = 1 works). In particular the reader interested 
only in the case when T is cocompact may skip this proposition. 

Proposition 9.3 Assume that <5r, f * s finite and positive, and that itif is finite and mixing 
under the geodesic flow on T M. For every e' > 0, for all £o and tjq in dooM , there exist 
R > and open neighbourhoods V and W of respectively £o o,nd r]Q in d^M such that for 
all Borel subsets A C V and B C W , 

limsup v T (tf-(x,A) xtf R {y,B)) < e e ' fi x (A) fi x (B) 
and liminf v T (tf+(x, A) x <if+(y, B)) > e~ e ' fJ, x (A) fi x (B) . 

T— >-+oo 

Proof. The idea of the proof is that two cones over the same subset of dooM, with vertices 
two distinct points in M, are asymptotic near infinity, and that we have an appropriate 
change of basepoint formula for the Patterson measures. 

Let e > and £ch ? ?o £ <9ooAf. Fix £o S Ar — {^Oj^o} anci (respectively yo) a point 
on the geodesic line between £o and £o (respectively £q anci Let 

R = l + max{d(x, x ), d(y, y )} 

and, to simplify the notation, let 5 = 6r f- 

Let us now define the neighbourhoods V and W required by the statement. Let Vq, Wq 
be small enough open neighbourhoods of £oiVo respectively in dooM, so that Proposition 
9.2Jiolds with Xo, yo, Vq, Wq replacingjc, y, V, W respectively Let Vq, Wq be open subsets 
of M U dooMjuch that Vqj= Vq n d^M, Wq = Wq n 9 M M respectively and such that for 
all z G V n M, w € Wo n M, 

| d(xQ,z) - d(x,z) - /% (x ,x) | < e , | d(y ,w) - d(y,w) - /3 vo (yo,y) \ < e , (111) 

f- Z ^ pZ ____ f'W f'W ^ 

I F- F + Cf,£ (x,xq) <e and / Fob- I F o l + Cfol, no {V-> Uo 

J x J xq J y Jyo 

Let us consider neighbourhoods V and W of £o an d rjo, respectively, in dooM whose closures 
are contained in Vo and Wq, respectively. 

Now, we start the proof with some computations. If 72/0,72/ £ anci 7~ lx o,7~ 1 % G 
Wq, the formulae (111) and (112) imply that 

d(x , jy ) < d(x, 72/0 ) + /%, {x , x) + e = d(y , 7 _1 x) + /%, {x ,x) + e 

< d(y,^x) + (3 m (yo,y) + I3^(x ,x) + 2e 
= d(x, jy) - /% (x, xq) - /3 V0 (y, y ) + 2e , 
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and that, by Equation (13), 

efJ Vp < e f -o F-C F ,t (x,xo)+e = e /; _1 *° Fo,-C F>io (x,x )+e 

< e /; o ~ 1 " oi? ° t -^o t ,^ (y,OT)-C F , 5o (x,xo)+2e = J™°F e -O FohV0 (y,y )-O Fi(0 (x,x )+2e _ 

Let = {z G M : i?) C Vb} and wT R = {z £ M : B(z, R) C W }, and let ^ 

and B be Borel subsets of V and W respectively. Note that if 

then 

(7yo,7 _1 ^o) € («T(ar ,A) x ^{y Q ,B)) n x W ) 
by the choice of i? and the definition of the r-thickened/r-thinned cones tf±(z,Z), and 
that (&x(x,A) x ^(y,B)) \ (\C~ R x VPL^) is a bounded subset ofMxM. 

Now, by the definition of the measure i>t = ^x y,F T, an d by the previous computations, 
for some constant > independent of T, we have 

v T (tf-(x,A)xtf-(y,B)) 

= 5\\m F \\e- 5T ]T ett V ~ F 

7 g T : d{x, -yy) < T, 

< ^o,j/o,F,T-/3 ?0 (x,xo)-^ (j/,s/o)+2e(^l~( x O,-4) X ^1 (VOi &)) 

x e -CFoL, V0 (y, yo)-C F ,( (x, x )+2e e -8/3 (o (x,x )-8l3 vo (y, yo)+2e _|_ c ^ e -5T _ 

By Equation (20) and Proposition 9.2, we then have 
limsup vt(^?r(x,A) x ^(y,B)) 

< e 5e /Xa; (A) liy (B) e - c Fo,-s, m {y,yo) e -C F - S ,^(x,x ) _ 

By continuity in the equations (111) and (112), since A C V C Vo and B C W C Wo, we 
have, for all £ £ A and r] € B, 

\Cf-5,z(x,xo) - C F -6,t (x,xo)\ < (l + 6)e 

and 

\C F oi,-6,r,(y,yo) - C FoL - S ,r, (y,ya)\ < (l + 5)e. 
By Equation (35) for the Patterson densities (Hx) x£ m and 04:)xeM' we hence have 

fi X0 (A) e -^-W^o) < ^ (j4 ) e (l+S)e 

and 

Therefore 

limsup ^(^(x.A) x *£(»,B)) < e( 7+25 ) e /^(A) /4(£) . 

The analogous lower bound is proven similarly, and Proposition 9.3 follows. □ 

Proof of Theorem 9.1. The end of the proof of Theorem 9.1 follows from Proposition 
9.3 exactly as in the "Troisieme etape : conclusion" in [Robl, page 62-63], by replacing [i x 
there by fj, x , as well as fj, y by fi y , v xy by u x ,y,F,t, an d r by R. □ 
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9.2 Counting orbit points of discrete groups 

We deduce in this subsection some corollaries of Theorem 9.1, keeping the notation of the 
beginning of Chapter 9. 

Corollary 9.4 Assume that the critical exponent 5r t F °f(X,F) is finite and positive, and 
that the Gibbs measure mp is finite and mixing under the geodesic flow in T l M . As t goes 
to +oo, the measures 

6 r ,F\\m F \\ e~ t5 ^ F ^ f % y 

7ST : d(x,jy)<t 

converge to the measure ||/4H fJ> x f or the weak star convergence of measures on M U d^M , 
and the measures 

d~r,F \\m F \\ e~ t5r - F ^ e^ V p %-i x 

7ST : d(x,fy)<t 

similarly converge to the measure \\/J, x \\ fJ> y - 

Proof. Since the pushforward of measures by a continuous map is linear and weak star 
continuous, the result follows from Theorem 9.1 using the projections (M U dooM) 2 — > 
(M U dooM) on the first factor and on the second factor. □ 

The second assertion of Corollary 1.4 may also be obtained by exchanging x and y and 
F and F o l (see Equation (13) and the last remark of Subsection 5.3). 

Corollary 9.5 Assume that the critical exponent 5r t F °f(X,F) is finite and positive, and 
that the Gibbs measure mp is finite and mixing under the geodesic flow on T l M . As t goes 
to +oo 7 

E nyp 11/411 H^ll js r F 
5r f \\ m F\\ 

7Sr : d(x,"/y)<t 

Proof. This follows by taking the total mass of the above measures on the compact space 
MUdocM. □ 

As another immediate corollary of Corollary 9.4, we obtain the following sharp asymp- 
totic property on the sectorial orbital counting function Gr,F,x,y,u (introduced in Subsec- 
tion 4.1), improving Corollary 4.3 (1). 

Corollary 9.6 Assume that the critical exponent 5r,F °f{F,F) is finite and positive, and 
that the Gibbs measure mp is finite and mixing under the geodesic flow on T l M . Let U 
be an open subset of d^M meeting KT such that fi x (dU) = 0. Then as t goes to +oo, 

r (A ~ 11^ II Vx(U) 1 5 

( ^T,F,x,y,U\ t ) ~ ~r n rr e ' • 

0F,F \\ m F\\ 

Proof. This follows by considering the characteristic functions of cones ffxU on open 
subsets U of dooM (or by taking V = dooM in the next corollary). □ 

Similarly, we obtain the following sharp asymptotic property on the bisectorial orbital 
counting function Gr f x y uv (introduced in Subsection 4.1), improving Corollary 4.3 
(2). 
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Corollary 9.7 Assume that the critical exponent ^r,F °f (T, i 7 ) is finite and positive, and 
that the Gibbs measure mp is finite and mixing under the geodesic flow on T X M . Let U 
and V be two open subsets of d^M meeting AT such that /j> x (dU) = [i L x (dV) = 0. Then as 
t goes to +00, 



Gr,F,x, y , u, v(t) 



5r f ll m iHI 



Proof. Use Theorem 9.1 and consider the product of the characteristic functions of the 
cones ^ X U and ^yV on the open subsets U and V of OoqM. □ 

9.3 Equidistribution and counting of periodic orbits of the geodesic flow 

The aim of this subsection is to use Theorem 9.1 to prove that the periodic orbits of 
the geodesic flow in T l M, appropriately weighted by their periods with respect to the 
potential, equidistribute with respect to the Gibbs measure. When F = and M is 
convex-cocompact, the result is due to Bowen [Bowl, Bow2, Bow3], see also [Par2]. We 
follow Roblin's proof when F = in [Robl]. 

Recall (see Subsection 4.1) that for every i £ M and for every periodic (not necessarily 
primitive) orbit g of length £(g) of the geodesic flow on T l M, we denote by 5£ g the Lebesgue 
measure along g, by J g F = J£ g (F) the period of g for the potential F, and by HPer{t) the 
set (with multiplicities) of periodic orbits of the geodesic flow on T l M with length at most 
t e R. 

As in Bowen's two equidistribution results in the convex-cocompact case, the first 
assertion of the theorem below claims the equidistribution of the Lebesgue measures of 
the closed orbits when weighted by the exponential of their periods for the potential, the 
second one claims the equidistribution of their Lebesgue means. 

Theorem 9.8 Assume that the critical exponent <5r,F of (T, F) is finite and positive, and 
that the Gibbs measure mp is finite and mixing under the geodesic flow ofT l M. 

(1) As t goes to +00, the measures 

converge to the normalised Gibbs measure with respect to the weak star convergence 

of measures on T 1 M. 

(2) As t goes to +00 , the measures 



Sr, F t e~ 5 ^ Ft Yl 

ge^et{t) 



weak star converge to 



1 1 m p I 



Proof. Let 5 = 5y,f- Let us denote by the set of hyperbolic elements of V. For every 
7 E J^r, let £(7) be its translation length, let Axe^ be its translation axis, oriented from 
the repulsive fixed point 7_ to the attractive one 7+, and let J2? 7 be the measure on T^M 
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which is the lift to T l M of the Lebesgue measure along the translation axis of 7: For every 
map / : T 1 M — > M which is continuous with compact support, we have 

&r(f) = [ KM dt 
Jtew 

where v is any unit tangent vector to the oriented geodesic line Axe^. Recall that the 

period of 7 for F is Perp(7) = /q F{4> t v) dt with v as above. Note that a*J2? 7 = Jzf Q7Cr -i 
for every a G V. The set J£r t t of hyperbolic elements of T whose translation length is at 
most t is invariant under conjugation by elements of T. 

(1) Let us prove the first statement of Theorem 9.8. By the T-invariance of the mea- 
sures, and by the definition of the weak star convergence, we only have to show that, for 
every compact subset K of M, as t goes to +00, the measures 

5\\m F \\ e~ st e Pcr ^ jSy 

restricted to the compact subset 7r _1 (J^) of T M converge to rhp restricted to tt~ 1 {K) 
with respect to the weak star convergence of measures on n~ l (K). 

Fix a compact subset K of M. Let e G ]0, ~]- As in the proof of Proposition 9.2, we will 
denote by ei, €2, 63 positive functions of e (depending only on 5 > 0, on max^-i(^(jf)) \F\, 
and on the constants c±, C2, C3, C4 > appearing in Lemma 3.4 for F as well as for Fot), 
that converge to as e goes to 0. 

For every x € K, let V(x, e) be the set of pairs (£, 77) of distinct elements in M U d^M 
such that the geodesic segment ray or line between £ and 77 meets B(x, e). As in Equation 
(107), by Equation (25) and Lemma 3.4 (1), for every (£,77) G V(x,e) fl d^M, we have 

e _<E1 < Df-s,x(£,v) ^ e€l • (113) 

For all x G if and f > 0, let f and vt be the measures on (M U dooM) 2 defined by : 

Uf-s,x\&,V) 7 er, d(x, 7 x)<t 

By Theorem 9.1 (taking y = x), we know that Vt weak star converges to ix L x ®\x x ast — > +00. 
Let "0 be a continuous nonnegative map with support in V(x, e). By Equation (113), we 
hence have 

e _ei v(ip) < liminf Z7 (-(/>) < lim sup ft < e £1 i/(^>) • 

t->+oo t->+oo 



Let 



Note that by Gromov's hyperbolicity criterion (see also Lemma 2.7), for every 7 G T, if 
(7 X, 7a;) G V(x, e) and d(x, 72;) is large enough, then 7 is hyperbolic and x is at distance 
at most 2e from the translation axis Axe^ of 7. In particular 

£(7) < d(xrfx) < £(7) +4e . 
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Furthermore, 7 =tl x is close to ^y± uniformly in 7, hence so is @~±i x to i^ 7± . By Lemma 3.2 
and the remark following it, if p is the closest point on Axe^ to x, we hence have 



n x „ 

/ F - Per F ( 7 ) 

J x 





n x ~ 


nv „ 






/ F 




J X 





< 2c 3 (2e) C4 + 2e max |F| + max |F| 



which tends to as e goes to uniformly in 7 by the T-invariance of F. Hence if t is large 
enough, then 

On T^M identified with d^M x R by one of the Hopf parametrisations, note that 



^— u' t ® ds = S e~ 5t Yl e Pcr ^ (7) ^ 7 , 



and denote by v" the measure on the right. Therefore, for every continuous map ip' : 
T l M — > R with compact support in F(x, e) x R, which is a product of two continuous 
maps on each of the two variables of this product, we have 

e J -j. 77- < hm mi u t lip ) < hm sup u t lip ) < e 6 —r 77- . 

WmpW t^+co \\ m F\\ 

Approximating uniformly continuous maps with compact support in V(x, e) x fi by finite 
linear combinations of product maps, covering Tt~ l (K) by finitely many sets V(x, e) x R, 
using a partition of unity and letting e goes to 0, the first assertion of Theorem 9.8 follows. 

(2) The deduction of the second assertion from the first one is standard. Consider the 
measures 

m> t = 5e- st Yl ^ 9{F) ^g and m'/ = 8te~ St £ ^- 

on T l M. Fix a continuous map ip : T X M — > [0, +oo[ with compact support. For every 
e > 0, for every t > 0, we have 

m'liip) > m' t (ip) > 5e- st ^ e^ F) 3? g (ip) 

g£3*er(t)-ff>er(e-tt) 



gS^er(t)-^er(e- E t) ^ ' 



e- e m'l{iP)-e- e 5te- 5t ^ 



Since the closed orbits meeting the support of ip have a positive lower bound on their 
lengths, and by the first assertion of Theorem 9.8, there exists a constant c > such that 
the second term of the above difference is at most ce~ St e Se e *, which tends to as t tends 
to infinity. Hence by applying twice the first assertion of Theorem 9.8, we have 

— ^ = lim m'Jip) < lim inf m'J (ip) < limsupm"(-0) < lim e e m' t (ip) = e e , 

\\ m F\\ i-^+oo i^+oo t-*+oa t-s>+oo || m F|| 
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and the result follows by letting e go to (and writing any continuous map tp : T 1 M — > K 
with compact support into the sum of its positive and negative parts). □ 

Applying this equidistribution result to characteristic functions, for every relatively 
compact open subset U of T X M whose boundary has Gibbs measure 0, we have that, as 
t — > +00, 

y- cPeVF(a) £(gnU) ^ e^* m F (U) 

^ £(q) ~ 5 r Ft \\m F \\ 

As there exists a compact subset of T^M containing all closed orbits of the geodesic flow 
if r is convex-cocompact, the following corollary holds. 

Corollary 9.9 IfT is convex-cocompact, if (4>t)teR is topologically mixing, i/5r,F is finite 
and positive, then as t — >■ +00, 



c&T Ft 

^ 8 T Ft 

g£,9>er(t) 



Let < ^,(T 1 M)* be the dual topological space of the Banach space of real bounded 
continuous functions on T l M. By the narrow convergence of finite measures, we mean 
as usual the convergence for the weak star topology in ^(T 1 M)* . This result can be 
improved, and holds when V is geometrically finite, though the extension requires more 
work. For this, we improve, under the geometrically finiteness condition, Theorem 9.8 from 
weak star convergence to narrow convergence, as for the case F = in [Robl]. The main 
point is to prove that there is no loss of mass in the cuspidal parts during the convergence 
process. 

Theorem 9.10 Assume that the critical exponent 5r, F of(T,F) is finite and positive, that 
the Gibbs measure mp is finite and mixing under the geodesic flow on T l M , and that T is 
geometrically finite 

(1) As t goes to +00, the measures 

converqe to the normalised Gibbs measure n mF ,, with respect to the narrow converqence. 

3 ll m -F|| 

(2) As t goes to +00, 

ge^er(t) W 

converges to ii^ji with respect to the narrow convergence. 

Proof. The deduction of Assertion (2) from Assertion (1) proceeds as in the proof of 
Theorem 9.8, using the fact that since T is geometrically finite, there exists a compact set 
of M meeting (though not necessarily containing) all closed geodesies, hence there exists 
d > such that every closed geodesic of M has length at least d . 
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Let us prove Assertion (1). Let 5 = 5? f- F° r t>0, consider the measure 

mt = 8e- st Yl ^ 9{F) ^9 

on T^M and let ir*mt be its pushforward on M. We will use the notation of the proof of 
Theorem 8.3, in particular Parr, T p , xq, k for every parabolic fixed point p of T. 

For every r > and for every parabolic fixed point p of T, let Jtp(r) be the horoball 
centered at p, contained in ^ p such that the distance between the horospheres dJ4? p {r) 
and d,j#p is r. 




By the finiteness of the number of orbits of parabolic fixed points under V and by the 
compactness of the quotient T\(^AT — UpePar r ^p( r ))> we omv have to prove that for 
every parabolic fixed point p of T, 

lim limsup7r*m t (r„\J^(r)) = . 

Fix such a point p. A closed geodesic in M meeting T p \J4? p has a unique lift in M meeting 
Jf? p starting from the fundamental domain ^ p for the action of T p on Ar — {p}; its other 
endpoint is in a^ p for some a G T p . For all t > and a G T p , let T(t, a) be the set of 
hyperbolic elements 7 of T with repulsive fixed point 7_ in ^ p , attractive fixed point 7+ 
in aJPp and translation length ^(7) at most t. Then 

Tr*m t (T p \J? p (r)) = 5e~ st Y Yl e Pciph) length(Axe 7 n Jf p (r)) . (114) 

«er p 7 er(t, a) 

Let 7 G r(t,a) be such that its translation axis Axe^ meets Mp{r) (note that for the 
other ones, we have length (^4:re 7 Pi Mp{r)) = 0). We orient Axe-y from 7_ to 7+, and we 
denote by x 7 the entering point of Axe^ in Jtf? p . By Equation (98), we have 

d(xo, x 7 ) < k . 

Since the distance between any point of dJf? p and any point of J^(r) is at least r, we have 
(see the above picture), 

length(Ace 7 n J^ p (r)) < d(x , ax ) -2r + 2n. (115) 
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In particular, 

d(xo,axo) >2r — 2k . (116) 

Consider the constants R and C given by Mohsen's shadow lemma 3.10 applied to 
(f^^x&M as a bove and K = {xo}, and let = G Xq B{^xq, R)- The point axo is at 
distance uniformly bounded from Axe^. Hence xq = a~ axQ is at distance uniformly 
bounded from [a~ 1 xo,a~ lr yxo\. If r is large enough, then d(xo,a~ 1 Xo) is large, hence 
a~ 1 xo is close to p. Therefore, there exists a compact subset K (independent of £, r, a, 7) 
of dooM — {p} such that the set a~ 1 G 1 = G a -i Xo B(a~ 1 ^/XQ, R) is contained in K for r 
large enough. 

Since d(xo,Xy) < k and by (two applications of) Lemma 3.2, there exists c\ > such 
that 











Per F ( 7 )- / F 




y f - f 


< Cl 


Jxo 




J X~f J XQ 





Since xq is at distance at most k from Axe-y, we have 

d(x , 7x0) < £(7) + 2k < £ + 2k , 
and if furthermore 7 ^ T(i — l,a), then 

t-l<£(rf) <d(x ,"fx ) . 
Hence, by Mohsen's shadow lemma 3.10, 

e Per F ( 7 ) < e c le f%°F < eCl+ 2«5 Ke ^ e /;; o (F-«5) < ^1+2^^^) _ 

By the discreteness of Txo, there exists iV > (independent of £) such that a point 
£ € d^M belongs to at most N shadows for 7 6 T with £ — 1 < d(xo, r yxo) < t + 2k. 
Since the shadow is contained in aK if Axe-y meets J$? p (r) for r large enough, we hence 
have, for r large enough, 

e PerH7) < CN e Cl+2SK e St p X0 (aK) . 

jET(t, a)-r(t-l, a) : Are 7 n^(r)^0 

By a summation, there exists therefore a constant C2 > such that 

2 e^W^QeVoW. (H7) 

76r(t, a) : Ace 7 n^(r)^0 

By the equations (34), (35) and (101), we have, for some constant C3 > 0, 
f, X0 (aK) = » a -i X0 (K) = [ e-^-^e^xo^o) < ^(jf) . (118) 

By the equations (114), (115), (116), (117) and (118), for r large enough and for every 
£ > 0, we hence have 

7r*m t (r p \J^(r)) 

< 5c 2 c 3 n X0 (K) ^2 ( d ( x 0i ax o) ~ 2r + 2k ) e Ix ° ° (F ~ S) ■ 

a6Tp : d(xQ,axo)>2r—2K 
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The result then follows from Theorem 8.3, since we assume mp to be finite (which implies 
that (T, F) is of divergence type by Corollary 5.14). □ 

The next result is immediate, applying the second assertion above to the (bounded) 
constant function 1. By Subsection 8.2, the finiteness of mj? (which was automatic in the 
convex-cocompact case but no longer is in the geometrically finite one) follows if £>r p ,F < 
<5r, p for every parabolic fixed point p of T. 

Corollary 9.11 Assume thatT is geometrically finite, ((frt)t£R is topologically mixing, 5r,F 
is finite and positive, and itif is finite. Then as t — > +oo, we have 

$t Ft 

V e PerF(9) ~ - 

^ , \ 5 r Ft 

10 The ergodic theory of the strong unstable foliation 

Let (M, r, F) be as in the beginning of Chapter 2: M is a complete simply connected 
Riemannian manifold, with dimension at least 2 and pinched sectional curvature at most 
— 1; r is a nonelementary discrete group of isometries of M; and F : T M — > K is a Holder- 
continuous T-invariant map. Let xq G M and 5 = 6r,F- The aim of this chapter is to prove 
a result of unique ergodicity for the strong unstable foliation of T l M = Y\T l M endowed 
with the conditional measures of Gibbs measures. We refer for instance to [Wal, BoM] for 
generalities on unique ergodicity of measurable dynamical systems and foliations, though 
in our case we will (and have to, in order to take into account the potential) consider 
quasi-invariant measures instead of invariant ones. 

10.1 Quasi-invariant transverse measures 

We first recall some definitions. Let N be a smooth manifold of dimension n endowed 
with a smooth action of a discrete group G and a C° foliation of dimension k invariant 
by G. A transversal to is a C° submanifold T of N such that for every x G T, there 
exists a foliated chart (p : U — > R h x R n ~ h at x, sending xtoO and T fl U to {0} x R n ~ k . 
Let ^{^-) be the set of transversals to & . A holonomy map for is a homeomorphism 
/ : T — > T' between two transversals to JF, such that f(x) is in the same leaf of & as x for 
every x G T. A G-invariant cocycle for the foliation & is a continuous map c defined on 
the subspace of iV x N of pairs of points in a same leaf of J^, with real values, satisfying 
c(u, v) + c(v, w) = c(n, w) and c(u, v) = c{^u, jv) for all triples (u, v, w) of points in a 
same leaf of & and every 7 G G. Given a G-invariant cocycle c for & ', a G-equivariant 
c- quasi-invariant transverse measure for & is a family v = (z / t)t£^(#')! where is a (not 
necessarily finite) locally finite (positive Borel) measure on the transversal T, nonzero for 
at least one T, satisfying the following properties for all T,T' G 2F{&\. 

(i) if T' C T, then (ut)\t' = U T', 

(ii) 7*z^t = i/ryT for every 7 G G, 

(iii) for all holonomy maps / : T — > T' , the measures vt 1 and f*VT on T' are equivalent, 
and their Radon-Nikodym derivative satisfies, for every x G T, 



df*VT 



(/( x )) = e c (/W^) 
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When c = 0, such a family v = (vt)t£S(&) i s sa, id to be invariant under holonomy : for 
all holonomy maps / : T — > T', we have f*VT — ^T'- Such a family = {yT^T^Sf^) 
is ergodic if, given a G-invariant subset ^4 of N, which is a union of leaves of J^", whose 
intersection with any transversal is measurable, then either for all transversals T we have 
vj>(A n T) = 0, or for all transversals T we have ^(^nT) = 0. 

We will apply these definitions with N = T M, G = T, & the strong unstable foliation 
W su of T M (defined in Subsection 2.4) and with the (r-invariant) cocycle c = cp defined 

as follows: for all v,w in the same leaf of W su , 

Cp(v,w)= lim / F(4>- t v) - F((/)-tw)dt = -C Fol _s v _(it(v),it(w)) . (119) 

Note that when F is constant, this cocycle is equal to 0. We will say that a T-equivariant 
Cp-quasi-invariant transverse measure v = {vT) T& yr^ su \ f° r ^ su gives full measure to the 

negatively recurrent set if for all transversals T to W su , the set of v G T such that V- 
belongs to the conical limit set A c r has full measure with respect to vt- 

Remark (1). When T is torsion free, the image of the strong unstable foliation W su of 
T M by the covering map T X M -)■ T X M defines a foliation denoted by W su on T 1 M, the 
cocycle cp defines by passing to the quotient a cocycle cp for this foliation (already defined 
in Subsection 6.2, see Equation (80) and Equation (82)), hence we may work directly with 
CF-quasi-invariant transverse measures for the foliation W su on T^M (defined as above 
by forgetting the equivariance property (ii)). The case with torsion (useful when working 
with arithmetic groups, for instance) makes it easier to work equivariantly on T l M than 
to work with singular foliations on T l M. 

Remark (2). As seen in Subsection 3.9, for every v G T 1 M, the stable submanifold 
T = W s {v) of v in T^M is a transversal to the strong unstable foliation W su of T 1 M, and 
every strong unstable leaf W su (w) with W- ^ t>+ meets this transversal in one and only 
one point w' . If Ut = {w G T l M : w_ ^ v+}, then the map ipT '■ Ut — > T defined by 
w i — ^ w f is a continuous fibration, whose fiber above w' G T is the strong unstable leaf of 
w'. _ 

In particular, any small enough transversal T' to the strong unstable foliation W su of 
T^M admits a holonomy map / : T' — > T where T is a submanifold of a stable submanifold. 
Hence by the above properties (i) and (iii), a T-equivariant c^-quasi-invariant transverse 
measure v = ( Z/ T) rg ^^ su -) for W su is uniquely determined by the measures ut where T is 

a stable submanifold of T l M. We will use this remark without further comment in what 
follows. 

Remark (3). Let us give another justification of our terminology of Gibbs measure, by 
further developping the analogy with symbolic dynamics. We refer to Subsection 3.8 for 
the notation of a countable alphabet A, the distance d on E = the full shift a : £ — > S, 
the cylinders [a_ n /, . . . , a n ] where n, n' G N and a_ n ', . . . , a n G A, a Holder-continuous map 
F : X — > R, and the definition of a Gibbs measure for the potential FonS (see Equation 
(40)). 

For every x = (xi)jgz G S, define the strong unstable leaf of x as 

^ su (:r) = {y = (y 4 ) iez G S : 3 n G Z, V i < n, Vi = x t } . 
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Note that these sets W su (x) for all x £ X are either equal or disjoint. We define the 
unstable Gibbs cocycle of (X, er, F) (compare with Equation (119), with [Rue3, Zin, Kel], 
and in particular with [HaR]) as the map cp which associates, to all x, y in the same strong 
unstable leaf, the real number 

+00 

c F (x,y)= ]T F{o- i x)-F{a- i y), 

8=1 

which exists by the Holder-continuity of F, and satisfies the cocycle properties cp{x,y) + 
cp(y, z) = cf(x, z) and cf(x, y) = —cp(y, x) if x, y, z are in the same strong unstable leaf. 
Similarly, let us define the stable leaf of x as 

W s (x) = {y = (yijiez e X : 3 n, k £ Z, V i > n, yt = . 

We denote respectively by ^ sn and ^ s the partitions of X in strong unstable leaves and 
in stable leaves. 

The projection map p : X — > X + = defined by (xi)igz ^ (^i)ieN is a 1-Lipschitz 
fibration, whose fibers are contained in (strong) stable leaves. For all z = (zi)igN and 
z' = (^)ieN in X+, the map f z , jZ : p~ 1 (z) ->■ p^ 1 ^')) uniquely defined by (xi) ieZ i-> 
where j/j = x% for every i < 0, is a Lipschitz homeomorphism. Note that x and f z ',z(x) are 
in the same strong unstable leaf, for every x £ p~ 1 (z). Hence we will consider the family 
(p~ 1 (z)) Z £z+ of fibers of p as a family of transversals to the partition into strong unstable 
leaves of X, and (f z > )Z )) z as a family of holonomy maps along the strong unstable 

leaves of X. 

We define a cp -quasi-invariant transverse measure for W su to be a family (^ z )^ e s+, 
where v z is a measure on p~ 1 (z) for every z £ X + , such that there exists a constant 
c > such that for all z, z' in X + , with / = _/y z , the measures z/y and f*v z have the 
same measure class, and their Radon-Nikodym derivative satisfies, for z/^- almost every 
x G p~ 1 (z), 

I e c P a(*),*) < *^-(f( x )) < ce <*(/(*),*) . 

c a/*^ 
We will also consider ^ z as a measure on X with support in p~ l (z). 

By the cocycle property of the Radon-Nikodym derivatives, note that we may take 
c = 1, up to replacing the cocycle cp by a cohomologous one. 

Proposition 10.1 Let rap be a probability Gibbs measure for the potential F on X. Then 
there exists a cp- quasi-invariant transverse measure {y z )z£E,+ f or W su such that mp dis- 
integrates, by the fibration p, with family of conditional measures (f z ) z e'S+- 

When the alphabet A is finite, there exists in fact a unique, up a multiplicative constant, 
CF-quasi-invariant transverse measure for W su , see [BoM, Prop. 3.3] when F = (compare 
with [PoS, Prop. 6 (i)]) and [BaL, Prop. 4.4] for general F. Analogous uniqueness results 
for geodesic flows are the main goal of this chapter (see Remark (1) after Theorem 10.4). 

Proof. We refer for instance to [Le ] for basics on conditional measures and martingales. 

Let {v z ) Z £Y,+ be a family of conditional measures of mj? for the fibration p. By defini- 
tion, v z is a probability measure on p~ l (z) such that for all Borel subsets B in X, the map 
z 1 — y v z {B) is measurable and we have 

f t B (x)dm F (x)= [ u z (B)d(p*mp)(z) . (120) 
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Note that {v z )z£Y,+ ls we ^ defined up to a set of p^mp- measure zero of z G S + . 



Lemma 10.2 For p^mp -almost every z = (^)ieN £ ^] + ? / or a ^ a -n')--- 5 fl-i £ ^4; we 

have 

mjr([a_„',...,a_i]n[2;o,...,^]) 
i/ 2 (a_ n /,...,a_i ) = Inn . 

Proof. For every fc G N, let be the a-algebra generated by the cylinders [oo, • • • , Ofc] i n 
E, where ao, ■ ■ ■ , «fc G -A. Then (^k)keN is a filtration in the Borel cr-algebra ^ of E, and a 
map / : E — > R is J^oo-measurable for J^oo = VfceN ^ anc ^ on ly if f(x) depends only on 
p{x) for all x G E and z i— >■ f{p~ 1 {z)) : E + — >• R is measurable. For every Borel subset B 
in the probability space (E,mj?), the sequence (X^ = E[1b \ ^k])keN is a (basic example 
of a) martingale adapted to the filtration (^ r fc)fceN : we have E[Xk+i \ j^] = -^k f° r every 
k G N. Since is m^-integrable, by the L 1 martingale convergence theorem, the random 
variable X n converges almost surely (and in L 1 ) to Xoo = E[tg \ J^oo]. By the definition 
of the conditional expectation and by Equation (120), for m^-almost every x G E, we have 
E[1b I J^oo] (x) = v p r x -\(B). Since a Gibbs measure gives a nonzero mass to any cylinder 
(see Equation (40)) and since a map / : E — > R is ^.-measurable if and only if f(x) 
depends only on the components xq, . . . , x/. of x, for m^-almost every x = (xi)i £ z G E, we 
have E[1 B \ & k \{x) = ^Sl^jf . The result follows. □ 



For all sets X and maps g,g' : X — > R, let us write g x g' if there exists c > such 
that - g(x) < g'(x) < c <?(x) for every The above lemma and Equation (40) imply 

that there exists 5' F G R such that for m_F-almost every x = (xi)i^z G S, we have 

Hence for p*mp-almost all z,z' G E + and for ^-almost every x = (xi)i & z G p~ 1 (z), if 
/ = /*',*, then 

Vz'{[X-n'i ■ ■ ■ ,X-l]) _ e E,=i ^((T-VCa!))-^^-^) 
^([x_ n ',...,X_i]) 

Proposition 10.1 now follows by taking limits and modifying the family {v z )z£_Y>+ on a se t 
of p*mi?-measure zero. □ 

10.2 Quasi-invariant measures on the space of horospheres 

Let us start this subsection by giving a few definitions. Given a topological space X 
endowed with a continuous action of a discrete group G, a real cocycle on X is a continuous 
map c:GxI->M such that, for all x G X and 7, 7' G G, we have 

c (77', x) = c (7, j'x) + c (V, x) . 

A real cocycle c' on X is cohomologous to c via a continuous map / : X — > R if c'(7, x) — 
0(7, x) = f{^x) — f(x) for all x G X and 7 G G. Given a real cocycle c on X, a c-quasi- 
invariant measure on X is a (not necessarily finite) locally finite nonzero (positive Borel) 
measure yonl such that for every 7 G G, the measures 7*1/ and ^ are equivalent, with, 
for every x G X, 
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We will be interested in the case when X is the space of horospheres of M, endowed 
with the topology of Hausdorff convergence on compact subsets and the action of G = T 
on subsets of M, and when c is the real cocycle 

= & F,x '■ ^' H ) ^ CFo^H^XQ^^Xo) , 

where H is a horosphere centered at and 7 G T. 

Note that cp = if F = 0, that Cp = Cp ^ does depend on Xo, but that cp x , is 

cohomologous to cp x ^ via the map / : H 1— )■ C^ 01j // oo (xq,Xo) for every Xq G M. If two 

potentials F* and F are cohomologous via the map G, then F*ot and Foi are cohomologous 
via the map -Go i, hence, by Equation (23), the real cocycle cp* is cohomologous to cp 
via the map / : H 1— > G o #00)1 w ith the notation of Remark (1) just before Lemma 
3.4. 

As explained for instance in [Schl, Sch3], there exists a correspondance between T- 
equivariant c^-quasi-invariant transverse measures v = ( u T) T ^^/j^s U \\ for W su and cp- 
quasi-invariant measures v on see Proposition 10.3 below. This second viewpoint is 

the one used in [Robl] when F = 0, in which case the cp ^-quasi-invariant measures on 
Jtf~ are just the T-equivariant measures, which explains why it is easier to work with the 
second viewpoint then. The first viewpoint turns out to be a bit more convenient when F 
is not constant. 

Let J^ su be the space of strong unstable leaves of T^M, that is, the quotient topological 
space of T 1 M by the equivalence relation "being in the same strong unstable leaf", with the 
quotient action of T. We denote by p su : T l M — > Jif su the canonical projection. Note that 
the map associating to a horosphere in M its outer unit normal bundle is a T-equivariant 
homeomorphism between the space of horospheres J%~ in M and J4? su , whose inverse is 
the map (also denoted by tt) which associates to a strong unstable leaf W the horosphere 
tt(W). For every v G T 1 M, the restriction of tt op™ to the transversal T = W s (v) to the 
foliation W su in T l M is a homeomorphism onto its image in ^jbp and we will identify T 
with its image by this map. 

Let us endow d^M x M. with the action of T defined as follows: for all 7 G T, £ G dooM, 
and t G K, 

7(£,*) = (7^ + /%(7~^o,£o)) • 

Note that for all horospheres H with center and u G H, the real number /3h !X ,(xo, u ) 
does not depend on u G H, it will be denoted by Ph^ (xq, H). The map from r Jtf~ to 
dooM x R, defined by 

is a T-equivariant homeomorphism. It depends on Xq, but only up to a translation (de- 
pending on the first factor) in the second factor M. 

Proposition 10.3 For every T-equivariant cp- quasi-invariant transverse measure v = 
^ l ' T ^T&,9'(W au ) f or ' there exists one and only one cp- quasi-invariant measure v = u XQ 
on .Jffjj such that for every v G T l M , if T = W s (v), then for all w G T and H = 
ir(W su (w)), we have 

du{H) = e Cp ^ m - (tW,io) du T {w) . (121) 
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Conversely, for every cp- quasi-invariant measure v on J^j^, there exists one and only one 
r -equivariant cp- quasi-invariant transverse measure u = (i / t) T6 ^^ su - ) f or W su such that 
Equation (121) holds for every stable leaf T . 

Note that the measure v = v xo does depend on the base point xq, hence the aforemen- 
tioned correspondance is not canonical. 

Note that the above measure v on gives full measure to the set of horospheres 

centered at conical limit points if and only if the transverse measure v for W su gives full 
measure to the negatively recurrent set. 

Proof. The open subsets T = W s (v) of cover as v ranges over T l M. Let 

us prove that the measures on these open subsets defined by the member on the right of 
Equation (121) glue together to define a measure on ^^j, that is, that two of them coincide 
on the intersection of their domain. 

Let v,v' G T l M, and let T = W s (v) and T' = 
W s (v'). The map from {w G T : w~ ^ v' + } to {w' G 
T' : w'_ ^ v + } which sends w to the unique element 
w' G W su (w) such that w' + = v' + is a holonomy map 
for the foliation W su . Note that w'_ = w_ and that 
ir(w) and n(w') lie on the same horosphere centered 
at w'_ = W-. In particular, /3 w _(tt(w),tt(w') = 0. 

By the properties (i) and (iii) of v, we hence have, for every w G {w G T : w_ ^ v +}i 

C Fo,, w ' MO,ao) , - C F , (7rK),a;o) c -( w ' w ) , , s 

e - dvT'{w ) = e - e f v ' ' avT\w) 

_ e C F o l ,w_{ir(w'),x )-C FoitW _(n{w'),n(w)) ffo^fy* 

= e Cp ^ w - {7r(w) ' Xo) dv T {w) . (122) 

This proves the existence and uniqueness of a nonzero measure v on satisfying Equa- 
tion (121) for every stable leaf T. 

Let us now prove that v is Cp-quasi-invariant. Let 7 G T, v G T l M, and T = W s (v), 
so that 7T = W s (-yv). Let w G {u G 7T : U- ^ v + } and H = n(W ss (w)). Using 
respectively 

• the definition of v for the second equality, 

• the invariance of the Gibbs cocycle (see Equation (22)) and the property (ii) of v 
for the third equality, 

• the property (iii) of v for the holonomy map from {u G T : u_ ^ 7 V +} to 
{u G 7T : u_ 7^ v+} for the foliation sending u/ to the unique element w G W su (w') 
such that u> + = 7V + for the fourth equality, 

• the fact that w'_ = w_ and the definition of the cocycle cp for the fifth equality, 

• the cocycle properties (see Equation (21)) of the Gibbs cocycle for the sixth equality, 

• the definition of the cocycle cp and the facts that 7r(W su (w')) = -k(W su (w)) = H 
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and Hoc = w'_ for the seventh equality, we have 

d^v{H) = di>(7~ l H) = e^t^-)-^- 1 ").*) du^w) 

C Fo,,w> (-x{w)^x )-C Fo / (7r(w),7r(m')) , , / \ 

= e - - duryw ) 

C Fo,,w' ( x O,7^o) C p , (tt(w'),x ) , 

= e ' - e ' - duT[w ) 

= e £ ^~ 1 > H) dis(H) . (123) 

This proves that ^ is Cp-quasi-invariant. 

Conversely, let # be a Cp-quasi-invariant nonzero measure on For every unstable 

leaf T = VK s (t>), let us define dvx{w) = e~ CFoi ' w -^^ w '' x °' dv(w). The computations 
(122) and (123) show that it is possible to define, using restrictions and holonomy maps, a 
measure vt for any transversal T to W su such that the family v = iyr) T ^^-^ sv ,\ satisfies 
the properties (i), (ii) and (iii). □ 

10.3 Classification of quasi-invariant transverse measures for W su 

Let us now state our unique ergodicity result of the strong unstable foliation, starting by 
defining the transverse measure which will play the central role. 

By Subsection 3.9, if S = St,f < +oo, to every Patterson density {p^^xeM °^ dimension 
5 for (T,F o l) is associated, for any v G T l M with stable leaf T = W s (v), a nonzero 
measure [i L T on T, defined (independently of xq), using the homeomorphism from T to 
(dooM — {v + }) x R defined by w' H> (w'_,t = [3 V+ (ir(v), n(w'))) , by (see Equation (53)) 

d[i T (w ) = e - dfj, x (w_)dt. (124) 

This measure is finite on the compact subsets of T, and if /iJ, ( c A c r) = 0, then the set of 
w' G T such that u>^_ belongs to A c r has full measure with respect to /i^. By Remark 
(2) in Subsection 10.1, by Equation (54) and Equation (55), there exists hence a unique 
T-equivariant c^-quasi-invariant transverse measure (^^tg^^ 3 ") ^ or ^ SV i giving full 

measure to the positively recurrent set, such that if T = W s (v) for some v G T 1 M, then 
jj, b T is the above measure. 

The next result proves that such a transverse measure is unique, under our usual 
assumptions (see Chapter 8, in particular Theorem 8.1, for situations where they are 
satisfied). 

Theorem 10.4 Let M be a complete simply connected Riemannian manifold, with dimen- 
sion at least 2 and pinched negative curvature at most — 1. Let V be a nonelementary 
discrete group of isometries of M. Let F : M —> R be a T-invariant Holder- continuous 
map. Assume that <5r,F is finite and positive, and that the Gibbs measure mp on T l M is 
finite and mixing under the geodesic flow. 

Then the family {i^t)t&S{W su ) u P ^° a mu ltiplicative constant, the unique T-equiva- 
riant cp- quasi-invariant transverse measure, giving full measure to the negatively recurrent 
set, for the strong unstable foliation on T l M . Furthermore, (^x) Te ^^ su ^ is ergodic. 
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Remark (1). If F = 0, this theorem (with the formulation of Corollary 10.5 in the 
next remark if M has dimension 2) is due to Furstenberg [Fur] when M is a compact 
hyperbolic surface, to Dani [Dan], Dani-Smillie [DaS], Ratner [Rat3] when M is a finite 
volume hyperbolic surface, to Bowen-Marcus [BoM] when M is a compact or convex- 
cocompact manifold, via a coding argument (see also Coudene [Coul] for a very short 
dynamical argument in the case of finite volume surfaces), and to Roblin [Robl, Chap. 6] 
in full generality. When F = 0, M is a higher rank symmetric space of noncompact type, 
G is the identity component of the isometry group of M, and T is a lattice in G, we refer 
to Ratner's classification theorem of the measures on T\G invariant under a unipotent 
subgroup of G (see [Rati, Rat2, MaT, Mor]). It would be interesting to study the case F 
nonconstant in higher rank. 

For general potentials F (with the slightly different definition of Gibbs measure men- 
tioned in the beginning of Chapter 3), this theorem was proven in Babillot-Ledrappier 
[BaL] in a symbolic framework or when M is an abelian Riemannian cover of a compact 
manifold, and in Schapira [Sch3] when M is compact or convex-cocompact. This theo- 
rem (with r torsion free and F bounded) is stated, and its proof is sketched, in [Schl, 
Chap. 8.2.2] following Roblin's arguments in [Robl, Chap. 6]. In the proof below, we will 
also follow closely Roblin's strategy of proof, though the presence of potentials requires 
many adjustements and new lemmas. 

Remark (2). When M is a surface, it is well-known since Furstenberg's work (see for 
instance [Sch2]) that this theorem corresponds to a unique ergodicity result for horocyclic 
flows. When M is a symmetric space, this theorem corresponds to a unique ergodicity 
result for some unipotent group actions. 

More precisely, assume first that M is a surface, fix one of the two orientations of M 
and assume that V preserves the orientation. Then each horosphere is naturally oriented, 
say anticlockwise. A horocyclic flow on T M is a continuous one-parameter group of 
homeomorphisms (/i s ) s eK of T l M, such that, for every v G T 1 M, the map s i— > h s v is 
an orientation preserving homeomorphism from M. to W su (v) and for every s £ M, the 
homeomorphism v h s v of T M is T-equivariant. By passing to the quotient, it induces 
a continuous one-parameter group of homeomorphisms of T l M, called the horocyclic flow 
on T l M and also denoted by (h s ) s <^. One way to define h s v is as the element of W su {v) 
on the right of v if s > 0, and on its left if s < 0, such that the Riemannian length of 
the arc of the horocycle ir(W su (v)) from ir(v) to ir(h s (v)) is s. In constant curvature — 1, 
this horocycle flow satisfies furthermore that <f>t o h s = h se t o (f> s for all s,t € R. But 
in variable curvature, this is no longer always true, and the Riemannian parametrisation 
is not always the appropriate one. See for instance [Marc] which constructs, when M 
is compact, a horocycle flow satisfying, besides more precise regularity properties, that 
(j) t o h s = h se s r t o (j) s for all s,t € R. 

A locally finite (positive Borel) measure m on T^M is cp- quasi-invariant under the 
horocyclic flow {h s )s^M. if f° r every s £ K, the measures m and (h s )*m are mutually 
absolutely continuous, and satisfy, for every v G T 1 M, 

d{ks) * m (h s v) = e c ^ h ^ . 
dm 

More generally, assume that there exists a continuous action (on the left) of a uni- 
modular real Lie group U on l^M, commuting with the action of T, such that for every 
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v £ T l M the map u t— > u ■ v is a homeomorphism from U to W su (v). Such an action exists 
for instance when M is a symmetric space, that is, a real, complex, quaternionic or octo- 
nionic hyperbolic space (see for instance [Park]), since a nilpotent Lie group is unimodular. 
We say that a locally finite measure m on T X M is cp- quasi-invariant under the action of 
U if for every u £ U, the measures m and u*m are absolutely continuous one with respect 
to each other, and satisfy, for every v £ T l M, 

dm 

Corollary 10.5 Under the assumptions of Theorem 10. 4, there exists, up to a multiplica- 
tive constant, a unique locally finite T-invariant measure on T M, giving full measure to 
{w £ T M : W- £ A c r}, which is cp- quasi-invariant under the action o/U. 

The special case when U = R gives that if M has dimension 2 and if (/i s )seK i s a 
horocyclic flow, then under the assumptions of Theorem 10.4, there exists, up to a multi- 
plicative constant, a unique locally finite T-invariant measure on T M, giving full measure 
to {w £ T X M : it!_ G A c r}, which is Cp-quasi-invariant under (h s ) s£ ^. 

Proof. We start the proof by a construction which, when U = R, is due to Burger [Bur] 
(see more generally [Robl, §1C]) when F = 0, and to the last author [Sch2, Sch3] (see also 
Lemma 10.7 below) when T is torsion free, with a local approach. 

Recall (see Subsection 3.9 before Proposition 3.17, exchanging the stable and unstable 
foliations) that, for every v £ T 1 M, with T = W s (v), the map ipx from the open set 
Ut = {w € T l M : w— 7^ v + } to T, sending w G Ut to the unique element w' in 
W su (w) n T, is a continuous fibration over T, whose fiber over w 1 £ T is the strong 
unstable leaf of w' . (Note that Ut is invariant under U, and this fibration is a principal 
fibration under U.) 

Let A be a Haar measure on U (say the usual Lebesgue measure when U = R) and, for 
every v £ T 1 M, let X W an^ be the pushforward measure of A by the map u 1— ^ u ■ v, whose 
support is W su (v ). Since U acts transitively on W su (v) and since A is invariant under right 
translations, the measure \ W sur v \ indeed depends only on the strong unstable leaf of v. 
Since A is invariant under left translations, we have u^Xyysu^ = X^ysu^ for every u £ U. 

Since the action of V on T^M commutes with the action of U, for every 7 £ T, we have 
~1*Xw au (v) = ^w su (jv)- Note that since the action is continuous, for every v £ T l M, with 
T = W s (v), for every / £ < ^' C (T 1 M;R) with support contained in Ut, the map from T to 
R defined by 

w'^ f f{w) e c F(™>™') dX W su (w , } {w) = f /(«•«/) e c F(«-™>') dX(u) 

Jw£W su (w') Juev 

is continuous with compact support. 

Let v = { y T) T £cprypr su \ be a cp- quasi-invariant transverse measure for W su . We claim 

that there exists a unique (positive Borel) measure fh u,x on T l M such that for every 
v £ T 1 M, with T = W s (v), the restriction to Ut of the measure fh u,x disintegrates by the 
fibration ipT over the measure ut, with conditional measure on the fiber W su (w') of w' £ T 
the measure e c F^ w,w ^ dX\ysu( w /}(w): for every / £ ^(T 1 M;R) with support contained in 
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Ut, we have 



f _f(w) dm u ' x {w) = [ [ f(u- w') e c ^ u - w '' w ' ] d\{u) dv T {w') . 
We refer to the proof of Lemma 10.7 for a proof of this claim. 

Lemma 10.6 The map u i— > m v ' X is a bijection from the set of T-equivariant Cp-quasi- 

invariant transverse measures for W su , which give full measure to the negatively recurrent 
set, to the set of T -invariant locally finite measures on T l M which are Cp-quasi-invariant 

under the action o/U and give full measure to {w G T l M : W- G A c r}. 

Proof. By construction, v is T-equivariant if and only if rh u ' X is T- invariant, and vt is 
locally finite for every T if and only if m u,x is locally finite. For every v G T l M, with 
T = W s (v), since the support of X\^ S uf v \ is equal to W su (v), the measure Vt gives full 
measure to {w' G T : w'_ G A c r} if and only if the restriction of fh u ' X to Ut gives full 
measure to {w G Ut ■ w~ G A c r}. 

For all v G T X M, w G T = W s (v) and u G U, since \\y su (w') i s invariant under U and 
by the cocycle property of Cp, we have 

dfh v ' X {u -w)= I e c F^ w ' w '^ d\ W su [wl) {u ■ w) du T {w') = e c ^ u - w ^ dm u ' X (w) . 
Jw'eT 

Hence m"' A is c^-quasi-invariant under the action of U. 

Conversely, let m be a T-invariant locally finite measure on T l M which is Cp-quasi- 
invariant under the action of U. Then given any v G T X M, with T = W s (v), for the 
principal fibration Ut —> T with group U, the conditional measures of m\jj T on the fiber 
W su (w') = U • w' of almost every w' G T are invariant under U. This conditional measure 
may be taken to be equal to \w su (w')i by the uniqueness property of Haar measures, up to 
multiplying by a measurable function the (locally finite) measure vt on T over which m 
disintegrates. Then the family v = { v T) Te y-^ su ^ is clearly a Cp-quasi-invariant transverse 

measure for W su . □ 

Since for every t > 0, we have m tu,x = tm u,x , Corollary 10.5 indeed follows from 
Theorem 10.4. □ 

Proof of Theorem 10.4. Let (l^ L x ) xG ^ and (^x) xe j^ be the Patterson densities of 
the same dimension 5 for (T,F o l) and (T,F), such that mp is the Gibbs measure on 
T l M (induced by the Gibbs measure fhp on T l M) associated with this pair of Patterson 
densities. Note that they are uniquely defined up to a scalar multiple, and give full measure 
to the conical limit set, by Corollary 5.14 and Corollary 5.12. Hence the family // = 
(Mr)re5'(# rsu ) assoc i a t e d to (^ x ) x( -^f by Equation (124) is indeed a T-equivariant Cp-quasi- 

invariant transverse measure for W su , giving full measure to the negatively recurrent set. 

The scheme of the eight steps proof of Theorem 10.4 is the following one. Given a 
second such family we first construct a measure m u '^ which is a quasi-product measure 
of the measures defined by v on the stable leaves and the measures defined by mj? on 
the strong unstable leaves, so that mp = mP 'P. We then introduce diffusion operators 
(Ir)r>o along the strong unstable leaves acting on the locally integrable functions on T X M. 
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We use the mixing property of the geodesic flow (see Subsection 8.1) combined with the 
action of these diffusion operators to prove that m u ' ^ is absolutely continuous with respect 
to raj? = m fI (this is the most technical part, which will require several steps). We 
then conclude that v and fi L are homothetic by an easy argument of disintegration and 
ergodicity. 

Step 1. Let v = {vt) t ^^-,^ bv ,\ be a T-equivariant Cp-quasi-invariant transverse measure 

for W su , giving full measure to the negatively recurrent set. In this first step, we construct 
a measure rh v ^ on T l M which, for every stable leaf T, disintegrates, with conditional 
measures in the class of the strong unstable measures //ypw^n (as does the Gibbs measure), 
over the measure vt (instead of over the measure \x T as does the Gibbs measure). 

Recall (see Subsection 3.9 before Proposition 3.17, exchanging the stable and unstable 
foliations) that, for every v G T 1 M, with T = W s (v), the map ipT from the open set 
Ut = {w G T M : W— 7^ v+} to T, sending w to the unique element w 1 in W su {w) fl T, 
is a continuous fibration over T, whose fiber over w' G T is the strong unstable leaf of w' . 

Lemma 10.7 There exists a unique (positive Borel) measure m"'^ on T M such that for 
every v G T M , with T = W s (v), the restriction to Ut of the measure m 1 ^ disintegrates 
by the fibration ipT over the measure vt, with conditional measure e c F^ w,w ' dp,\Y au {w'){ w ) 
on the fiber W su (w') of w' G T: for every w G T X M such that u>_ ^ v + , we have 

dm u ^{w) = [ e c i?K™') dfi W su {w ,)(w) dv T {w') . (125) 

Jw'eT 

Furthermore, fh u,fJ- is T -invariant and locally finite, and the set Q C T of elements v G T l M 
such that v_,v + G A c r has full measure for fh u ^ . 

Hence the measure fh u,tl defines a locally finite measure m v,il on T l M, which gives full 
measure to the set of two-sided recurrent elements. 

Note that by the disintegration of the Gibbs measure (see Proposition 3.17 (1), ex- 
changing the stable and unstable foliations), we have 

rhp = rh^ ,/x and mp = . 

Proof. Let v,v' G T l M, and T = W s (v), T' = W s {v'). The map from Ut 1 HT = {w 1 G 
T : w'_ ^ v' + } to Ut HT' = {w" G T' : w'L ^ v+} sending w' to the unique element w" 
of W su (w') fl T' is a holonomy map for the strong unstable foliation. Hence dvT'{w") = 
e Cp(w >™)di/ T (u/) by the c^-quasi-invariance property of v. Since W su {w') = W su (w") 
and by the cocycle property of Cp, for every w G Ut D Ut>, we therefore have 

f e ^K»') dii W ~i w ,)(w) du T (w') = [ e c ^ w > w ''^ dii W su {wll) {w) dv T '{w") . 
Jw'eT Jw"eT' 

Hence the measures on the sets Ut defined by the right hand side of Equation (125) glue 
together to define a measure m u ^ on T M. The uniqueness follows from the fact that the 
open sets Ut cover T^M. 

The measure rh v,il is locally finite since vt and \iyj S ut w i\ are locally finite. It is V- 
invariant since the families v and {liw su {w')) w i^T 1 M are T-equivariant and the cocycle cp 
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is T- invariant. The last claim of the lemma follows from the fact that vj- gives full measure 
to the set of w' G T such that w'_ G A c r and /ivv su («/) to the elements w G W su (w') such 
that w + G A c r. □ 

Note that the measure m v,il is not necessarily finite (see for instance [Bur]). We will 
turn it into a probability measure by multiplying it by a convenient bump function. 

We fix a nonnegative (continuous) p £ ^(T^M; R) with large enough (compact) sup- 
port, so that 

/ p dm f > and / p dm u ' ^ = 1 . 

With p : T X M — > T^M the canonical projection, let p = p o p be the lift of p to T X M. 
Consider the measure II = p rh u ^ on T l M, which induces a probability measure 

11 = pm u 'V 

on T X M. 



Step 2. In this step, we construct two families (I r )r>o and (J r ) r >o of diffusion operators 
along the strong unstable leaves, acting on the locally integrable functions on T l M, and 
prove an adjointness property for them which will be crucial for the proof of Theorem 10.4. 

Recall (see Subsection 2.4) that dyysu^ is the Hamenstadt distance on the strong 

unstable leaf of v G T l M. We will denote by B su (v, r) the open ball of center v and radius 
r for the Hamenstadt distance d\ysu^ on W su (v). (It is in general different from the open 
ball of center v and radius r for the induced Riemannian distance, that was denoted in the 
same way in Chapter 6: this will not cause any problem since these Riemannian balls are 
only used in Chapter 6). The distances dy^eu^ and balls B su (v,r) were denoted by djf + r v \ 

and B + (v,r) in [Robl] and [Sch3]. For all v G T l M, r > 7 G V and t G R, by Equation 
(8), we have 

~fB su (v,r) = B su (jv,r) , 

and 

<j> t {B su {v,r))=B su {<j> t v,e t r) . (126) 

Similarly, the open balls B ss (v,r) of center v and radius r for the Hamenstadt distance 
dw as {v) on the strong stable leaves W ss (v) satisfy r yB ss (v,r) = B ss ("fv,r) and 

(k(B as (v,r)) =B ss {cl )t v,e- t r) . (127) 

Recall that p : T l M — > T 1 M is the canonical projection. For every r > and for all 
measurable nonnegative maps ip : T l M — > R, let tp = ip o p be the lift of ip to T 1 M. Let us 
define I r tp : T l M — > R as an integral of ip on the balls of radius r of the strong unstable 
leaves: 

VuG T x M, I r ij(u) = [ $(y) e c ^ u) dfi WS u {u) (v) . (128) 

Jv£B su (u, r) 

We define similarly 

Vue^M, J r $(u)= I $(v) dp W su {u) {v) . (129) 

Jv£B su (u,r) 
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The maps I r ip and J r ip are T- invariant, by Equation (43) and the T-invariance of Cp and 
ip. Hence they define measurable nonnegative maps I r ip, J r ip : T X M -»■ [0, +00] whose lifts 
are I r ijj, J r ip. Note that I r ip = J r ip if F = 0. 

Since ip is nonnegative, then for every u G T 1 M, the maps r i— )• 7 r t/; (u) and r i— > J r ip (u) 
are nondecreasing. The operators I r , J r , I r and J r are positive: For instance, if ip < t// 
then J r ^ < 7 r '?//. 

If -0 is continuous and positive at an element of the support of Pw su (u) (which is the 
set of vectors v G W su (u) such that u + G Ar), then I r ip (it) > 0. In particular, we have 
I r p(u) > if p{u) > and u+ G Ar. Hence the T-invariant map defined to have 

value at n G T 1 M if p(tt) = or u + ^ Ar, induces a measurable nonnegative map t£- 
on T l M. 

Let us denote by 1 the constant map with value 1 on T 1 M and on T 1 M, which satisfies 
I r l(u) > if u + G Ar. We will apply the mixing property of Theorem 8.2 when B 
is a Hamenstadt ball B su (u,r), giving that, for every u G T 1 M and every nonnegative 
ip G ^f c (T 1 M; R), 

lim I r M o <p t )(u) = ^ ^ / ipdm F . (130) 
II^fII Jt!m 

The diffusion operators 7 r on the strong unstable balls have the following commutation 
property with the geodesic flow. 

Lemma 10.8 For all t G R, r > 0, u G T^M and ip : T l M — > R measurable nonnegative, 
we have 

I re t{i> o ^ t )(M) = e tS -ti F ^ ds W («) . 

Proof. By the equations (45), (19) and (21), for all t G R, u G T X M and to G W su {u), we 
have 

= e -Cf„- 4 , d/iWJn , (u)(tl; ) . 

Hence for all t G R, r > 0, u G T M and -0 : T 1 M — > R measurable nonnegative, by the 
definition of the operators I r and by Equation (126), using the change of variables v = <ptw 
and the definition of the cocycle cp in Equation (119), we have 

I re t$ o (f)-t)((f>tu) = / e c F {v ^ tu) dp W su^ tu) (v) 

JveB su (4> t u,re t ) 
Jw£B au (u,r) 

= e -C Foi - S , u _ = e - f*(F(<Psu)-6) ds J r ^ u ) . ( 131 ) 

The result follows. □ 

The operators I r and J r satisfy the following crucial adjointness property for the scalar 
product of L 2 (m^). 
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Lemma 10.9 For all r > and ip, ip : T l M — > K measurable nonnegative, we have 



I r iP^dm v ^ = ip Jr<P dm v ^ . 

Proof. We assume that T is torsion free: the general case follows by proving, for every 
k G N — {0}, an analogous statement for the restriction of m u ' fJ ' to the image in T X M of 
the T-invariant Borel subset of points in T l M whose stabiliser in T has order k, and by 
summation (see Subsection 2.6). 

By [Robl, §1C], there exists hence a weak fundamental domain in T l M with fh"' 11 - 
negligible boundary, that is an open subset Ql in T l M such that 3> is empty for every 
7 G T - {id} and U 7e r7^ = T 1 ^, and such that m v ^(d®) = 0. 

Let T = W s (v) be a stable leaf in T l M such that v+ is not an atom of p, x . In 
particular, Ut = {w G T X M : u;„ 7^ t> + } has full measure for m u,fl . Recall that 1,4 is the 
characteristic function of a subset A. Using 

• Lemma 10.7 and Equation (128) for the second equality, 

• the equality W su (w) = W su (w') and the cocycle property of cp for the third one, 

• an elementary argument using T and 2>, the fact that w G B su (u,r) if and only if 
u G B su (w,r) and Fubini's theorem for positive functions for the fourth one, we have 

I r tp ip dm u '^ = I <fl& dm v ^ 

Jt^m 

I (I ^(u) e c F(^) df i W s Hw) (u)) 

w'&T JwGW su (w') V Ju£B su (w,r) ' 

tp(w) t@(w) e c p <<w,w " > dp W su^ w ,^(w) dv T {w') 



w'&T JwGW su (w') Ju&V su (w') 



(p(w) ip(u) l@(u) l B su iUtr) (w) 

w'&T JuGW su (w') JwGW su (w>) 



e c F (u,w) dfj, W su( w >)(w) dfi W su( w ^(u) dvxiw') 
ip J r cp dm v,tl , 

as required. □ 

From now on, we consider a nonnegative ip G ^(T 1 M;R). For every r > 0, applying 
the above lemma with <p = l £3 , we have 

M. p dm y >» = [ V Jr{-f-) dm u ^ . (132) 

In the next three steps, we will prove that, up to positive multiplicative constants, the 
right hand side of this equality is bounded from above by J T1M ip dm"' 11 , and that its left 
hand side is bounded from below by f TlM ip dmp if r is large enough. Since this is valid 
for any nonnegative ip G ^(T^M; M), this will imply that m u,,Jj is absolutely continuous 
with respect to nip. 
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Step 3. In this step, let us prove that the map J r (-^-) is bounded from above on a 
subset of T l M of full measure with respect to m u '^, which implies that the right hand side 
of Equation (132) is bounded from above by a constant times J^g-piA./ V 7 dm u '^. 

Recalling that M has pinched negative curvature, the following result of polynomial 
growth of horospheres is due to Roblin [Robl, Prop. 6.3 (a)] (see also [Bowd]). Recall that 
J7 c r is the set of v E T^M such that v—,v+ £ A c r, and that f2 c r is its image in T^M. 

Lemma 10.10 (Roblin) There exists N G N — {0} such that for all w G Q C T and r > 0, 

there exist w\, . . . , wn E W su (w) such that 



B su (w,r) C IJ B™ 



N 

I B su (m ; .- 



i=l 

Lemma 10.11 For all r > and w E fi c I\ we have 

P 



Jr. 



)(w) < N . 



Proof. Let us fix r > and w E 0, C T, and let ui\, . . . , wn E T 1 M be as in Lemma 10.10. 
For all i E {1, . . . , N} and u E B su (wi, £), since B su (u,r) then contains B su (wi, ^), we 
have 



rP («) = / P («) e C ^' n) (u) 

JveB su (u, r) 



Hence 



/ 



Jv&B su {wi, §) 



< 



(«i,§) ^rP(^) 

PW e c ^ w > 

f — — d/ivv~(«)W = 1 • 



Using Lemma 10.10, the result follows. □ 
As required, since Q c r has full m u ' ^-measure by Lemma 10.7, this lemma implies that 

fj> Jr{-f-) dm"'" < N f if; dm u ^ . (133) 

T l M IrP JT^M 



Step 4. In this most technical step, after giving the useful notation, we prove some 
continuity properties of the diffusion operators I r ip (u) on the strong unstable balls, as 
functions of u. For this, we will adapt the technical lemmas of [Robl, Sect. 1H] to the 
presence of a possibly unbounded potential, and add some more lemmas using the Holder 
regularity of F needed to control the Gibbs cocycles. 
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For all u,v G T l M such that u_ 7^ v_, recall 
(see Subsection 3.9 before Equation (46)) that the map 
Ku = 0™u ■ {w € W su {u) : w+ ^ —7- {w G 

W s "(?;) : u> + 7^ u_} is the homeomorphism sending w 
to the unique element in W su (v) R W^ s (u;). Note that 
^',n' = 0„, u if u' G W su {u) and v' G VP U (^). We have 
0u,t; = ^,n _1 and, whenever defined, 9 W)U = 6 W)V o 
For every f £ R, we have 

4>t°6v,u = 0<f> t v,u and Q v ,u° (j>t = Ov,<t>- t u ■ (134) 
We recall the definition of the canonical neighbourhoods (called dynamical cells) of the 
unit tangent vectors, adapted to variable curvature. For all u G T X M and 7*i,r2,r3 > 0, 

IJ S ( |J ^,nOB s >,r 2 ))) • (135) 

I s I <r3 v&B 3s (u, n) 

The sets r 2 ,r 3 (^) are nondecreasing in ri,r2,r3 and form, as ri,r2,r3 range over 
]0, +00 [ , a neighbourhood basis of the vector u in T l M. Furthermore, for every t G R, by 
the equations (134), (126) and (127), we have 

4>t{% u r 2 ,r 3 (u)) = ^ e -*ri,e*r 2 ,r3 • ( 136 ) 
For every u G T M, let 

u e = (J c/, s B ss (u,e) . 

\s\<e 

The sets u e are nondecreasing in e and form, as e ranges over ]0, 1], a neighbourhood basis 
of the vector u in its stable leaf W s {u). Furthermore, for all 7 G T and i > 0, we have 
j(u e ) = (7u) e and, by Equation (127), 

4>t(u £ ) C (0t«) £ and (0_tu) e C <p~t(u t ) ■ (137) 

The following result contains the elementary properties of the notation introduced 
above. It says that if v is in a small dynamical cell around u, then the change of strong 
unstable leaf map V ^ U doesn't move points too much. The important feature of this 
lemma is the uniformity of the constants, which will be useful to control the variations of 
the potential function and of the Gibbs cocycle. 

Lemma 10.12 For every e > 0, ifr\, r%, r% > are small enough, then for every u G T l M , 
we have 

(1) for all v G % 1 ,r 2 ,r 3 (u) and w £ B su (u,2), we have 

Ov,u{w) G w t , 

(2) for all r G [|, 2] and v G % 1 ,r 2 ,r 3 {u), we have 

B su {v,re- e ) C 9 VjU (B su (u,r)) C B su (v,re e ) . 
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Proof. (1) Let us recall the statement [Robl, Lem. 1.13]: for every e' > 0, there exists 
r(e') > such that for all v! G T l M, v' G B ss (vf, r(e')) and u>' E £ su (-u',3) (the statement 
is given in loc. cit. with the number 2 instead of this number 3, but the proof is the same), 
we have 

v ',u'{w') G (w') £/ . 

Now, for every e > 0, let e' = min{r(|), |} > 0. Let r\ G ]0,r(e')], r 2 G ]0, 1] and 
r 3 €]0,|]. 

Let u G T l M, w G B su (u,2) and t; G ^.^.raW- 
By the definition of i / ri ^ r2 ^ r3 (u), there exist s\ G 
] - ^3,^3[, w\ G B ss (u,ri) and u> 2 G B su (u,r 2 ) 
such that if i>i = 9 W i,u( w 2), then u = 4> S1 V\. By 
[Robl, Lem. 1.13] as recalled above, since r 2 < 3 
and ri < r(e'), there exist s 2 G ] — e',e'[ and v 2 G 
B ss (w 2 ,e') such that «i = (t> S2 v 2 , so that in particular 

By the triangle inequality, we have w G B su (u, 2) C B su (w 2 , 2 + r 2 ) C B SM (w 2 , 3). Since 
W su {w) = W su (u) = W su (w 2 ) and v 2 G B ss (w 2 , r(§ )), applying again [Robl, Lem. 1.13] 
as recalled above, there exist S3 G ] — §,§[ and ^3 G B ss (w, |) such that 9 V2>u (w) = 
9v 2 ,w 2 { w ) = 0s 3 W3- Hence we have by Equation (134) that 

Qv,u( W ) = Q<t> si vi,u{w) = 9ct> 81+a2 V2,u{w) = 4) Sl +s 2 9v2,u{w) = (f> sl+S2+S3 V 3 G W t . 

(2) By [Robl, Coro. 1.14], for every e > 0, there exist r^,r 2 ,r 3 > such that for all 
u' G T X M and v' G %> r < r > (it'), we have 

B su (v', e~ e ) C 0,/y (B"^, 1)) C S su (^, e e ) . (138) 

Assume that r\ G ]0, r 2 G ]0, ^] and r3 < r 3 . For every r G [5,2], let t = logr. For 
every v G r V ritr2i r 3 (u), let u' = </>_fti and v' = 4>-tV. Then 

V G §- t % x ^ r3 (u) = ^ e t T . 1) e-*r 2 ,r- 3 ('" / ) C %' 1 ,r' 2 ,r 3 {' u >') > 

and the result follows by applying the map fa to the inclusions (138), while using the 
equations (126) and (134). □ 

We will need the following consequence of the Holder regularity of F (which is empty 
if F = 0). 

Lemma 10.13 For every e > 0, if e' > is small enough, then for all w G T l M and 

w 1 G w e i, we have 

I C F s )W+ (tt(w),tt(w')) I < e ( 1 + sup \F\) . 

V n- 1 (B(n(w),l)) J 

Proof. By the Holder-continuity of F, there exist two constants c > and a G ]0, 1] such 
that for all u,v in T X M with d(u,v) < 1, we have \F(u) — F(v)\ < cd(u,v) a . For all 
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e' > 0, w E T 1 M and w' E io e ', there exist s E ] — e',e'[ and to" E B ss (w,e') such that 
w;' = 4> s w" , by the definition of UV- 

By Equation (9) (exchanging the strong unstable and the strong stable foliation), for 
every t E [0, s], we have 

d(7r(>),7r(<?W)) < d(7r(u;),7r(u>")) + d(7r(u/'),7r(0 t u/)) 
< d W ss( w )(w, w") + \s + t\ < 3e' . 

By Equation (9) and Equation (11), there exists a constant d > such that, for every 
t > 0, 

d((f> t w,(ptw") < cd W ss^ tW )((j) t w,(f)tw") < ce^dwss^w,^)") < c'e'e"' < 1 , 
if e' is small enough. Therefore 

| C F - StW+ (iT(w),iT(w / )) | = | C F - S ,w + (-k(w),it(w")) + C F -5, w+ (tt(w"),tt(w')) I 

< / F(<j) t w) - F(cj> t w") dt + / - J) di 

J ■/ 

< -(cV) a + e'f max IFI + s) . 

a \tt- 1 (B(tt{w),3€')) J 

This proves the result. □ 

Remark. Some version of this result may also be deduced from Lemma 3.4, as follows. 
First observe that 

V v E u e , d(vr(v), 7r(«)) < 2e . (139) 

Indeed, if v = <j) s w where \s\ < e and w E B ss (u,e), then d(7r(v),ir(w)) = \s\ < e and by 
Equation (9) (exchanging stable and unstable foliations), we have 

d(ir(u),Tr(w)) < d W ss^(u,w) < e , 

so that Equation (139) holds by the triangle inequality. 

Now by Equation (139) and by Lemma 3.4, there exist two constants ci,C2 such that 
for every w' E w e >, 

\C f ^ 5jW+ (tt(w),tt(w'))\ < ci(2eO C2 + (2e')f max \F\ + S) , 

which proves the result. 

A second consequence of the Holder regularity of F that we will need is the following 
result (again empty if F = 0). 

Lemma 10.14 For all e > and T > 0, i/ri, r2, r3 > are small enough, then for all 
u E T 1 M and « E r ^r 1 ,r2,r 3 {'u), we have 



T 



Ffau) - F(<j) t v) dt 



o 



< e . 
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Proof. Let c > and a G ]0, 1] be as in the beginning of the proof of Lemma 10.13. As 
seen in the proof of Lemma 10.12 (1), for every d > 0, if r*i, r 2 , 7*3 are small enough, then 



for all u G T l M and v G % 



[u), there exist w 2 G B su (u,r 2 ), v 2 G B ss (w2,e') and 



s G ] — e', e'[ such that v = 4> S V2- Let i G [0, T]. 

By Equation (9) and Equation (8), there exists a constant d > such that 



d(<f>tu, </) t W2) < c d wa n^ tU ^((f> t u, 4> t w 2 ) = c e d W sn^(u,w 2 ) <ce r 2 < 1 
if r 2 is small enough. Similarly 

d((f>tW2^tV2) < c' d Wss ^ tW2 )( 4t W2,4>tV2) = c e~ l d Wss(yW2 ^(w2,V2) < c e < 1 
if e' is small enough. We also have, if e' is small enough, 

d(4> t+s v,(j)tv) = \s\ < e' < 1 . 
Therefore, by the Holder regularity of F, we have 
| F{cj) t u) - F{(j) t v) | 

< | F((/> t u) - F{(t> t W2) | + | F(<fHw 2 ) - F((/>tV2) | + | F(<kv2) - F{<fo>) I 

< c(c' e T r 2 ) a + c(c' e') a + ce ,a . 

By integrating over [0,T], this proves the result, if e' and r 2 are chosen small enough. □ 

The following lemma (which is still empty if F = 0), giving a uniform continuity 
property of the cocycle cp, will be useful to prove the continuity properties of u \— > I r (p(u). 

Lemma 10.15 For every e > 0, ife', r[, r' 2 , r' 3 > are small enough, then for all u G T l M , 

w G B su (u, 2), v £ y r ' iir > 2i7 .> 3 (u) and w' G w e > fl W su (v), we have 

I Cp{w', v) - cp(w, u) | < e . 

A less precise version of this result follows quite directly from the Holder-continuity of 
Cp. The proof shows that this result also holds if w' G "i^y^y {u) fl W su (v). But we will 
use the explicit form given above (with | instead of e !). 

Proof. Let us fix e > 0. Let c > and a G ]0, 1] be as in the beginning of the proof of 
Lemma 10.13. By Equation (9) and Equation (8), there exists a constant d > such that, 
for all t > 0, u' G T l M and u" G B su {v! , 3), we have 

d((j)-tu',(j)-tu") < d d W su^_ tU ,)((j)-tu' , <f>-tu") < c e~ f d W su( u ^(u' ,u") < 3c'e _t . 

Let T = max{0, - log(^7 \f^}- By the Holder regularity of F, for every w G B su (u, 2) C 
B su (u, 3), we have 



T 



F(<(>- t w) - F{<t>- t u) dt 



•+oo 

< I c (3 c' e~ 
't 



n 



(3 c e 



< 



If e 7 ,7*1,72,7*3 are small enough, then for all W G T^.^ r ^ r > (u) and u;' G w e i n VF stt (f), we 
have io' G -B su (?;,3) since io G B su (u,2), hence similarly 



+oo 



T 



F(<j>- t w') - F{<f>- t v) dt 
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< 



Since w' G w e /, there exist s' G ] — e',e'[ and w" G B ss (w,e') such that 

w' = 4> s iw" = <f) s i 9 w », w (w) , 
this last equality holding since w" G W s (w). Since w G B su (w,e'), we hence have 

«/ G ^' ie / je '(lt)) . 

Let ri,r2,r3 > be the constants associated by Lemma 10.14 to | and T. If e',r[, r' 2 , 
r' 3 > are small enough, then (J)_tv G %. lir2i r 3 ((j)-TU) and <P_tvJ G y rit r 2: r 3 ((j)-Tw) by 
Equation (136). Hence by Lemma 10.14, using a change of variable t' = T — t, we have 



F(0_ t u) - F(^-iu) dt 



F(fc(<l>-Tu)) - FfaW-Tv)) dt' 



< - 

~ 4 



and similarly 



F{4>- t w) - F(<f>- t v/) dt 



< 



Now, by the definition of the cocycle cp, we have 
I Cp(V , v) - Cp(w, u) I 



F((f>- t w') - F(^ t v) - F{<p„ t w) + F{<t>- t u) dt 



< 



F{4>- t w') - F(<j>- t v) dt 



T 



+ 



F{<j)- t u) - F(<f>_ t v) dt 



o 



+ 








+ 


i: 







F(<P_ t w) - F(0_ f «) dt 



F{(t>- t w) - F(<t>- t v/) dt 



e e e e 

^7+7+7+7 =e 
4 4 4 4 



□ 



This proves the result. 

Let us now introduce the functional version of the notation u e . For every e > and 
every nonnegative measurable map ip : T M — > R, whose lift to T l M is denoted by ip, 
define 

(p-£ '. u i — y sup <p(v) and (p L '■ u h- > inf <p(v) . 



t)6u f 



Note that <p-p < (p^ and (p e > > tp t if e' < e. The maps and ip e are T-invariant, hence 
define nonnegative measurable maps ip-^ and <p e from T 1 M to IR. For every t > 0, by 
Equation (137), we have 



(<P ° 4>t)e < *Pe° 4»t and ((po(j)t) e > <p e °<t>t ■ 



(140) 



The following result is the regularity property in u of I r (p (u) that will be needed in the 
next steps. 

Proposition 10.16 Let K be a compact subset of T l M . For all e > and r > 1, if 

r i, r 2, r 3 > are small enough, then for all u G TK and v G '^r 1 ,r2,r 3 ( u ) an d for every 
nonnegative measurable map (p : T 1 M — > M., we have 



e e I re -e{ipt) (u) < I r ip (v) < e e I re e(cp t ) (u) . 
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(141) 



Proof. Let us first prove that we may assume without loss of generality that r = 1. 

Assume that the result is true for r = 1. Let e > 0, r > 1 and t = — logr < 0. For all 
r ii r 2j r 3 > 0, u G T X M and u € ^t r i,e-*r2,r 3 ( u )j we have G ^i^rsO^O by Equation 
(136). Hence by the case r = 1 of this proposition applied to (f>tK, | and £>o we have, 
if ri,r2,r3 are small enough, 

Vf((^°^t)f) ^ h{$°<t>-t) (<f>t.v) < e5 7j((^o0_ t )|-) (0tit) . 

By the monotonicity properties of the maps s i— >■ I s (p'(u'), e' h-> <p'-r(u') and e' i-> ip' € /(u') 
for every u' G T^M when 99' : T 1 M — >■ M is nonnegative, and by Equation (140) since 
— t > 0, we have 

e"^ 4-* (^e ° 0-t) (<f>tu) <h{<P° 4>-t) {4>tv) < I e e o 0_ t ) (<j) t u) . 
By Lemma 10.8, we have 

e~f e 8*-RH*.»)d» 7 re - E (^) (it) 

< e St-S*F^.v) ds ^ < e f e 5t-/ o *f(0 sU ) J reE (£_) ( u ) . 

Dividing by e 5 * and applying Lemma 10.14 (with | instead of e), the general case of 
Proposition 10.16 follows. 

Let us now prove Proposition 10.16 with r = 1. Let e,ri,r2,r3 > 0, u G T M, u G 
^ri r2 r3( u ) an d let ip : T l M — > R be a nonnegative measurable map. Since e e I e t(ipj) (u) 
is nondecreasing in e and since e _e / e -e(^ e ) (u) is nonincreasing in e, we may assume that 
e < log 2. 

Let e' G ]0, e[ and w G B su (u, e ±e ). By Lemma 10.12 (1), if n,r2,r3 > are small 
enough (depending only on e'), we have 

v ,u{w) G w e > C w t . (142) 
By Equation (46), using the change of variables w' = 6 VfU {w), we have 

$(y/) e c ^ w '^ dp W su {v) (w') 

tf(6 v u (w)) e c F^ v ^ w )' v )- c F^ w ^ U )-C F -S, w + {k(0 v ,u(w)), n(w)) 

£B su (u,e ±IL ) 

e c i?K«) dp W su {u) (w) . (143) 

By Lemma 10.12 (2) with respectively r = e~ e and r = e e , we have 

0v,u(B su (u, e~ e )) C B su (v,l) C 9 v , u {B su {u,e*)) . 

Note that F is bounded on Users' ^ (B(n(w), 1)) if -fT is compact, since F is F- 
invariant and continuous. By Equation (142), by Lemma 10.15 and by Lemma 10.13, the 
result follows from Equation (143). □ 



Step 5. In this step, in order to work in the direction of giving a lower bound of the left 

trip 



hand side f T i M -j^t p dm u '^ of Equation (132) by Jyij^V' drriF if r is large enough, up to 
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a positive multiplicative constant, we give a lower bound of j^{u) for some r depending 



I r p 

on u in a full measure subset for II = p dm u '^. This lower bound will be improved in the 
next step. 



Recall that we fixed a point xo in M. For every R > 0, let Kr be the closure of 
tt^ 1 (B(xq, R)) n £l c r, which is a compact subset of T 1 M. Let Q,r be the T-invariant set of 
elements v G T 1 M such that there exists a sequence (ii)igN m [0, +oo[ converging to +00 
such that (fr-tiV G rif^ for every i G N. Let Q/j be the image of O/j in T X M. Since the 
set of elements of T 1 M whose image in T^M is negatively recurrent under the geodesic 
flow is the increasing union of the family (ri/j)fj>o, and since v gives full measure to the 
negatively recurrent vectors, we fix R > large enough so that 

U(Q R ) > 1 



16N ' 

where U = p dm v,ii has been defined at the end of Step 1, and N is given by Lemma 10.10. 

Lemma 10.17 There exist ci,C2 > such that for every nonnegative ip G < ^' C (T 1 M; 1R) ; 
there exists a T -invariant Borel map r : VLr — > [0, +00 [ such that for every u' £ 



Tr(u')i> (V) > c i ( / i> dm F ) 4( U ')P (u) 



and 

< hr{u')P{u) < C2 I r (u')P(u) ■ 

Proof. Let c = | inf^g^ 111 (v) and c' = 8 sup^g^ /12I (w), which satisfy c < c' . Since 
-fC^ is a contained in the support of II = pfh l/,fJ ', for every u G -KTr, we have 7i 1 (u) > and 

-/24I (^) < +00. By Proposition 10.16 applied with K = Kr, e = log 2, r = 1 or r = 12, 
and (p = 1, the maps v 1— )• ill (?;) and f 1— >• /12I (v) are hence locally with positive lower 
bound and locally with finite upper bound on Kr. Since Kr is compact, we have c > 
and d < +00. Define 

c d 
c\ = — — ? : and C2 = — . 

c J T i M p dm F c 

Let ip = p (as fixed in the end of Step 1, in particular J T1M p dmp > 0) or (p = ip (as in 
the statement). By uniform continuity, let us fix e G ]0,log2[ small enough so that, with 
the notation introduced before Proposition 10.16, we have 

( p t dmp > — f (p drriF and I pi dm-F < 2 / p dmF ■ (144) 
JT X M ~ 2 J T i M JT l M JT X M 

Proposition 10.16, applied with this e, with r = 1 or r = 3, and with K = Kr, gives us 
r ii r 2i r 3 > such that its conclusion holds. 

By compactness, let S be a finite subset of Kr such that Kr is covered by the dynamical 
cells r 7 / n,r2,r 3 (u) as u ranges over S. 

In the following sequence of inequalities, we use respectively Proposition 10.16 applied 
to the function <po(ft t: Equation (140) and monotonicity properties, Equation (130) (which 
is the consequence of the mixing property we are using) with r = 1 since S is finite, 
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and Equation (144): There exists t$ > such that for every t > t$, for all u G TS and 

h(<P°(fit) (v) > e~ e I 2e -4<P ° WeW > « ° ( n ) 

7il(u) /" , c /" . 

> — t [7- / </? e am^ > 71 ff / V « m -F • (145) 

4||mj?|| Jt^m ~ \\ m F\\ Jt^m 

In particular, hip ° (fit) (v) > 0. Similarly, an upper bound is given by 

hiP° (fit) {v) < e e he'{p° 4>t)eiu) < 2 Il2iPe°(f>t) («) 

< 4 ! 12i y / P ? dm F < f p dm F . (146) 

Since hip (fit) {v) < hip° (fit) {v) < \ \ m F \ \ §t x m P ^ m F, we have, by Equation (145) with 

tp = ip, 



hiifi ° (fit) iv) > —f / ifi dm F I 2 (po (fi t ) (y) 

c J T i M pdm F J T i M 



= a / ifi dm F h(po 4> t )(v) . 
JT^M 

By Lemma 10.8 and a cancellation argument, we hence have 



hetlfi [<fitv) > Ci / V hetpi&v) ■ 

Similarly, since < hipotfit) (v) < — hip o( fit) (v) by Equation (145) and Equation (146), 
we have 

< I ee tp((fitv) < c 2 I 2e tpi(fitv) . 

Since for every v! G there exists i(tt') > to > (which may be taken to be constant on 
orbits of r and measurable) such that v! G (fi t r u /\TKji, this concludes the proof of Lemma 
10.17, with r(u') = 2 e t{ - u '\ □ 

Step 6. In this step, we start to improve the previous one by giving a lower bound of 
y^-(u) for u in some good subset G r of T^M, that will be shown in the next step to be 
large enough for our purpose, if r is large enough. 

We first define the good set G r on which the lower bound will take place. 

For every s 1 > 0, let $ s i be the T-invariant Borel set of u G £Ir such that r(u) < s', 
where the map r is given by Lemma 10.17 in the previous step. The set is the increasing 
union of the family ($s')s'>0- Note that II(Qr) > 1— by the choice of R in the previous 
step. Hence there exist a > and a T-invariant closed subset <§ of S a whose image $ in 
T l M satisfies 



For every r > 0, let A r be the T-invariant Borel set of u G £Ir such that 

1 
2 
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I r (fil~)(u) < -I r p(u) . (147) 



For every r > 0, let Z r be the T-invariant Borel set of u £ Qr such that 



I r+a i/j (u) > 2 I r ip (u) . 



(148) 



Define 



G r = Q C T - (A r U Z r ) 



which is a T-invariant Borel subset of 1 M. Let A r , Z r , G r be the images of A r , Z r , G r in 



The next result now gives the important property of the set G r introduced above, 
saying that it is indeed a good set concerning the problem of finding a lower bound of 



Lemma 10.18 There exists C3 > such that for every nonnegative ip £ ^(T 1 M ; K), for 
all r > and u £ G r , we have 



Proof. As in [Robl, page 89], we use a Vitali covering argument summarised in the next 
statement from loc. cit. (stated here without proof), as pioneered in [Rud] to study the 
ergodic theory of the strong unstable foliation. 

Lemma 10.19 (Vitali) Let c > 0, let X be a compact metric space endowed with a 
probability measure P and let r : X — > ]0, +00 [ be a Borel map such that for every x £ X , 
we have F(B(x, 3r(x))) < cP(-B(x, r(x))) . Then there exists a finite subset Y of X such 
that the balls B y = B(y,r(y)) for y £Y are pairwise disjoint and satisfy 



Let r > 1 and u £ G r . We apply the above Vitali lemma to the compact subset 
X = B su (u,r) n S endowed with Hamenstadt's distance, to the probability measure P 
which is the restriction to X of the measure 



(which is not the zero measure since u does not belong to A r ) normalised to be a probability 
measure, to the map r : X — )■ [1, +oo[ given by Lemma 10.17 in Step 5, and to the constant 
c = C2 given by the same lemma. The above Vitali lemma, whose hypothesis is satisfied 
by the second assertion of Lemma 10.17 in Step 5, then gives points U\, . . . , u n in X such 
that the balls B{ = B(ui,r(v,i)) in X satisfy its conclusion. Using respectively 

• the fact that u does not belong to Z r (see Equation (148)), 

• the fact that the balls Bi for i = 1, . . . ,n are pairwise disjoint and contained in 
B su (u, r + a) (since m £ $ implies that r(ui) < a by the definition of S\ 

• the equality W su (ui) = W su (u) and the cocycle property of Cp, 

• Lemma 10.17 in Step 5 since $ C £Ir, 

• the cocycle property of c^, 



T l M. 






y& 



p(w) e c ^ w ' u) dp W su {u) {w) 
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• the conclusion of the above Vitali lemma with c = C2, 

• the fact that it does not belong to A r (see Equation (147)), 
we have 

Z$ («) > J («) > J V / e c ^- w ) d/^ (u) H 

1 ™ ~ 

= 2 E Jr(m)tf(«i) 

8=1 

„ n 

/ ^droj, V J p(tli) p fa) e e f<*ri 

= 2- / ipdm F J2 p(w) e c ^ w ' u) dn W su {u) (w) 

z JT X M i=1 JweBi 

> ^- / ^dm F / p(iu) e c ^ (M ' w) d/i^u^i/;) 

> — — / -0 dmi? I r p(u) . 
4c 2 Jt 1 m 

This proves Lemma 10.18 with C3 = j^-. □ 

Step 7. In this penultimate step, we conclude the search of a lower bound of -Mr (it) for 

r large enough, on a large enough subset of it £ T M, in order to obtain a lower bound 
of the left hand side f T i M -j^- p dm u '^ of Equation (132) by a positive constant times 
J T i M tp dm F . 

We start by proving that the good set G r has large measure for some r large enough, 
or equivalently that the bad sets Z r and A r have small measures. 

Lemma 10.20 For every r > 1, we have IT(A r ) < ^. 

Proof. By the crucial adjointness property of the operators I r and J r (see Lemma 10.9 in 
Step 2), we have 

/ Ir{p 1 o g ) -f- 1 Ar dm v ^ = [ pl gj r (-f-l a,.) dm"'" . (149) 

JT^M 1 rP JT X M K1 rP J 

Since leg = 1 — 1^, the definition of A r (see Equation (147)) implies that for every 
it E A r , we have 

I r p I r p 2 

Hence the left hand side of Equation (149) is bounded from below by h L„ p 1 A r dm u '^ 
= 2 II(A r ). Since < 1, since J r is a positive operator, and by Lemma 10.11 in Step 
3, the right hand side of Equation (149) is bounded from above by NTl{ c $), which is at 
most I by the definition of $ in the beginning of Step 6. This proves the result. □ 

Before proving that the bad set Z r also has small measure for some r large enough, we 
start by showing that the map r 1— > I r (p (it), defined by integrating nonnegative Borel maps 
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ip (for the strong unstable measure weighted by the cocycle cp) on strong unstable balls, 
has subexponential growth in the radius of the ball. When F is bounded, the proof below 
even proves its polynomial growth, recovering with a different presentation the result of 
Roblin when F = 0. 

Lemma 10.21 For every u G T M and for every bounded nonnegative measurable map 
ip : T 1 M — > 1R, there exists c u > such that, as r tends to +oo, 

I r ip(u) = 0(e c "( logr ) 2 ) . 

Proof. We may assume that ip is constant with value 1. We fix u G T X M and we allow 
v to vary in W su (u). Define x = ir(u) and y = ir(v). By the definition of fJ-w su (u) (see 
Equation (42)), we have 

e c ^) d Mw r»(«)(«) = e °F(«,«) e tfF-M + (*,») dfx x (v+) . 

Since the Patterson measure fj, x is finite, we hence only have to prove that, as v goes to 
infinity in W su (u), we have 

Cp(v,u) + C F - 5 ,v + {x,y) = O ((logd W su {u) (u,v)) 2 ) . 



By the convexity of horoballs, there exists v' £ 
W ss [v) which is tangent to the geodesic ray from x 
to v+. Let y' = ir(v'). By the properties of geodesic 
triangles in CAT(— 1) spaces (or the techniques of ap- 
proximation by trees), there exists a universal con- 
stant c" > such that if T = logd\ysu^(u,v) is large 
enough, then 

(i) d W s S ^_ Tv) ((t)-TvA-Tv') < c", 

(ii) d W su {lp _ Tv) ((j)- T v,(j)_ T u) < c", 

(iii) \d(y',x)-2T\ < c" . 

By the definition of the cocycles, we have 




Cp{v,u) +C F _s,v+(x,y) 



F{<p_ t v) - F(<P_ t u) dt 



d(y',x) 



{F{cj)tv') - 5) dt 



F{<t> t v) - F{<p t v') dt 



+oo 



F^.tv) - F(0_ t «) dt + / F(<f>tv) - F(<j> t v') dt 

J-T 

+ 5d(y',x) - [ F(<p t v') dt - [ F(<f>- t u) dt . 

J-d(y',x) JO 

Let c > and a G ]0, 1] be the Holder constants of F, as in the beginning of the proof of 
Lemma 10.13. By Equation (9) and Equation (8), there exists d > such that 



- t v,(j>-tu) < c'd W au^_ tV )(<p- t v,(j)-tu) 



! „T-t 



c e 



d W su^_ TV )((j)^ T v,(j)^ T u) . 
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By (ii), we hence have 



Similarly by (i), we have 



~°° ~ ~ c 

F{<t>- t v) - F(<j)_ t u) dt < -(c'c'T ■ 

a 



F((j) t v) - F{4> t v') dt < -(c'c") a . 
.T a 

As mentioned in the remark at the end of Subsection 2.1, by the Holder-continuity of F, 
we have 

| F(w) — F(w') | < 3 cd(w, w) + c 
for all w,w' £ T^M. Hence by (iii) and since d{(j)tw,w) = \t\ for every w € T l M, we have 

\cp(v,u) + C F _s,v + {x,y) I 

< 2-(c'c") a + H2T + c") + 2(T + c")( max \F\ + 3c (T + c") + c) . 

a V-^W) 

The result follows. □ 
Let us now prove that the bad set Z r also has small measure for some r large enough. 

Lemma 10.22 For every ro > 1, there exists r > ro such that Yi{Z r ) < \. 

Proof. If the interior of the support of ijj does not meet £l c T, then Z r is empty, and the 
result is true. We hence assume that the interior of the support of ip meets £l c T. 

Let us fix u G Q C T. For every t > 0, let n(t) be the number of integers k in [0, [J: J] 
such that there exists r £ [/ccr, (k + l)cr[ with u £ Z r . Hence the period of time spent by 
it in the sets Z r as r ranges from to t, that is JjJ 1= (u) dr, is at most n(t) a. To prove 
Lemma 10.22, we will first prove that n(t) grows slowly in t. 

Recall without proof the following result of [Dal2] (generalising, to our (almost no) 
assumptions on M and T, results of Hedlund and others), which is valid since the geodesic 
flow is mixing, hence topologically mixing on SIT by Babillot's Theorem 8.1. 

Proposition 10.23 (Dal'Bo) For every v G Sl c r, the intersection with Q, C T of the orbit 
TW su (v) under T of the strong unstable leaf of v is dense in £l c T. 

Hence W su {u) meets the (nonempty) intersection with £l c T of the interior of the support 
of In particular, there exists to > 1 such that It Q ip (u) > 0. As the hinted proof in [Robl, 
page 91] is slightly incorrect, let us prove the following claim. 

Claim. There exists c > (depending on u) such that for every t > to, 

I t+ 2a^ (u) > c 2^r . 

Proof. To simplify the notation, let / be the nondecreasing map r i— > I r i^{u), and for 
every t > to, let n = n(t). Let < k\ < &2 < • • • < k n < [JrJ and G [k^a, {ki + l)a[ such 
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that u £ Z r .. Note that rj + 2 > rj + a (but rj + i — rj could be strictly less than a). Let 
p = L^J + 2 and g = [^J ■ Note that n-2g-l>p-l>0and 

r n -2q > k n -2q cr > (n — 2q - 1) a > (p - 1) cr > to ■ 

By applying q + 1 times the definition of the sets Z r (see Equation (148)) and by 
monotonicity, we have 

f(t + 2a) > f(r n + a)>2 f(r n ) > f(r n ^ 2 + a) > ■ ■ ■ > 2«/(r n _ 2? + a) 
> 2i +1 f(r n _ 2g ) > 2^ f( to ) . 

V 

Hence the result follows with c = 2~? f(to) > 0. □ 

This claim and Lemma 10.21 imply the slow growth property of n that n(t) = 0((log t) 2 ) 
as t — > +oo. Therefore, for every u E ri c r, we have, by the definition of the map 1 1— > n(t), 



i r* 

lim - / 1 5: (it) dr = . 



Since £l c T has full measure with respect to the probability measure II, and by Lebesgue's 
dominated convergence theorem, we have 



1 



lim - / U(Z r ) dr = 0. 

f^+oo t Jq 

Lemma 10.22 now follows immediately. □ 

Let us now conclude the minoration of the left hand side f T i M -j 1 ^- p dm u ^ of Equation 
(132) by a positive constant times J T i M ip dmp. 

By Lemma 10.22 and Lemma 10.20, since G r = Q C T — (A r U Z r ) and since Q C T has full 
measure with respect to LT = pm v,tl by Lemma 10.7, there exists r > 1 large enough such 
that 

n(G r ) > i _ u(z r ) - n(A r ) > - . 

Hence, using Lemma 10.18, we have 

^ pdm"»> = ! ^dU> [ ^dU 



T X M hp Jn c T hp JG r hp 

> c 3 n(G r ) / V dm F > ^ / ^ dm F > ( 15 °) 
Jt x m 2 J T i M 

which is the lower bound we were looking for. 

Step 8. This step, which is an easy ergodicity argument, is the final one to conclude the 
proof of Theorem 10.4. 

By Equation (132), Equation (150) and Equation (133), with C4 = we have, for 
every nonnegative ip € 'i^ c (T 1 M; M), 

/ tp dm F < c 4 / tp dm u ' fl . 
Jt^m Jt^m 
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Hence mp < C4 m l/,fl , and mp = m^ is absolutely continuous with respect to m v,tl . By 
disintegration (see Lemma 10.7 in Step 1), for every transversal T to the strong unstable 
foliation, the measure \i L T is hence absolutely continuous with respect to vp. Note that 
this is true for any T-equivariant c^-quasi-invariant transverse measure v which gives full 
support to the negatively recurrent set. 

This implies in particular that the T-equivariant c^-quasi-invariant transverse measure 

fj, 1 = {jfip)rp^yjf sv ,\ is ergodic. Indeed, let A be a T-invariant /^"-saturated (that is, 

which is a union of strong unstable leaves) subset of T l M, whose intersection with any 
transversal is measurable, and assume that fJ> T (A n T) > for at least one transversal T. 
Then (Iadt /^tOts^^") * s a ^ so a T-equivariant Cp-quasi-invariant transverse measure for 
the strong unstable foliation. By the above absolute continuity claim applied to this family, 
the measure \i l T is absolutely continuous with respect to Iaht Hp, hence fi L T ( c AC\ T) = 
for all transversals T. 

Now, by ergodicity, for every transversal T to the strong unstable foliation, there exists a 
constant cp > such that [i L T = cpvp. Since fj, L and v are quasi-invariant under holonomy 
with respect to the same cocycle cp, by the density property of strong unstable leaves 
recalled in Proposition 10.23, and since T fl f2 c r has full measure with respect to both \i L T 
and vp for all transversals T, the constant cp is independant of T. Hence // and v are 
proportional, which concludes the proof of Theorem 10.4. □ 

To conclude Chapter 10, we obtain a complete classification of the T-equivariant Cp- 

quasi-invariant transverse measures for the strong unstable foliation of T l M , under the 
assumption that T is geometrically finite. We refer to the beginning of Subsection 8.2 for 
a definition of a geometrically finite group of isometries of M. 

The additional measures are the following ones. Let W be a strong unstable leaf in 
T^M such that the family {^W^^p is locally finite (that is, for every compact subset K 
of T 1 M, the set of 7 E V such that meets K is finite), or, equivalently, such that the 
image of W in T X M is a closed subset of T^M. Fix v £ W and let be the stabiliser of 

W in I\ We denote by Ql z the unit Dirac mass at a point z G T l M. For every transversal 
T to W su ) the measure 

vf = e c ^ w ^ 9 W 

7er/r~, wem-yW 

is locally finite, and {vp-) T& y(^ 3U ^ is a nonzero T-equivariant family of locally finite mea- 
sures on transversals to the strong unstable foliation, which is stable by restrictions, 
and satisfies the property (iii) of Cp-quasi-invariant transverse measures. Note that re- 
placing v by another element of W changes this family only by a multiplicative con- 
stant. Note that, since W = W su (v), the (discrete, countable) support of is the set 
{w £ T : W- G rt>_}. When T is torsion free, if T is a transversal to the strong unstable 
foliation W su on T X M and if W is a leaf of W su which is a closed subset of T l M, the 
associated measure on T is 

e CF(w ' v) 9 W 

wemw 

where cf(w,v) = Jq + °° F((f)—tw) — F(<p^t v ) dt (see Equation (80)). 
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Corollary 10.24 Under the assumptions of Theorem 10. 4, assume furthermore that T is 
geometrically finite. Then, up to a multiplicative constant, the only ergodic T-equivariant 
Cp-quasi-invariant transverse measures for the strong unstable foliation on T M are 

• the family (v T ) T e3r(W™) or 

• the families { v t)t£$'(W su ) where W is a strong unstable leaf ofT l M whose image 
in T l M is a closed subset. 

Proof. Since V is geometrically finite, a point £ in dooM — A C T is either a point in 
dooM — AT (in which case its stabiliser in T is finite) or a (bounded) parabolic limit point 
(in which case its stabiliser in T is infinite). In both cases, the image in M of any horosphere 
centered at £ is a closed subset: This follows from the fact that there exists, in both 
horoball centered at £ which is precisely invariant under T (see the beginning of Subsection 
8.2 for the second case). In particular, for every w G T^M such that W- ^ A c r, the image 
in T^M of the strong unstable leaf W su (w) is a closed subset (see also [Dal2] for further 
information on the topology of the strong unstable manifolds in M). 

Let v = (i / T) Tg ^(^ r SU ) be an ergodic T-equivariant Cp-quasi-invariant transverse mea- 
sure for W su . 

Assume first that there exists a transversal T to W su such that the measurable set 
A = {w G T : W- ^ A c r} has positive measure with respect to it. Then by ergodicity, 
the set A, which is saturated by (the intersections with T of) the leaves of W su , has full 
measure. Furthermore, there exists w G A such that the support of vr is the closure in 
T of the intersection with T of TW su (w). Since W- G A c r, this intersection is already 
closed, hence by quasi-invariance under holonomy of v, with W = W su (w), we have that 
{vT) T&sri yr su) is a multiple of (v$f) T&s .^y 

Assume now on the contrary that v gives full measure to the negatively recurrent set. 
Then the result follows from Theorem 10.4. □ 



11 Gibbs states on amenable covers 

Let (M, r, F) be as in the beginning of Chapter 2: M is a complete simply connected 
Riemannian manifold, with dimension at least 2 and pinched sectional curvature at most 
— 1, r is a nonelementary discrete group of isometries of M, and F : T l M — > R is a 
Holder-continuous T-invariant map. Fix xq G M. 

A subgroup To of the isometry group Isom(M) of M is said to normalise T if it is 
contained in the normaliser 

N(T) = {7 G Isom(M) : jT-f- 1 = T} 

of T in Isom(M). 

We study in this chapter the behaviour of the critical exponents, the Patterson densi- 
ties and the Gibbs measures associated to normal subgroups of T. The main point is that 
this gives a natural framework in which one can study precisely these objects when the 
Gibbs measure is not finite. We prove results analogous to those in the chapters 3, 4, 5, 
8, 10, underlining the fact that, contrarily to most of these chapters, the Gibbs measures 
may be infinite. Most of the results are extensions of those when F = in [Rob3], with 
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similar proofs, and we will concentrate on the new features. This paper of Roblin further- 
more mentions in its introduction that its contents remain valid for Patterson densities 
with potentials (referring to the multiplicative approach of Ledrappier-Coudene, see the 
beginning of Chapter 3 for an explanation of the differences with the additive convention 
considered in this text). 



11.1 Improving Mohsen's shadow lemma 

Mohsen's shadow lemma 3.10 for a Patterson density of (T,F), as its original version 
by Sullivan [Sull] when F = (see [Robl, p. 10]), requires the balls whose shadows are 
considered to be centered at special points. The following result, due to [Rob3, Theo. 1.1.1] 
when F = 0, improves the range of validity of Mohsen's shadow lemma, in a uniform way. 
It will be useful to study Patterson densities on Galois covers of M. Its proof follows those 
of the above works of Sullivan, Mohsen and Roblin. 

Proposition 11.1 Let Tq be a subgroup of lsom(M), which contains and normalises T, 
such that F is To-invariant. For every compact subset K of M, there exist nondecreasing 
maps R = Rk and C = Ck from \8r f> +oo[ to ]0, +oo[ such that for every a > St f, f or 
every Patterson density (j^x) xe j^ for (r, F) of dimension a, for all x, y G TqK , we have 

-i- IKH e/*^) < fx x {0 x B(y,R(a))) < C(a) || % || e^"") . (151) 
Ls{cr) 

Proof. We start by the following key observation, which will be used several times in this 
chapter. 

Lemma 11.2 For every a G N(T), if ' {^x) x ^jj is a Patterson density for (T, F) of dimen- 
sion a, then so is (a~ 1 /x Qa .) a . g jj. 

Proof. For all 7 G F and x G M, since 07a -1 G T, we have 

7*0^ fJ'ax <-^* (cv^fOt )*[J'ax l^ceyx j 

and for all x,y G M and £ G OoqM, we have 

da^Jiax = dn ax , ^. _ e _ Cj? _ ff!ae ( ra , a y) _ e -C F _ CT , ( (x, y) ^ 

da* 1 fi ay dn ay 

since F is To-invariant. □ 

Now, let K be a fixed compact subset of M. Since the statement is empty if <5r, f = +00, 
we assume that 5t,f < +00. By the above observation, we only have to prove Equation 
(151) when x G K, since the validity of Equation (151) when x G aK for any a G To is 
obtained by replacing (fi x ) xe M by (a" 1 (J, ax ) ^ and y by a~ l y. 

Let us prove that there exist non-decreasing maps R' ,C : [Sp p> +00 [ — > ]0, +00 [ such 
that for every a > <5r,F 5 f° r every Patterson density (j^x) x ^Tj f° r (T,F) of dimension a, 
for all x G K and y G TqK, we have 

IKH < » y (0 x B(y,R'(o-))) < C'(a) II^H . (152) 



C'(a) 
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To prove that Equation (152) implies Equation (151), note that we have, by Equation (35), 
^ x B(y,R'(a))) = [ e ~c F -^v) . 

By Lemma 3.4 (2) applied with r = r$ = R'(cr), since F is To-invariant, hence is uniformly 
bounded on TT~ 1 (B(y, R'(a))) for y G TqK, there exists C"(a) > (depending only on 
r, and that may be taken to be nondecreasing in a) such that for all x G K and £ G 
x B(y,R'(a)), 

\C F ^^(x,y)+ [\F-a)\<C"(a) . 

J X 

Hence 

e -C"(a) e %(F-*) ^ xB (y,R!(a))) < jj, x (G x B{y, R'{a))) 

< e c» e i:tF-„) ^ xB{y , R > {a))) . 

Therefore the result follows with R= R' and C = C'e c " . 
Let us now prove the claim involving Equation (152). 

The upper bound in this equation is clear with C'{a) = 1, whatever R'(cr) is. For 
future use, this proves that for every R > 0, for every compact subset K of M, there exists 
c > (depending only on K and R) such that, for all x, y G TqK, we have 

H x {0 x B{y,R)) < c \\fiyW ett^-°) . (153) 

To prove the lower bound in Equation (152), we assume for a contradiction that there 
exist sequences (xj)j g pj and (a^)ieN i n K-* {Ri)ieN hi ]0,+oo[ converging to +00, (aj)ieN m 
To and (/i 1 )^, where fi l is a Patterson density for (r, F) with bounded dimension cij such 
that 

lim — -ni (ff^BiaiXuRi)) = 0. (154) 

Up to extraction, we have limxj = x £ K, lima^ = x' G K, limcij = a > 5r.F anci 
lima~ 1 x' i = £ G M U dooM. By Equation (154), the shadow ff x iB(a.iXi,Ri) is different 

from dooM, hence d{x!^ OLiX\) > Ri, which tends to +00 as i — > +00. Therefore £ G dooM. 
Let 

W^UiXi II 

which is a probability measure on the compact metrisable space dooM. By Banach- 
Alaoglu's theorem, up to extraction, the sequence (i^)igpj weak star converges to a proba- 
bility measure v x . Define, for every z G M, a measure v z on d^M by 

By the continuity of the Gibbs cocycle and by taking limits, the family ( l/ z) ze ]^ is a 
Patterson density for (T, F) of dimension a. 

Let V be an relatively compact open subset of dooM — {£}. Then V is contained in 
G ' -1 ,B(xi, Ri) for i large enough, since limit!, = +00 and (xj)jeN stays in the compact 
subset K. Hence 

v x {V) < limsup^(^ Q7 i x , J B(x i , J R i )) = 
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by Equation (154). Therefore the measure v x is supported in {£}. Since the support of 
a Patterson density of (T, F) is T-invariant, this implies that £ is fixed by T. This is a 
contradiction since V is nonelementary. □ 

The following consequence is due to [Rob3, Lem. 1.2.4] when F = 0. 

Corollary 11.3 LetTo be a discrete subgroup o/Isom(M), which contains and normalises 
T, such that F is To-invariant. Let a GM. and let (Hx) x£ m be a Patterson density for (r, F) 
of dimension a. 

[y (F—s) 

Then the critical exponent of the series Q (s) = 22yeT x H/%11 e * s a ^ mos ^ a - 
If p XQ gives positive measure to A c ro, then this critical exponent is equal to a, and this 
series diverges at s = a. 

Proof. Note that a > 5r, f by Corollary 3.11 (2). Let R = R^ XQ y(a) and C = C^ xo y(a) 
be given by Proposition 11.1 for K = {xq}. For every n G N, let 

E n = {y G To^o : n < d(x ,y) < n + 1} . 

As seen in the proof of Corollary 3.11, since Tq is discrete, there exists k G N such 
that for every n G N, any element of dooM belongs to at most k elements of the fam- 
ily {0 Xo B(y,R)) y€En 

By the lower bound in Equation (151) in Proposition 11.1, for all n G N, we have 

llAfeoll >;E »x O (0x O B(y,R)) > 7^ E \M ^° {F ~ a) • 

y&E n y&E n 

Hence if s > a, then the series Q'(s) = ^2 y£ -p x 11%!! e converges. 

If the series Q'(o~) converges, let us prove that p XQ (A c To) = 0, which gives the last 
assertion by contraposition. For every n G N, define 

A n =f) |J Xo B(y,n). 

fcSN yeT o x ~B(x , k) 

For every n G N, by Equation (153) in the proof of Proposition 11.1 (with K = {xq}) when 
n is big enough, there exists c n > such that, for every k G N, 

Vx (A n )< Vx o (0x o B(y,n)) < c n ^ \\p y \\ e A (F " CT) . 

j/eroa;o-B(a:o, fe) 3/er x --B(xo, fc) 

Since the sum on the right hand side tends to as k — > +oo, we have p Xo (A n ) = for 
every n G N. Since A c ro = UneN A n by the definition of the conical limit set, we have 
/j, Xq (A c Tq) = 0, as required. □ 

Here is another consequence of Proposition 11.1, due to [Rob3, Lem. 1.2.3] when F = 0. 
For every r > and every nonelementary discrete group To of isometries of M, let A Cir To 
be the set of elements £ G d^M such that there exist p < r and (7 n ) n gN m To such that 
(7nX )neN converges to £ and d(7 n x , [x , £[) < p (or equivalently £ G Xo B(j n x o , p)). 
Note that the sets A Cjr .To are To-invariant (by the properties of asymptotic geodesic rays), 
are nondecreasing in r, and satisfy AfTo = (J r >o ^-c,rTo- 
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Corollary 11.4 Let Tq be a discrete subgroup o/Isom(M), which contains and normalises 
T, such that F is To-invariant. Let d£l and let (A i x) a . g ^j be a Patterson density for (T, F) 
of dimension a. Then for every r > Ri X o}( a )> we ^ ave 

p XQ (A c T - A C)7 .r ) = . 

Proof. Let p = R{ XQ } (c) an d r > p. First assume that the quasi-invariant measure p XQ is 
ergodic for the action of V. If p xo (A c To) = 0, the result is clear. Otherwise, p X0 ( c A c Tq) = 
by ergodicity, and p Xo (A c ^To) > for R > p large enough, so that again by ergodicity 
H X0 ( c A c ,rT ) = 0. 

Recall without proof the following Vitali covering argument. 

Lemma 11.5 (Roblin [RobS, Lem. 1.2.1]) For every s > and for every discrete subset 
Z of M , there exists a subset Z* of Z such that the shadows xo B(z, s) for z £ Z* are 
pairwise disjoint and IJzeZ ^x B(z, s) C UzeZ* ^x B{z,hs). 

For every n £ N, applying this lemma with s = R and Z n = TqXq — B(xq,ti) gives a 
subset Z* of Z n . Since R > p, the shadows xo B(z, p) for z £ Z n are pairwise disjoint. 
Define 

A n = (J xo B(z,p) . 
zez* 

We have er > 5p, F by Corollary 3.11 (2). By Proposition 11.1 and the definition of p, by 
Equation (153), there exist c, C > such that, for every n £ N, we have 

p X0 (A n ) = ^ {^ B(z,p)) >^Y1 11^ II e /; « (F_<T) 

zGZ* zgZ* 

^ E ^ (^ 5(^,5i?)) > -^ ( (J ff^BfrR)) 

Since r > p, the set A Cjr ro contains the nonincreasing intersection of UzeZ n ^x B{z, p) 
(which contains A n ). Hence /ia; (A Cjr ro) > jj^^j > 0, and again by ergodicity, we have 
p X0 { c A c , r T ) = 0. 

By a Krein-Millman type of argument, since the map (/J>x) x& m ^ t^xo is a bijection 
from the set of Patterson densities for (r, F) of dimension a to a convex cone of finite 
quasi-invariant measures on d^M, whose extremal points are the ergodic ones, the result 
follows. □ 



11.2 Characters and critical exponents 

Recall that a (real) character of a group G is a group morphism from G to the additive 
group R. 

Note that the kernel Ker% of a character x of T is a nonelementary discrete group 
of isometries of M, since otherwise T is the extension of an abelian group by a virtually 
nilpotent group, hence is virtually solvable, hence is elementary. 
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In this subsection, we fix a character x °f F. Define the (twisted) Poincare series of 
(r, i 7 , x) as 

Qr,F, x (s) = Qt,f, x , x M = E e x{l)+S * V{ ?- s) • 



7er 

The (twisted) critical exponent of (r, i* 1 , x) is the element <5r,F, x m [—00, +00] defined by 

<5r,_F, x = hm sup — log ex(7)+/j ^_ 

72 — ^-(-00 rt 

7Gl\ n— Kd(x, 7j/)<n 

If <5r,F,x < +°° ( we wu l prove in the following Proposition 11.6 that Sr t F,x > ~~ °°)> we sa y 
that (r, F, x) is of divergence type if the series Qr, F, x(^r, F,x) diverges, and of convergence 
type otherwise. 

Since F is Holder-continuous, the critical exponent 6r f x or " (Tj-Fx) does not depend 
on x, y, and we will prove below that the above upper limit is a limit. When F = 0, these 
objects were introduced in [Rob3], and we will extend in this chapter the results of this 
reference, which itself extends results of [BaL]. 

For every s > 0, for all x,y G M and for all open subsets U and V of dooM, let 

Gv,F, X , X ,y,U,v{t) = £ e xh)+Sr~F. 

7£r : d(x,jy)<t , -yy&<tf x U , y~ 1 x&V y V 

The map s 1— > Gr,F,x,x,y,U,v( s ) w iH be called the (twisted) bisectorial orbital counting 
function of (T,F, U, V). When V = d^M, we denote it by s 1— > Gr : F,x,x,y,u(s) and call 
it the (twisted) sectorial orbital counting function of (T, F,x,U). When U = V = dooM, 
we denote it by s 1— > Gr,F,x,x,y(s) and call it the (twisted) orbital counting function of 
(P,F, X ). 

Let g be a periodic orbit of the geodesic flow on T l M. Choose 7 g one of the (finitely 
many up to conjugation) hyperbolic elements of V such that if x is a point of the translation 
axis of 7 g , then g is obtained by first lifting to T^M (by the unit tangent vectors) the 
geodesic segment [x, "f g x\ oriented from x to ^ g x and then by taking the image by T X M — > 
T^M. Define x($) = x{lg)i which does not depend on the choice of j g , since for all 
7,7' E r, we have x(t) = x(t') if 7 anci 7' are conjugated or if 7 ; 7 _1 has finite order. For 
every relatively compact open subset W of T l M meeting the (topological) nonwandering 
set Or, define the (twisted) period counting series of (r, F, %, W) (see Subsection 4.1 when 
X = 0) as 

Zv,f, x ,w{s)= E e^ 9 F . 
The (twisted) Gurevich pressure of (r, F, x) is 

PGur(T, F, x) = limsup - log Zt,f, x ,w(s) . 

s— >+oo S 

We will prove below that the twisted Gurevich pressure does not depend on W and that 
the above upper limit is a limit. 

Remark. Assume in this remark that T is torsion free and that every closed differential 
1-form on M is cohomologous to a (uniformally locally) Holder-continuous one (this second 
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assumption is for instance satisfied if M is compact). As explained for instance in [Babl] in 
a particular case, the interpretation of the characters of V as closed 1-forms on M allows us 
to reduce the above objects twisted by a character to ones associated to another potential, 
as we shall now see. 

Given a differential 1-form oj, which is a smooth map from TM to R (linear on each 
fiber of 7r) that we assume to be Holder-continuous, its restriction to T^M, which will also 
be denoted by oj, is a (smooth) potential on T l M. Note that there are potentials which 
do not come from differential 1-forms. 

If two Holder-continuous differential 1-forms oj and oj' are cohomologous (as differential 
1-forms), and if / : M — > R is a smooth map such that oj' — oj = df, then their associated 
potentials oj and oj' are cohomologous (as potentials) via the map G = f o ir : T^M — > R. 

Let fl^MjR) be the space of cohomology classes of closed differential 1-forms on M. 
Consider the map 

[0J\ I-)- ( J I-)- / w = / OJ 
J7 J x 



where x is any point of M and oj is the potential associated as explained above to the lift 
p*oj of oj to M by the canonical projection p : M — > M. By Hurewicz's theorem, this map 
from iif 1 (M;R) to Hom(r,R) is a linear isomorphism. For every x £ Hom(r,R), let oj x 
be a Holder-continuous differential 1-form on M such that [oj x ] maps to x, and let oj x be 
its lift to M. 

Under the hypotheses of this remark, we then immediately have 

Qr,F,x,x,x(s) = Qr, 

£r,F, x = S T,F+lo x , 

and 

P Gur {T, F, X ) = P G ur{T, F + oj x ) . 

When F = 0, we recover the Poincare series associated with a cohomology class of V 
introduced in [Babl], and the twisted critical exponent is then called the cohomological 
pressure. 

After this remark, let us give elementary properties satisfied by the twisted critical 
exponents. 

Proposition 11.6 Let x be a character ofT. 

(i) The Poincare series of (T,F,x) converges if s > o~r,F, \ an< ^ diverges if s < Sr t F,x- 
The Poincare series of (T,F,x) diverges at Sr,F,\ an d on fy if the Poincare series of 
(r, F + k,x) diverges at 5r,F+n,x> f or ever y t£R, and in particular 

VkGK, 5r, f+k,x = $t,f, x + K ■ 

(ii) We have 

V s G IR, Qr,Foi,-x,x, y (s) = Qr,F, x ,y,x(s) and <5 r , fol, - x = fr, f, x ■ 

(Hi) IfV is a nonelementary subgroup ofT , denoting by F' : T'\T l M —> R the map induced 
by F, and by x' the restriction to V of x> we have 



Sr',F',x' ^ ^r,F,x 
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(iv) We have 



V s G R, Qr,F, x ,x,y{s) + Qr,Foi, x ,y,x{s) > Qr,F,x, y {s) (155) 

and hence 

max{5r,F, X i £r,Fo t , x } > 5 r ,F • 
(vj If there exists c > suc/i that |x(t) I < c ^(^0) 7^0) / or every 7 G T, then 

$t,f — c < <5r, f, x — ^r, f + c • 

(m,) We have <5r,F,x > —00. 

(raj The map (F,x) ^ 5r,F,x * s convex, that is, if x* * s another character ofT, if F* : 
T M — > R is another Holder- continuous T-invariant map, inducing F* : T\T l M — > R, if 
$r,F,x an< ^ ^r, F*,x* are finite, then for every t G [0, 1], we /lawe 

^r,tF+(i-t)F*,tjt+(i-t)x* ^ *^r,F,x + (! _ *) ^r,F*,x* ■ 

(viii) We have 

Sr. F. y = 

n— >+oo Tl 



Sr, f, x = nm SU P — 1°S e x(i)+f x F 



7ST, 7J/)<n 

(kcJ //-F* : T^M — > R is another Holder- continuous T-invariant map, which is cohomolo- 
gous to F, and if F* : T M — > R is the induced map, then 

$r,F,x = <5r\F*,x • 

Before giving a proof, here are a few immediate consequences. It follows from Assertion 
(iv) that if F is reversible, then 

<5r,F,- x = <5r,F,x > $r,F ■ (156) 

We claim that the assumption of Assertion (v) is satisfied for instance if T is convex- 
cocompact. More generally, assume that T is finitely generated (which is the case if it is 
convex-cocompact), and let S be a finite generating set of T. For every 7 G T, let H7H5 be 
the smallest length of a word in S U S*" 1 representing 7. For every character x of T, we 
have 

|x(7)l < IMIs max|x(s)| • 

Assume also that the map 7 1— > 7x0 from T (endowed with the word distance (7,7') 1— > 
||7 t'IIs) to M is quasi-isometric, that is, assume that there exists c > such that for 
every 7 G T, we have 

d(x ,7X ) > c\\j\\s ■ 

This property does not depend on xq and is satisfied for instance if T is convex-cocompact. 
Then the assumption of Assertion (v) is indeed satisfied. 

If r satisfies the hypothesis of Assertion (v) and if 5r, F is finite (by Lemma 3.3 (iv), 
this is for instance the case if F is bounded on 7r _1 ('^Ar), which itself is the case if T is 
convex-cocompact), then <5r,F, x i s finite. 

In particular, if V is convex-cocompact, then <5r, F, x i s finite for every character x of T. 
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Proof. The proof is an immediate adaptation of the proof of Lemma 3.3. For instance, 
to prove Equation (155), we use 

exW+.C^--) + V e x{j ~ 1)+I v~ lx{PoL - s) = ^2 (e x(7) +e" x{7) ) e^ Ty(i? - s) 

The following results concerning the twisted critical exponent and twisted Gurevich 
pressure have proofs similar to the ones when x = seen in Chapter 4. 

Theorem 11.7 (1) If 5 r ,F, x > °> we have G r ,F, x ,x, y ,u,v(t) = 0(e tSr > F ^) as t goes to 
+oo. 

(2) We have 

d~r,F, x = lim - lo § ^ e x(-r)+H v F = lim ]_ j G r ,F, x ,x,y(s) ■ 

7GT, d(x,fy)<n 

(3) IfU is an open subset of dooM meeting AT, then 

lim ]-logGr,F, x ,x,y,u(t) = o~r,F, x ■ 

t— >+oo t 

(C^) IfU and V are any two open subsets of d^M meeting the limit set AT, then 
lim - log G T , f, x , x, y , u, v (t ) = 5 T , f, x ■ 

t— >+oo t 

(5) Let W be a relatively compact open subset ofT l M meeting the nonwandering set 
nT. Then 

P Gur (r, F, x) = lim - log Z r , f, x ,w(s) = Sr, f, x > 

s— »+oo 5 

Proof. (1) See the proof of Corollary 4.1 (using the twisted Patterson measure constructed 
in the coming Subsection 11.3 and the extension of Mohsen's shadow lemma in Proposition 
11.1). 

(2) See the proof of Theorem 4.2 (and also the sub-additivity argument of Dal'bo- 
Peigne-Sambusetti in its following remark). 

(3) See the proof of Corollary 4.3 (1), where Equation (58) should be replaced by 

<k,U',z = e" x(7) ctt )7 f/' j7 z , 

and the constant c' 2 in Equation (60) should be replaced by c' 2 + maxi<j<fc |x(7i)l- 

(4) See the proof of Corollary 4.3 (2), with adjustements similar to those above, in 
particular since now 

h,U',V',z,w = & b t ,U',aV',z,aw ■ 

(5) See the proof of Theorem 4.4, using the fact that for all 7,7' S T, we have x{l) = 
xirf) ^ 7' 7 1 nas finite order. □ 
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11.3 Characters and Patterson densities 



Let x '■ r — > R be a character of V. 

For every cr € R, a twisted Patterson density of dimension a for (r, F, x) is a family of 
finite nonzero (positive Borel) measures (h x ) x£ m on OoqM such that, for every 7 6 T, for 
all x, y G M, for every £ G dooM, we have 

7*Mx = e" x(7) /x 7a; , (157) 
^(^) = e - c '— e^w). (158) 

This definition is due to Babillot-Ledrappier [BaL] and Roblin [Rob3] when F = 0. 

Note that if I"" is a nonelementary subgroup of Ker x (f° r instance 1" = Ker x), denoting 
by F' : F'\T l M — y R the map induced by F, then a twisted Patterson density of dimension 
a for (r, F, x) is a (standard) Patterson density of dimension a for (T',F'). 

Similarly as in Subsection 3.6, for every twisted Patterson density {l^x)^]^ °f dimension 
a for (r, F, x)-, we have : 

• (/^xeM ^ s a twisted Patterson density of dimension a + s for (r, F + s, x), for every 
sGM. _ 

• the support of fi x , which is independant of x £ M, contains Ar. 

The twisted Patterson densities satisfy the following elementary properties, due to 
[Rob3] when F = 0. 

Proposition 11.8 Let x be a character ofT. 

(1) 7/(5r,F, x < +00; then there exists a twisted Patterson density of dimension 5r,F,x 
for (T,F,x)i whose support is exactly AT. 

(2) For every a £ R, if there exists a twisted Patterson density of dimension a for 

(T,F,x), then a > 6t,f, x - 

(3) If V is a nonelementary normal subgroup of V , with F' : r'\T 1 M — > R the map 
induced by F, if {n' x ) is a Patterson density of dimension a for (r', F'), which is ergodic 
for the action of V and quasi-invariant for the action of V, then there exists a character 
X of T, whose kernel contains V , such that {[i' x ) x< -j^ is a twisted Patterson density of 
dimension a for (T, F, %). 

(4) For every a € R such that there exists a twisted Patterson density of dimension a 
for (r, F, x), and for all 1,1/6 M, there exists c > such that for every n £ N, we have 

7ST : n— Kd(x, 7?/)<n 

Proof. (1) As in [Rob3] when F = and in [Moh] when x = 0, the construction is similar 
to Patterson's one (see the proof of Proposition 3.9). For every z £ M, let 3> z be the unit 
Dirac mass at z. Let h : [0, +oo[ — > ]0, +oo[ be a nondecreasing map such that 

• for every e > 0, there exists r e > such that h{t + r) < e et h{r) for all t > and 

r > r e ; 

• for all x,y G M, if Q X:V (s) = X^ 7 er e x ^ + ^' y< ^ F ~ s ^ h(d(x,y)), then Q X)V (s) diverges 
if and only if s < 5r,F, v- 
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Such a map is easy to construct, by taking log h to be piecewise affine on [0, +00 [, with 
positive slope tending to near +00 (when the series Qr,F, x, x,y( s ) diverges at s = §t,f,xj 
we may take h = 1 constant). 

For s > 5 = (5r,F, X) define the measure 

li x>s = 1 e^ + K X °^ h(d(x,x )) % x « 

on M. By the weak star compactness of the space of probability measures on the compact 
space M U d^M, there exists a sequence (s^g^ in ]5, +oo[ converging to 5 such that the 
sequence of measures (fi xo , s k )keN weak star converges to a measure fj, XQ on MUdooM , with 
support contained in Ar, hence equal to Ar by minimality. For every x £ M, defining 

it is easy to see that (^x) xG ]^ = h m fc->+oo(^r, s fc ) x gM is a twisted Patterson density of 
dimension 5 for (T,F,x), with support Ar. 

(2) Let (MaO-Egjv? ^ e a twisted Patterson density of dimension a for (r, F, x)- Note that 
WH'yxo II = \\fi Xo II by Equation (157). The result hence follows from the first claim of 
Corollary 11.3 applied by taking (ro,T) therein to be (r,Ker^)- 

(3) The proof is the same as the one when F = in [R,ob3, Lem. 2.1.1 (c)]. 

(4) The proof is similar to the one when x = in Corollary 3.11 (1), using Proposition 
11.1 instead of Mohsen's shadow lemma 3.10. □ 

Remark. Let F* : T l M — > M be a Holder-continuous T-invariant map, which is coho- 
mologous to F via the T-invariant map G : T l M — > ]R. Let {fJ-x) xe ]^ be a twisted Patterson 
density of dimension a € M for (r, F, x)- Then the family of measures {^* x ) x& j^ defined by, 

for every £ G dooM, 

where v x £ is the tangent vector at the origin of the geodesic ray from a point x G M to £, 
is a twisted Patterson density of dimension also a for (T,F*,x)- 



11.4 Galois covers and critical exponents 

Let T' be a nonelementary subgroup of T, and let F' : F'\T 1 M — > M. be the map induced 
by F. 

The aim of this subsection is to compare the critical exponents of (T,F) and (r',^'). 
We saw in Lemma 3.3 that 

8 t >,f> < St,f ■ (159) 

The case of equality in Equation (159) is related to the amenability properties of the 
left quotient r'\r, in the following sense. 

We endow the left quotient T'\r with the discrete topology, and with the action (on 
the right) of T by translations on the right. We denote by R a : [7] 1— > [ya] the action 
of a £ r on r'\r. A right-invariant mean m on the left quotient T'\r is a linear map 
m : £°°(r'\r) -> R such that m(l) = 1, m(/) > if / > and m(/ o R a ) = m(/) for 
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every a G T. The left quotient T'\T is amenable if it has a right-invariant mean. When 
r' is normal in V, there are many equivalent definitions, see for instance [Gre, Pate]. For 
instance, if V is normal in V and if the group T'\r is virtually solvable, then the left 
quotient T'\T is amenable. 

When F = 0, the following result is due to [Rob3, Theo. 2.2.2]. We suspect that the 
normality assumption on V and the reversibility one on F might not be necessary. 

Theorem 11.9 If F is reversible, ifV is a nonelementary normal subgroup ofT and if 
r'\r is amenable, then 5t',f' = $T,F- 

Proof. Let m : £°°(T'\T) be a right-invariant mean on the left quotient r'\r. We may 
assume that 5' = 8r',F' < +oo, otherwise the result follows from Equation (159). 

Let (lJ'x) x£ M be a Patterson density of dimension 5' for (T',F'), which exists as seen 
in Proposition 3.9. For every a G T, we claim that there exists a map f a G £°°(T'\T) such 
that, for every [7] G T'\T, 

U(h]) =^og\\n-y axo \\ — log llAfcyasoU • 

Since {^x) x ^Jj is T'-equivariant, for every 7 G T, the value of / Q ([7]) indeed depends only 
on the class of 7 in T'\r. By Lemma 3.4 (1), there exists c\ > such that 

I U ([7]) I < maxl Cf-v^^olxq^Xq) \ 

< Cl e d{ - ax °' Xo) + d(ax ,x ) max \F-S'\. 

7r 1 (B(axo, d(axo, xo))) 

Hence f a indeed belongs to £°°(T'\T). 
For all a, (3, 7 G T, we have 

fap(bf]) = log ||/V*/3zoll - lQ g \\V-yaxo II + l °S \\^ax || - log 1 1 /^o 1 1 

Therefore / Q| g = fp o j? Q + / Q , and the map % : T — > R defined by = m (/a) i s a 

character of V. 

For every x G M and every continuous map (/? : dooM — > R, let « G £°°(r'\r) be the 
map defined by 

fx,<p(h]) = || y ^d(7 _1 )*^ • 

This map is well defined, and bounded by an argument similar to the above one. By Riesz's 
theorem, there exists a (positive Borel) measure v x on d^M such that 

Lp dv x = m(f x , v ) 

for every continuous map 92 : d^M — > R. For all x G M, 7 G T, 7' G T' and (p : OoqM — >• R 
continuous, using the fact that r" is normal in T, we have 

II A t 77'a;o II = Wl^ 1 ("/"/' ■y~ 1 )"/xo II = 11(77 7 )*A t 7X'oll = ll/^yxoll an d f-y'x s (p = fx,tpoy' R*y' ■ 

Using this and Lemma 11.2, it is then easy to check that {v x ) is also a Patterson 
density of dimension 5' for (T',F r ). 
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Since the proof of Jensen's inequality does not require the measure to be ex-additive, 
by the convexity of the exponential map, for every / G £°°(T'\T), we have e m( ^ < m(e / ). 
In particular, for every a G T, we have 

e X(«) = «,«(/«) < m(e /a) = m (/ Qa;0)1 ) = ||^ || . 

By the first assertion of Corollary 11.3 applied by taking (Tq, T, ^) therein equal 
to (T,T',(i/ x ) j^), we have 5' > 5r,F, %■ Since F is reversible, we have Sr,F,x — $r,F by 
Equation (156). Hence 8' > <5p j?, and the result follows from Equation (159). □ 

A nonelementary normal subgroup V of T cannot be too small. For instance, we have 
seen that the inclusion Ar' C Ar is an equality. Similarly, the default of thejiiequality 
(159) to be an equality cannot be too large, even if T'\r is nonamenable. If M is a real 
hyperbolic space Hjjj with n > 3 or a complex hyperbolic space with n > 2, and if T is 
a lattice in Isom(M), then Shalom [Sha, Theo. 1.4] has proved some results of this type. 
When F = 0, the following result is due to [Rob3, Theo. 2.2.1]. 

Theorem 11.10 (1) IfT' is any nonelementary normal subgroup ofT, then 

$T',F' > ^ ^r,F+Fot • 

(2) If F is reversible, if 8r t 2F < 2 5r,F an d if (I\ 2.F) is of divergence type, then 
Sr',F' > 2 <^r,2F- 

Note that the condition that (5r,F+Fot < 2 8r f is satisfied for instance if the upper 
bound sup^-i^Ap) \F\ is small enough, by Lemma 3.3 (iv). 

Proof. Let 8 = 5r, f+Fol and 8' = 5t',f'- If F is reversible, then F + Fol is cohomologous 
to 2F, hence 5r, f+Fol = <5r, 2F an d (T, 2.F) is of divergence type if and only if (r, F + Fol) 
is of divergence type (see the remark at the end of Subsection 3.2). 

We may assume that 8' < +oo. Let (^ x ) x£ ^f be a Patterson density of dimension 8' 

for (r', F'), such that the dynamical system (c^M, V, /j,' ) is ergodic, which exists as seen 
in Subsection 3.6. Let R' = Rr Xo \(8') and C' = C^ Xo y(8') be given by Proposition 11.1 
applied by taking (r ,r, {ji x ) x ^) therein equal to (T,V, {^' x ) x ^). 

(1) For every y G Txq, Proposition 11.1 gives that 



,/ 



1411 > »' y (0yB(x o ,R>)) > eFF-*) . (160) 



Hence for every s > 8' , we have 

Ep*QIF+FoL-5'-s) . C V"^ II / II n X °(F-s) 
eJx ° 2^ ll^o II e x ° 

76 r IIA**oll 7er 

By the first claim of Corollary 11.3, the sum on the right hand side converges. This proves 
that 8 < 2 8'. 

(2) Assume for a contradiction that 8' = |. Since (r, F + Fol) is of divergence type, let 
{l^x) x ^Jj b e a Patterson density of dimension 8 for (r, F + Fol), which gives full measure 
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to A c r (see Corollary 5.12). By Corollary 11.4 applied with Tq = T, let r > R' be large 
enough so that /i xo gives full measure to A C]r I\ 

Let us first prove that (i XQ is absolutely continuous with respect to fj,' XQ . Let B be any 
Borel subset of d^M, and let V be any open neighbourhood of B. Let 

Z = {z£Tx : Xo B(z,r)cV}, 

and let Z* be the subset of Z constructed in Lemma 11.5 with s = r. Using respectively 

• the fact that A Cj7 X has full measure with respect to fjb Xo , 

• the fact that B n A c r r is contained in IJzez ^x B(z,r) and Lemma 11.5, 

• Equation (153), which provides a constant c > depending only on R = 5r and 
K = {x }, 

• the T-equivariance of {^x) x& j^i which implies that ||/^ 7 x || = ||/4eoII f° r evei T 7 £ I\ 

• Equation (160), 

• the equality 5 = 2d', 

• Proposition 11.1 applied by taking (ro,r, (£ix) g ^) therein equal to (r, r', (/jf x ) G jg), 
since r > R', and setting d = C ^ C J , ^ x °^ 

• the properties of Z* seen in Lemma 11.5 and the definition of Z, 
we have 



H X0 (B) = v X0 (Bn A c , r r) < ^ Vx o {0x o B{z,5r)) 

z£Z* 

^ II II f Z (F+Fol-S) n n P (F+Fol-5) 

< 2^ c H^H e = c ll^oll2^ e 



zez* zez* 
<c\\^ \\ Vt4 e-WF-V J^~ F+ ~ F °'- S) 

z&z * WxJ 

_ CC ' 11/4*0 II V ll«'llXn(^-0 



Wx Q \\ zeZ * 

<c'Y ^ X0 {^ B(z,r))<d fi' X0 (V). 

zez* 

Since V is an arbitrary neighbourhood of B, we hence have (i XQ < d fJ, X0 , as required. 
Now, the Radon-Nikodym derivative ^tfo_ j s quasi-invariant under T' and the measure 

fj, Xo is not the zero measure. By ergodicity of (d^M, 1", fi' x ), the map is hence a 

positive constant //^-almost everywhere. Therefore fj,' XQ is quasi-invariant under T, as is 
fi Xo . By Proposition 11.8 (3), there exists a character x of T such that * s a 

twisted Patterson density of dimension 8' for (r, F, x)- Hence 5' > St f x by Proposition 

5 
2 

2' 



11.8 (2). Since i 7 is reversible, we have 6r,F,x — $r,F by Equation (156). Since 5t,f > 5 
by assumption, we have 6' > 4, a contradiction. □ 



11.5 Characters and the Hopf-Tsuji-Sullivan-Roblin theorem 

Let x be a character of T and a £ R. Let (n x ) x£ j^ and j be twisted Patterson 

densities of the same dimension <r for (r, F o l, — x) and (r, F, x) respectively. 
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Using the Hopf parametrisation v i— > with respect to the base point xq and 

Equation (25), we define the (twisted) Gibbs measure on T X M associated with the pair of 
twisted Patterson densities {(^x) x eM^ (Mx) a , g j^) as the measure fh on T X M given by 

_ dfi L x {v-)d^ x (v + )dt 

a — . . „ 

= e C Fot _ CTiI ,_(x^(,))+C F _ CT ,, + (x^(,)) d ^ v _) d ^ v+ ) dt . 

The measure m on T M is independent of x G M by the equations (158) and (21), 
hence is invariant under the action of V by the equations (26) and (157) (the cancellation 
e ~x{i) e x{i) = 1 is the reason why it is important that the Patterson density (fJ>x) x pM * s 
twisted by the opposite character — x). It is invariant under the geodesic flow. Hence it 
defines a measure m on T 1 M which is invariant under the quotient geodesic flow, called 
the (twisted) Gibbs measure on T 1 M associated with the pair of twisted Patterson densities 

The measure i^rh is the twisted Gibbs measure on T^M associated with the switched 
pair of twisted Patterson densities \{l^x) x ^j^-i {^^xgm) ( an d similarly on T l M). 

The following results have proofs similar to those of Theorem 5.3 and Theorem 5.4. 
Theorem 11.11 The following assertions are equivalent. 

(1) The twisted Poincare series of (T,F,x) a t the point a converges: Qr,F,x( a ) < +oo. 

(2) There exists x G M such that fi x (A c T) = 0. 
(2') For every x G M , we have fx x (A c T) = 0. 

(3) There exists x G M such that fi x (A c T) = 0. 
(3') For every x G M , we have fj, x (A c T) = 0. 

(4) There exists x G M such that the dynamical system (d^M ,T, (fi x ® 1^x)iq2 Jtf) * s 
non-ergodic and completely dissipative. 

(5) The dynamical system (T l M,(<j)t)teR,m) is non-ergodic and completely dissipative. 
Theorem 11.12 The following assertions are equivalent. 

(i) The twisted Poincare series of (T, F,x) at the point a diverges: Qr,F,x( cr ) = +°°- 

(ii) There exists x G M such that (j, x ( c A c T) = 0. 

For every x G M, we have /j, x ( c A c T) = 0. 

(Hi) There exists x G M such that (j, x ( c A c T) = 0. 

(Hi') For every x G M, we have fi x ( c A c T) = 0. 

(iv) There exists x G M such that the dynamical system (d^M, V, (fi x <g) fi x )ig2 Jj) * s 
ergodic and completely conservative. 
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(v) The dynamical system (T 1 M, (cp t m) is ergodic and completely conservative. 

Proof. Let us give a few words on the proofs of these two results, besides referring 
to Subsection 5.2. We use Proposition 11.1 with (ro,T) therein replaced by (T,Ker x), 
coupled with Equation (153), instead of Mohsen's shadow lemma 3.10. In particular, using 
Proposition 11.8 (4) instead of Lemma 3.11 (1), Lemma 5.6 now becomes the following 
statement: 

Let x E M, if Qr,F,x{°~) = +°° an d ^ R I s large enough, with K = K(x,R), there 
exists Cg > such that for every sufficiently large T > 



[ [ ( £ m(K n <f>- t aK n cj>- s -tPK)\ ds dt <c' 8 ( J] e xh)+i: x (F-a) ^ 
Jo ^° a, per 7 er,d(a;,7x)<r 

Similarly, Lemma 5.7 becomes: 

Let x S M, if Qr,F,x{ a ) = +°° anc l if ^ I s large enough, with K = K(x,R), there 
exists Cg > such that for every sufficiently large T > 

7er 7 er,d(x,7x)<T 

We do not know if Assertion (g) of Proposition 5.5 is still valid (its proof no longer 
is). But the combination of (f) and (g), that is the fact that if Qr F, x(°0 = +°° then 
/x x ( c A c r) = and fj, x ( c A c T) = 0, is still valid, by using the fact that Assertion (f) is valid 
for every twisted Patterson density, and by considering the family (1 <^K c T^x) xe ^j which, 
when /j, x ( c A c T) > 0, is also a twisted Patterson density for (T,F,x)- 

Now the deduction of Theorem 5.3 and Theorem 5.4 from Proposition 5.5, which only 
uses this combination of (f) and (g), remains valid. □ 

As when x = in Subsection 5.3, the following results are extensions of respectively 
Corollary 5.10, Corollary 5.12 and Corollary 5.14. 

Corollary 11.13 (1) Assume that <5r f % < +°° an< ^ that ^ere exists a twisted Patterson 
density (fJ> x )xeX f or (T, F, x) of dimension a > 5p, F, x such that /i X0 (A c T) > 0, then 
°~ = ?>T,F,x an d (r,^ 7 , X) * s of divergence type. 

(2) Assume that <5r,F,x < +°° an< ^ that (T,F,x) is of divergence type. 

a) There exists a twisted Patterson density (fi x )xex f° r (I\ F, x) °f dimension 6r f,x> 
which is unique up to a scalar multiple. The measures \i x are ergodic with respect to T, 
and give full measure to A C T. In particular their support is AT. 

b) If S> z is the unit Dirac mass at a point z £ M , then for every x € M , we have 

TT^ = lim -= 1 — T - £ eXM+Jr^-) 9 1X . (161) 

\\l^x\\ s~>(5r,F,x + T>r, F, x, x, x\ s ) p 

c) We have /J, X (AT - A Myr r) = 0. 

(3) Let a £ R. If there exists a twisted Gibbs measure of dimension a for (T,F,x) 
which is finite on T^M, then a = <5r,F, x> the triple (T, F, x) is of divergence type, there 
exists a unique (up to a scalar multiple) twisted Gibbs measure with potential F on T l M , 
its support is Q.F, and the geodesic flow (<pt)teM on T l M is ergodic with respect to rap. □ 



2 
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11.6 The Fatou-Roblin radial convergence theorem 

We state in this subsection the main tool for the classification of Patterson densities on 
nilpotent covers of M, to be given in Subsection 11.7. It is (an immediate extension of) one 
of the main results of [Rob3], that we will call the Fatou-Roblin radial convergence theorem. 
Recall that a sequence of points (y«)ieN in M converges radially to a point £ 6 d^M if it 
converges to £ while staying at bounded distance from a geodesic ray. 

Recall that Fatou's (ratio) radial convergence theorem says that given g and h two 
positive harmonic functions on the open unit disc B 2 in M 2 , the ratio g(z)/h(z) has a 
limit when z£D 2 radially converges to a point £ on the unit circle S 1 almost everywhere. 
Consider a nonelementary Fuchsian group V' that is, when D 2 is endowed with Poincare's 
metric (and hence is a real hyperbolic plane), a non virtually cyclic discrete subgroup of 
isometries of D 2 . If (fi x )xeD 2 i s a Patterson density for T' (without potential), then Sullivan 
has proved that the map i4 ||Mx|| is harmonic. Hence the ratio of the total masses of two 
such Patterson densities has radial limits almost everywhere. 

The next result extends this, and we refer to [Rob3] for more motivation. 

Theorem 11.14 (Fatou-Roblin radial convergence theorem) Let Fq be a discrete 
subgroup o/Isom(M), which contains and normalises T, such that F is To-invariant. Let 
ff£R and let {^x) x ^ an d ( L 'x) xe ]^ be two Patterson densities of dimension a for (T, F). 
Then fj, xo is absolutely continuous with respect to v xo on the conical limit set of To, and for 
v Xo -almost every £ € A c ro, if {yi)i<^n is a sequence in TqXq converging radially to £, then 

Jim fel = 4^(0 • 
i->+oo \\v yi \\ du xo 

Proof. The proof of [Rob3, Theo. 1.2.2] extends almost immediately, except the first of 
its five steps, that needs some adaptation. 

Let R = R{ xo y(a) and C = Cr xo \(a) be given by Proposition 11.1 with K = {xq}. We 
endow any infinite subset of TqXq with its Frechet filter of the complementary sets of its 
finite subsets. Let us fix r € [R, +oo[. For every £ € A Cir Fo, let 

Dr(£) = lim lim sup iT~^ii ' 

p^ r ~ yer x ,d(y,lx ,Z[)<p IKII 

This limit does exist, since the function of p is nondecreasing, and : A Cir ro —5- MU{+oo} 
is a Borel T-invariant map, by the properties of asymptotic geodesic rays and the T- 
equivariance property of (a^sm and ("4eM' 

We claim that if -D+(£) > 1 for i/ xo -almost every £ G A C]r Fo, then there exists d > 
such that fj, xo > du xo on A CjT Tq. 

Given this claim, the remainder of the proof of [Rob3, Theo. 1.2.2] yields without 
modification the proof of Theorem 11.14. 

To prove this claim, for every Borel subset B of dooM, and every open neighbourhood 
V of B, let 

Z = {z e r x : ff XQ B(z,r) C V and ||^ z || > -||^||} , 

and let Z* be the subset of Z given by Lemma 11.5 with s = r. The assumption of the 
above claim implies that, up to a set of zero i/^-measure, the set BnA Cjr To is contained in 
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[J ze z ^x B(z, r). Hence, by the properties of Z* , for the constant c > given by Equation 
(153), which depends only on 5r and K = {xq}, and by Proposition 11.1, we have 

u XQ (Bn A Cjr r ) < Vx o {0x o B(z,5r)) < c ^ IHI e f ^ F ~ a) 
zez* zez* 

< 2c ^ e ! *° {F ~ a) < 2cC Vx o {0x o B(z,r)) < 2cC fi X0 (V) . 

zez* zez* 

Since V is an arbitrary open neighbourhood of B, we have u XQ (B C\ Ac^Tq) < 2cC fi XQ {B), 
which proves the claim. □ 

The next result, especially interesting when To is convex-cocompact, gives a criterion 
for a Patterson density of (r, F) to be determined by its total masses at given points. 

Corollary 11.15 Let Tq be a discrete subgroup of Isom(M), which contains and nor- 
malises r, such that F is To-invariant. 

(1) Let a, a' £ R. Let (f 1 x) x£ ]^ and {v x ) be two Patterson densities for (T,F) of 
dimension a and a' respectively, giving full measure to A c ro- If for every y G TqXq we 
have \\fJby\\ = \\i/y\\i then (fJ>x) xe M = ( t/ ^) a;e M (and in particular a = a' ). 

(2) Assume thatSr 0t F < +co and that (Tq,F) is of divergence type. For every character 
X of T , if8r ,F = <5r ,,F,x; then x = 0. 

(3) If x is a character ofT, two twisted Patterson densities for (T,F,x), giving full 
measure to A C T, are proportional by a positive constant, and in particular have the same 
dimension. 

Proof. The proof of the first two points is the same as when F = (see [Rob3, Coro 

I. 2.5] and [Rob3, Lem. 2.1.2]). The third point is immediate from the first one applied 
with (r ,r) equal to (r,Kerx)- □ 

II. 7 Classification of ergodic Patterson densities on nilpotent covers 

Let r' be a normal subgroup of T, and let F' : r'\T x M — > M be the map induced by F. 

We start by recalling the definition of a nilpotent group. Let G be a group. If H 
and H' are subgroups of G, let [H, H'\ be the subgroup of G generated by the elements 
[h, h!\ = hh'h^h'^ 1 with h £ H and h! £ H' . The lower central series of a group G is the 
sequence of normal subgroups (G n )neN defined by induction by 

G = G and G n+1 = [G, G n ] for n £ N . 

The group G is nilpotent if there exists n £ N such that G n = {e}. It is well known that a 
nilpotent group is in particular amenable. 

Theorem 11.16 Let T' be a normal subgroup ofT such that T/T' is nilpotent. Assume 
that 5t,f < +oo. For every a £ [<5r,Fj +oo[ > the set of Patterson densities of (T',F') of 
dimension a, giving full measure to A C T and ergodic with respect to the action of T' , is 
equal to the set of twisted Patterson densities of (T , F, x) of dimension a for the characters 
XofT vanishing on T' such that <5r, f y = °~i giving full measure to A C T. 
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Proof. As usual with nilpotent groups, the proof proceeds by induction on the nilpotency 
order. By taking the preimages of the terms of the lower central series of T/T', there 
exist n G N and subgroups of V for k = 0, . . . , n such that Tq = T,T n = T', T^+i is a 
normal subgroup of and T^+i/T' = \T /T' jT^/T'] for k = 0, . . . , n — 1. We denote by 
Fk ■ Tfc\T 1 M — > R the map induced by F. Let us fix a > Sr,F- 

If n = 0, then r = T' and the only character of T vanishing on T' is x = 0. The 
result is then immediate, as we have seen in Corollary 5.10 that if there exists a Patterson 
density (fj, x ) x ex for (T, F) of dimension a > 5r, f such that /i x (A c T) > 0, then a = <5r, f 
and (r, F) is of divergence type, hence the measures \i x are ergodic for the action of T by 
Theorem 5.4. Therefore we assume that n > 1. 

Step 1. There exists c > such that for every k > 1, for every Patterson density (Mx) xg A? 
of dimension <r for (r^i^), giving full measure to A c r, and for all a G we have 

r x °(FoL-a) 
a*Hax >ce Jx o y /j, XQ . 

Proof. Let c = — ^—t-t > 0, with the notation of Proposition 11.1. For all 7 G T and 
a G Tfc-i, since [0,7] G [Pfc_i,r] belongs to T^, we have, by this proposition, 

II II - II II - II II > 1 I, || (F-a) 

\\Q!*fJ, a ^ Xo II — H/^cryxo II — \\fJ"yaxo \\ — ^ i \ ll/^yxoll ^ ryc " x ° 

- 11 11 ir°^ oi - a ) 

— C 1 1 /J"yXo II ^ 

By Lemma 11.2 since T^-i normalises T^, and by the Fatou-Roblin radial convergence 
theorem 11.14 applied by replacing (ro,T) therein by (r,Tfc_i), this proves the first step. 
□ 

Step 2. Let ^ = {^x) xe jj be a Patterson density of dimension a for (r',^'), giving full 
measure to A c r, and ergodic for the action of T'. Then there exists a character \ °f T, 
vanishing on V , such that is a twisted Patterson density of dimension a for (T,F,x)- 

Proof. Let us first prove that, for k G {2, . . . , n}, if /x is a Patterson density for (Tj.ji'fc), 
then [i is a Patterson density for (T^i, F^^i). 

Since /i XQ is ergodic under T' hence under Tfc, and since fj, Xo is absolutely continuous 
with respect to a*/4 axo for every a G T^.i by Step 1, there exists a character Xfc-i °f F^-i, 
trivial on T^, such that fj, xo = e~ Xk ~ 1<y0 ^ a*/U axo for every a G T^-i. For every a G r^-i, 
we have 

Xfc-i(a) = log \\Hax\\ ~ log H/ijcll 

for every x G M (by the definition of Xfc-i f° r x = x an d by Lemma 11.2 and Equation 
(35) to extend to any x). 

Since T/T' is amenable, let m be a right-invariant mean on r'\r = T/T'. As seen in 
the proof of Theorem 11.9, for every a G T, the map f a which associates to [7] G T/T' the 
real number log ||/Xy a:ro II ~~ l°g W^xo II I s we H defined and bounded, and the map % : T — R 
defined by x( a ) = m (fa) is a character of T. This character hence coincides with Xk-i on 
by applying the above centered formula to x = -jxq for every 7 G T and since, as seen 
in the proof of Step 1, ||^ 7aa;o || = H/Xa-y^ || for every 7 G T. Since Fk-i/T' C [T /T' ,Tk-2/T'], 
the additive character x vanishes on r^-i, hence Xk-l = 0. This proves the preliminary 
claim. 
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Now, by induction, we hence have that \x is a Patterson density for (Fx, -Pi). Applying 
again Step 1 gives that \x is quasi-invariant under T. Applying Proposition 11.8 (3) (using 
for this the ergodicity of fj, Xo under T' hence under T\), the second step follows. □ 

Step 3. If x is a character of V vanishing on T', if (Hx) x£ m is a twisted Patterson density 
of dimension a for (T, F, x), giving full measure to A c r, then a = Sr,F,x an< ^ M^o is ergodic 
for the action of V. 

Proof. Let A be a Borel subset of A c r invariant under P, with nonzero /^-measure, and 
let 1a be its characteristic function. Then (1a[j, x ) ^ is a Patterson density of dimension 
a for (T',F'), giving full measure to A c r. The preliminary claim in the proof of Step 2 
shows that (l^ /ij^ ^ is also a Patterson density of dimension a for (Ti, F±). By Step 1, 
1a is quasi- invariant under T, hence A is invariant up to a set of measure under T. 
In particular, (1a ^x) x£ ^j is also a twisted Patterson density of dimension a for (T,F,x): 
giving full measure to A C F By their uniqueness property seen in Corollary 11.13 (1) and 
(2), we have a = Sr,F,x and there exists c > such that 1aHx = cfi Xo . In particular 
(j, XQ ( c A) = 0, which proves the ergodicity of /i Xo under V. □ 

Step 2 and Step 3 combine together to prove Theorem 11.16. □ 

The following result is then immediate. The assertions (2) and (3) of Theorem 1.10 in 
the introduction follow from it and from Corollary 11.13. 

Corollary 11.17 Let P be a normal subgroup ofT such that T/V is nilpotent. 

(1) Assume that 5r.F < +oo and that (T,F) is of divergence type. Then the unique 
(up to a scalar multiple) Patterson density (fir,F,x) x£ ]^ of dimension 8t,f f or is 
also the unique (up to a scalar multiple) Patterson density of dimension #r,F for (T',F f ) 
giving full measure to A C T. 

(2) IfT is convex-cocompact, then the set of ergodic Patterson densities for (T',F r ) is 
the set of twisted Patterson densities of (T,F,x) of dimension <5p, f, x f or the characters x 
of r vanishing on T' . 

Proof. By Corollary 5.12, there exists a unique (up to a scalar multiple) Patterson density 
/i = (fir,F, x) xG m °f dimension a = <5r, f for (T,F), and it gives full measure to A C F By 
restriction, fi is also a Patterson density of dimension a for (T',F') giving full measure to 

A c r. 

Let v = {vx) X £.m be another Patterson density of dimension a for (T',F') giving full 
measure to A c r. Assume furthermore that v is ergodic with respect to the action of V. 
By Theorem 11.16, let X be a character of T such that v is a twisted Patterson density for 
(T, F, x) °f dimension 5r,F,x = °~- By Corollary 11.15 (2), we have x = 0. Hence v is a 
scalar multiple of fx. By Krein-Milman's theorem, the ergodicity assumption on v may be 
dropped. This proves Assertion (1). 

(2) Since A c r = Ar when T is convex-cocompact, Assertion (2) follows immediately 
from Theorem 11.16. □ 

We refer to [Rob3] for possible improvements of the second assertion when T is only 
assumed to be geometrically finite (with <5p, f < +oo). 

It follows from the first assertion that not only the dynamical system (docM, T, ^r,F,x) 
is ergodic, but that the dynamical system (dooM, V , fir, F,x) is also ergodic. This extends 
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results of Babillot-Ledrappier [BaL] when F = and V /T is isomorphic to 7L d for d E N, 
of Hamenstadt [Ham4] when M is compact, and of Roblin [Rob3] when F = . 

Remark. Let V be a subgroup of V. Assume that 5r t F < +00 an d that (T,F) is of 
divergence type. Let friF be the Gibbs measure of (r, F) on T l M (which is unique up to a 
scalar multiple). Let (f> = (<^>t)teR be the geodesic flow on the (orbifold) cover M' = T'\M 
of M defined by the group V . Let m' F be the measure induced on T X M' = T'yT 1 ]^ by 
rfiF- Note that if T' has infinite index in T, the Gibbs measure m' F is infinite. 
Even if T' is normal and T'\r is nilpotent, the dynamical system 

(T 1 M / , (f), m' F ) 

is not necessarily ergodic: the ergodicity of (c^M, V , fir,F,x) does not imply the ergodicity 
of (T 1 M' , cj),m' F ). See [Rcc] for examples. 

A necessary and sufficient condition on the left quotient T'\r for (T 1 M / ,^>, m' F ) to be 
ergodic is still unknown. 
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List of Symbols 

[xj integral part of x G R. 11 

[a, b, c, d]p crossratio of pairwise distinct a,b,c,d G M with respect to F. 35 
1^4 characteristic function of a subset A. 11 

Axe^y translation axis of an isometry 7 of M. 13 
P^(x,y) Busemann cocycle. 14 

Cp^(x,y) Gibbs cocycle for the potential F. 28 

C A complementary set of a subset A. 11 

^ X B cone on B C <9oo M with vertex x G M U dooM. 12 

^ r + (z, Z) r-thickened cone over Z C d^M with vertex 2 € M. 75 

^r(z, Z) r-thinned cone over Z C dooM with vertex z G M. 75 

'if AT convex hull of the limit set of V. 13 

St critical exponent of T. 25 

5r,F critical exponent of (T,F). 25 

<5r, f, x (twisted) critical exponent of (T,F,x)- 7, 172 

dooM boundary at infinity of M. 12 

d^M space of ordered pairs of distinct points of d^M. 14 
d distance on M and T M, and on any metric space. 12, 15 
d' another distance on T M. 15 
d x visual distance on d^M seen from x G M. 12 

d\v ss (w) Hamenstadt's distance on the strong stable leaf of w G T l M. 19 
d\v su (w) Hamenstadt's distance on the strong unstable leaf of w G T X M. 18 
Ql z unit Dirac mass at a point z. 5 

Dp iX (^,rj) potential gap seen from x G M between £, 77 G dooM. 31 

tangent space at u G T X M or v G T X M to W s "0). 106 

188 



E ss (v) tangent space at v e T l M or v G T X M to W ss (v). 106 

tangent space at v G T X M or u G T X M to W w (t>). 106 
E s (n) tangent space at u G T l M or f G T l M to W s (t>). 106 

tangent space at u G T l M or u G T X M to t ^ fav. 106 

F potential on T l M. 11 
F potential on T X M. 14 

r nonelementary discrete group of isometries of M. 11 
F,x,y,u,V bisectorial orbital counting function. 53 

x,a;,j/, U,V twisted bisectorial orbital counting function. 172 
Gt,f x y U sectorial orbital counting function. 54 
Gr,F,x,x,y,u twisted sectorial orbital counting function. 172 
Gr,F,x,y orbital counting function. 54 

x,x,y twisted orbital counting function. 172 

i flip map v i — y —v on T^M and T l M. 14 
i x antipodal map with respect to x G M. 14 
Isom(Af) isometry group of M. 13 

-RT~(z, r, Z) set of G T 1 M such that v _ G Z and u is r-close to z. 75 
ET + (z, r, Z) set of v G T 1 M such that v + G Z and u is r-close to z. 75 

Ar limit set of T. 13 

A c r conical (or radial) limit set of T. 13 

A Cjr r filtration of the conical limit set of V. 170 

^Myi^r Myrberg limit set of T. 13 

£(7) translation length of 7 G Isom(M). 13 

££ g Lebesgue measure along a periodic orbit g. 54 

L r (z,w) set of (£,77) G (<9ooM) 2 such that ]^,r/[ meets first B(z,r) then B(w,r). 76 
log natural logarithm (with log(e) = 1). 11 

M pinched negatively curved complete simply connected Riemannian manifold. 11 
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M Riemannian orbifold M = T\M. 14 

rriF Gibbs measure on T 1 M with potential F. 41 

mp Gibbs measure on T X M with potential F. 41 

,jV r A open r-neighbourhood of A. 12 

jV~ A open r-interior of A. 13 

N(T) normaliser of T in Isom(M). 167 

Or set of v G T X M such that V-,v + G AI\ 14 

c r set of v G T M such that U-,i>-|- G A c r. 14 

J7r nonwandering set of the geodesic flow in T l M. 14 

J7 c r two-sided recurrent set of the geodesic flow in T l M. 14 

G X A shadow of A C M seen form x G M U SooM. 12 

(/>t geodesic flow at time i G M on T l M and on T X M. 17 

7r base point projections T X M -)■ M and T X M -)■ M. 14 

-fGnr(r, .F) Gurevich pressure of (T,F). 54 

-fbur(r, F, x) (twisted) Gurevich pressure of (T,F, x)- 172 

Pr,F( m ) metric pressure of a measure m. 90 

P(T,F) topological pressure of (T, F). 90 

^er(s) Set of periodic orbits of ((j)t)t£R of length < s. 54 

Qr = Qr,x,y Poincare series of T. 25 

Qr,F = Qr,F,x,y Poincare series of (T,F). 25 

Qr,F,x,x,y (twisted) Poincare series of (T,F,x)- 7, 172 

Tf tangent map TN — > TN' of a smooth map f : N —> N' . 11 
T^M (total space of the) unit tangent bundle of M. 14 
T 1 M orbifold T\T l M. 14 
TT l M orbifold T\TT l M. 14 

V- point at — oo of the geodesic line defined by v G T 1 M. 14 
v+ point at +oo of the geodesic line defined by v G T l M. 14 
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W ss (v) strong stable leaf of v E T l M or w E T X M. 17 

strong stable foliation of T X M. 17 
W ss strong stable foliation of T l M. 17 
PF s (u) stable leaf of v E l^M or v E T X M. 17 
>T S stable foliation of T l M. 17 
W s stable foliation of T 1 M. 17 

W su (v) strong unstable leaf of v E T X M or v E T X M. 17 

strong unstable foliation of T M. 17 
W su strong unstable foliation of T 1 M. 17 
W u (v) unstable leaf of v E T l M or v E T X M. 17 
W u unstable foliation of T l M. 17 
W u unstable foliation of T l M. 17 

Zr,F, w period counting function of (T,F,W). 54 
Zr,F,x,W (twisted) period counting function of (r, F, x, W). 
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Index 



alphabet, 43 
amenable, 178 
Anosow flow, 109 

antipodal map with respect to a point, 14 

Babillot 

equidistribution theorem, 120 

mixing theorem, 119 
bisectorial orbital counting function, 54 
Bowen ball, 43 
Burger-Roblin measures, 42 
Busemann cocycle, 14 

center 

of a horoball, 14 

of a horosphere, 14 
character, 171 
r-close to, 75 
cocycle, 138, 141 

Busemann, 14 

cohomologous, 141 

Gibbs, 28 
cohomological pressure, 7, 173 
cohomologous, 23, 141 

via a function G, 23 
combinatorial pressure, 102 
completely 

conservative, 77 

dissipative, 77 
conditional measures, 93 
cone, 12 

r-thickened, 75 

r-thinned, 75 
conservative part, 77 
convergence 

narrow, 135 

radial, 183 
convergence type, 25 

twisted, 172 
convex-cocompact, 13 

semigroup, 61 
counting function 

bisectorial orbital, 54 

orbital, 54 

period, 54 



sectorial orbital, 54 
twisted 

bisectorial orbital, 172 
orbital, 172 
sectorial orbital, 172 
critical exponent, 2, 25 
of a semigroup, 61 
twisted by a character, 7, 172 
crossratio, 35 
cylinder, 43 

Dal'Bo-Otal-Peigne theorem with 

potentials, 120 
dissipative part, 77 
divergence type, 25 

twisted, 172 
dynamical 

ball, 43 

cells, 153 
dynamical system (topological) 

topologically mixing, 119 
dynamical system (measurable) 

completely 

conservative, 77 
dissipative, 77 

conservative part of, 77 

dissipative part of, 77 

ergo die, 77 

wandering set of, 77 

elliptic, 13 
entropy 

metric, 93 

of a flow, 93 
of a measurable partition relative to an- 
other one, 93 
of a measurable transformation relative 
to a measurable partition, 93 
equilibrium state, 4, 42, 90 
equivalence 

of measurable partitions, 92 
ergo die, 77, 139 

factor space, 93 
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Fatou-Roblin radial convergence theorem 
with potentials, 183 

foliation 

stable, 17 

strong stable, 17 

strong unstable, 17 

unstable, 17 
Frechet filter, 183 

gap 

map, 31 

of potential seen from a point, 31 
generating measurable partition, 93 
geodesic current, 41 
Gibbs cocycle, 3, 28 

unstable 

in symbolic dynamics, 140 
Gibbs measure, 3 

in symbolic dynamics, 43 

on T X M 

associated with a pair of densities, 40 
associated with a pair of densities of 
different dimensions, 42 

on T X M with potential F, 41 

on T X M 

associated with a pair of densities, 40 
associated with a pair of densities of 
different dimensions, 42 
on T l M with potential F, 41 
twisted 
on T X M, 181 
on T X M, 181 
Gibbs property, 44 
Gibbs state, 3 

giving full measure to the negatively recur- 
rent set, 139 
Grassmannian 

bundle, 108 

manifold, 108 
Gurevich pressure, 2, 54 

twisted by a character, 172 

Hamenstadt's distance, 18, 19 
Holder 

constants, 11 

continuity, 11, 12 

equivalence, 11 

structure, 11 



natural, 12 
holonomy map, 138 
Hopf's parametrisation, 15 
Hopf-Tsuji-Sullivan-Roblin theorem with 
potentials 

ergo die, 6, 78 

nonergodic, 78 
Hopf-Tsuji-Sullivan-Roblin theorem with 
potentials and characters 

ergo die, 181 

nonergodic, 181 
horoball, 14 
horocyclic flow, 145 
horosphere, 14 
hyperbolic, 13 

invariance under holonomy, 139 
Ising model, 43 

isomorphism of probability spaces, 92 
leaf 

(weak or central) stable, 17 
(weak or central) unstable, 17 
strong stable, 17 
strong unstable, 17 

in symbolic dynamics, 139 
Lebesgue's measure along a periodic orbit, 
54 

length spectrum, 119 
lift, 149 
limit set, 13 

conical, 13 

Myrberg, 13 

of a semigroup, 61 

radial, 13 
Liouville's measure, 105, 106 
lower central series, 184 
Lyapounov's exponents, 111 

mean (right-invariant), 177 
measurable partition, 92 

equivalence of, 92 

generating, 93 
measure 

conditional, 93 

induced by a branched covering, 22 

of Burger-Roblin, 42 

of Lebesgue along a periodic orbit, 54 
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of Liouville, 105, 106 
quasi-invariant, 141 

under a unipotent group, 146 
under the horocyclic flow, 145 
satisfying the Gibbs property, 44 
metric 

entropy, 93 

of a flow, 93 
pressure, 90 
mixing (topologically), 119 
multiple recurrence, 107 
Myrberg point, 13 

narrow convergence, 135 
negative part of a function, 90 
nilpotent group, 184 
nonelementary, 13 
nonwandering set, 17 
normalised potential, 25 
normaliser, 167 

open r-interior, 13 

orbital counting function, 54 

Oseledets's 

decomposition, 111 

theorem, 111 

parabolic, 13 
partition, 92 

measurable, 92 
equivalent, 92 
generating, 93 

subordinated to a foliation, 94 
Patterson density, 3, 37 

twisted by a character, 8, 176 
period, 2 

of a periodic orbit for F, 54 
period counting series, 54 

twisted by a character, 172 
Pesin's formula, 112 
Poincare series, 25 

of a semigroup, 61 

twisted by a character, 7, 172 
pointing towards, 17 
potential, 2, 11 

cohomologous, 23 
via a function G, 23 

gap seen from a point, 31 



normalised, 25 
reversible, 23 
pressure 

cohomological, 7, 173 
combinatorial , 102 
metric, 90 

of a potential, 42, 90 
topological, 90 
probability space 

factor space of, 93 
isomorphic, 92 
standard, 92 

quasi-invariant 
measure, 141 
transverse measure, 6 
under a unipotent group, 146 
under the horocyclic flow, 145 

quasi-isometric, 61 

radial convergence, 183 
real cocycle, 141 

cohomologous, 141 
2-recurrent, 107 
refinement, 92 
relative entropy, 93 
reversible, 23 
right-invariant mean, 177 
Ruelle's inequality, 112 

sectorial orbital counting function, 54 
(e, T)-separated 

subset of a dynamical metric space, 102 
shadow, 12 
shift map, 43 
stable leaf, 17 

in symbolic dynamics, 140 
standard, 92 
strong 

stable leaf, 17 

unstable leaf, 17 

in symbolic dynamics, 139 
subordinated partition, 94 

Theorem 

Classification of Patterson densities on 

nilpotent covers, 184 
Counting of periodic orbits, 5, 138 
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wandering set (measurable), 77 



Equidistribution of periodic unstable 

orbits, 5, 132 Gibbs cocycle, 140 

of Oseledets, 111 leaf, 17 

of Babillot 

of equidistribution of strong unstable variational principle, 91 

leaves, 120 visual distance, 12 

of mixing of the geodesic flow, 119 
of Dal'Bo-Otal-Peigne with potentials, 
120 

of Fatou-Roblin of radial convergence 

with potentials, 183 
of Hopf-Tsuji-Sullivan-Roblin with po- 
tentials 
ergo die, 6, 78 
nonergodic, 78 
of Hopf-Tsuji-Sullivan-Roblin with po- 
tentials and characters 
ergo die, 181 
nonergodic, 181 
Orbital counting, 5, 131 
Two point orbital equidistribution, 5, 125 
Unique ergodicity of the strong unstable 

foliation, 7, 144 
Variational principle, 4, 91 
thermodynamic formalism, 5, 42 
topological pressure, 2, 90 
topologically mixing, 119 
translation 
axis, 13 
length, 13 
transversal, 138 
transverse measure, 138 
ergodic, 139 

giving full measure to the negatively re- 
current set, 139 
in symbolic dynamics, 140 
invariant under holonomy, 139 
quasi-invariant, 6, 138 
twisted 

bisectorial orbital counting 

function, 172 
Gibbs measure 
on T X M, 181 
on T X M, 181 
orbital counting function, 172 
sectorial orbital counting function, 172 
two-sided recurrent set, 17 
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